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ABSTRACT

It is observed that the exposure to environmental factors such as indoors and outdoors air 
pollution, cigarette smoke, and allergens are highly related to asthma attacks. It is also re-
ported that limited exposure to asthma riggers, cure due to medicine, the attacks of asthma 
can be minimized. In this paper, we formulate the dynamics of asthma with smoking and 
environmental factors classes in the fractional Caputo-Fabrizio (CF) framework to visualize 
its dynamical behaviour. We delineate the important properties of the CF derivative for the 
analysis of our model. The model is then analyzed for the basic properties and the uniqueness 
and existence of the hypothesized asthma system are investigated via the theory of fixed point. 
Furthermore, a novel numerical scheme is presented for the solution of our fractional system 
to illustrate the time series of asthma model. The dynamical behaviour of our asthma model 
is then highlighted numerically to show the impact of fractional-order ϑ on the system and to 
visualize the role of input factors on the dynamics of asthma disease.
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INTRODUCTION

It is reported that asthma is a chronic disease that 
causes the inside walls of the airways of humans and make 
it hard to breathe. This chronic disease makes it hard to 
breathe and shorten the breath when the infected individ-
ual breathes out. In some cases asthma is a mild annoyance 
while it may be a big problem for others that disturb their 

daily life and is life threatening in case of asthma attack. 
There is no specific treatment for asthma, however, its signs 
can be monitored. The patients with asthma should con-
sult with the doctors and can modify care according to the 
condition. The symptoms and signs of asthma are chest 
tightness or pain, wheezing are coughing attacks, such as 
flu and cold, infect respiratory system, shortness of breath, 
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sleeping problems related to shortness of breath, wheez-
ing or coughing. Furthermore, wheezing in childeren is a 
common sign of asthma during exhaling, and increasing 
difficulty breathing. The lack of oxygen in asthma asthma 
make the patient serious and can feel chest pain or even 
loss of consciousness. In Figure 1, a systematic flow chart 
of asthma is given to represent the phenomena of asthma 
from trigger factors to signs and symptoms of asthma.

It is reported that asthma can be induced not only by air 
contaminants such as di-isocynates, hexachloroplatinates, 
etc., but cigarette smoke also triggers asthma [1-3]. Our 
body can be affected in many ways by smoking which is 
dangerous to the lungs. This contributes to reduced lung 
function that makes the lungs vulnerable to asthma triggers. 
High concentrations of irritants including nitrogen oxides, 
ammonia, acrolein and formaldehyde are present in ciga-
rette smoke. The expert insisted that lungs damage occurs 
not only from mainstream smoke but also from side stream 
smoke which comes to the host through a nearby smoker in 
the society. Therefore, these unpleasant substances can set 
off an asthma attack when the smoke of tobacco inhales by 
a person, whether for personal smoking or passive smoke. 
More than 15 million children per day are threatened and 
open to smoke, and more than 1,000,000 children with 
asthma become more serious after second-hand smoke 
exposure [4-5]. Also in the cause of asthma, contaminants 
released in the air such as vanadium and nickel particles 
from power stations and oil refineries, heavy metal cock-
tails from SLF burning cement, brick and lime works and 
dust from open cast coal mining and coal fired cement and 
other works play important roles [6-8]. Thus, a prone pop-
ulation, due to constant exposure to air contaminants, they 
become asthmatic. Mathematical models play an import-
ant role to explore the dynamics of diseases [9-13, 50-51] 
and produce significant information about the dynamics 
of disease for control and prevention [14-17]. Different 
numerical approaches has been developed by researchers 

to investigate the dynamics of diseases [18-22, 51]. There 
is limited literature on modeling the dynamics of asthma to 
visualize, conceptualize and understand the transmission 
phenomena of asthma [23-27]. The dynamics of asthma 
has been recently investigated by the researchers in their 
work from different aspects [28-29]. It is noted that in the 
development and spread of asthma, continuous exposure to 
smoking plays a very important role. This very significant 
factor has been accounted for in our model by considering 
a different class of smokers.

 It is crystal clear that fractional systems give knowl-
edge about the dynamics of various diseases more accurate, 
broader, precious and precise than integer systems [30,31]. 
It surpasses integer-order models due to hereditary qual-
ities and memory definition [35-36], moreover, fractional 
models beterly explore and demonstrate the dynamics 
between two points. In the literature, it has been demon-
strated that fractional models provide the best match to real 
data [37,38]. These new theories have been efficiently used 
in physics, economics, biology, engineering and many other 
fields to model natural processess [39-58]. These operators, 
on the other hand, have a power law kernel and are lim-
ited in their ability to mimic physical situations. Caputo 
and Fabrizio recently proposed an additional fractional 
differential operator with an exponential decay kernel to 
address this challenge. The Caputo-Fabrizio (CF) operator 
is a revolutionary technique to fractional derivative that has 
drawn the attention of numerous researchers owing to its 
non-singular kernel. In addition, the CF operator is ideal 
for simulating particular types of real-world problems that 
follow the exponential decay law. Developing a mathemati-
cal model employing the CF fractional order derivative has 
become a fascinating subject of the upcoming research.

 We choose to use fractional derivative to investigate the 
dynamics of asthma with smoking and environmental class, 
motivated by the accurate results of the fractional deriva-
tive. We represent the fundamental results and theory of 
fractional CF derivative in 1 Section of the article. In the 
second section, using the CF derivative, a fractional model 
for asthma infection with smoking and environmental 
factor compartment is developed. Mathematical skills are 
then used to investigate the hypothesised asthma model. 
In Section 3, the uniqueness and existence aof the solution 
of the formulated FO model of asthma through the fixed-
point theorem is presented. The dynamics of proposed 
asthma model is then investigated with the effect of the 
different input parameter numerically in Section 4. Finally, 
in the last section, concluding observations and ideas are 
offered.

FORMULATION OF THE ASTHMA MODEL

 In the evaluation of the dynamics, the total population 
size N(t) is divided into four subclasses susceptibles class 
S(t), exposed class E(t), asthma infected class I(t) and 
smokers class c(t), while the cumulative concentration 

Figure 1. Illustration of systematic flow of asthma disease 
from trigger factors to signs and symptoms.
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of pollutants present in the environment is indicated by 
p(t). The recruitment rate of susceptible and smoker is 

indicated by Π and Ξ, respectively while the natural death 
rate is assumed to be µ for all classes of humans popula-
tion. We supposed that the susceptible population become 
asthmatic by continuous exposure to air pollutants such 
as diisocyanates, hexachloroplatinates, etc. The suscep-
tible humans population become exposed at a rate β due 
to smoking while a fraction γ of susceptible moves to the 
exposed class due to environmental factors. In the exposed 
class, two types of transmission has been observed denoted 
by λ1 and λ2. λ1 is the transmission rate to the infected group 
from the exposed group due to smokers while λ2 is the 
transmission rate from the infected group to the exposed 
group due to environmental factors. Moreover, we assume 
η1 be the rate at which smokers become infected while 
η2 is the rate at which smokers become infected through 
environmental factors. We indicated the asthma infection 
induced death rate by α in our formulation. We symbol-
ize the emission rate of pollutants by A(N) which depend 
on population, however, we consider it to be constant. The 
rate of natural depletion is denoted by v while smokers emit 
fumes rate is given by q and the rate at which smoker leave 
smoking is η. The following system of ODE’s describes the 
dynamics of asthma 

  

(1)

with appropriate initial condition for vector 

  (2)

It is cristal clear that fractional order systems provide 
more dependable, deeper, valuable, and accurate data con-
cerning a disease’s dynamics. To be more specific, the effect 
of memory can be captured through fractional operators 
which is mostly occurs in biological phenomena. Moreover, 
fractional order parameter make it more flexible for data 
fitting. Therefore, the above system (1) with (2) of asthma 
disease is represented in the framework of CF derivative in 
the following manner 

  
(3)

where ϑ is the order of CF fractional derivative such 
that 0 < ϑ ≤ 1. In the upcoming subsection of the article, 
we represent basic idea and concept of fractional derivative 
theory that will be utilized in the analysis of our proposed 
fractional-order model of asthma infection.

Basic Fractional Theory
 In this subsection of the article, we will list fundamental 

results and theory of CF fractional derivative for the analy-
sis of our asthma disease model with environmental factors. 
We take start from the following theorem: 

Definition 1Assume a function g such that g ∈ H1(a,b)  
with the condition that a < b, then the fractional derivative in 
CF framework [48] is given by

  (4)

 with fractional-order ς with the condition that ς ∈ [0,1]  
and V(τ) indicates normality such that V(0) = V(1) = 1 [48]. 
Here, if g ∉ H1(a,b) , then we have the below fractional form 

  (5)

Remark 1Assume the value  and 
, then the above (5) takes the below form 

  (6)

 in which M(0) = M(∞) =1. Furthermore, we have the 
below 

 

 Here, the definition of fractional integral for CF frame-
work will be represented see in [48].

Definition 2 Assume a function g, and ς be the fraction-
al-order then the fractional integral is 

  (7)

 with the condition 0 < ς <1[49]. 

Remark 2 Here, we investigate the above mentioned 2 
and get the following 

  (8)
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 which further implies that , 0 < ς <1. In the 
upcoming step, we represent a novel fractional derivative 
introduced in [49] by using (8) and is as 

 

NUMERICAL SCHEME AND ANALYSIS

Here, the solution of the proposed asthma disease model 
will be investigated for existence through fixed-point the-
ory. We use the concept of CF fractional derivative on the 
system (3),and get the following

 (9)

Apply the idea presented in [49], the above (9) implies 

 

(10)

In the next step, we proceed in the following manner 

Theorem 1 If the following condition satisfies 

 

then the kernels 1, 2, 3, 4 and 5 assures the 
Lipschitz condition. 

Proof. For the proof of Theorem 2, we first take  and 
, and start from 1 in the following manner 

 this implies that 

  (11)

 Here, apply norm on Eq. (11) and simplify, we get the 
below 

 At this stage, we assume μ1 = (βM + γN + μ), then the 
following result is obtained 

 

 Thus the Lipschitz condition is fulfilled for 1, in addi-
tion to this the condition 0 ≤ (βM + γN + μ) < 1 assure the 
contraction is also satisfied. In the same way, the Lipschitz 
conditions for the other cases of our system are determined 
as 

  

(12)

 Further simplification of Eq. (10) implies 

  

(13)

 its recursive form is given by 

  

(14)

with proper initial conditions 
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Here, the succeeding difference form is 

  

(15)

Here, we observe the following 

 

 Following the same way, we have 

  (16)

 By triangular inequality, Eq. (16) becomes 

 Lipschitz condition leads us to 

 Next, we have 

  
(17)

 Taking the same steps, we get 

  

(18)

Theorem 2 Exact coupled-solutions of the fractional-or-
der model (3) of asthma disease exists if the below mentioned 
condition satisfies. That is one can find t0 in way that 

 

Proof. As the state variables S(t), E(t), I(t), C(t), 
and P(t) are bounded. Moreover, we have shown that the 
Lipschitz condition is fulfilled by the kernels, Eqs. (17) and 
(18) gives the following by applying the recursive technique 

  

(19)

 As a result, the existence of solutions of the asthma dis-
ease model and its continuity are achieved. In addition to 
this, we will show that that the above is a solution of system 
(3), and proceed as follows

 Thus, we have 

 Following the technique, we proceed as 
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 Then the following is obtain at t0

  (20)

 The above Eq. (20) implies that 

 

Following the same procedure, we obtain that 
 approaches to 0 as n 

tends to ∞. 
In the next step, we focus on the uniqueness of the 

solution of system (3), on contrast, we assume that 
 is another solu-

tion of system (3), then we have

   (21)

 Applying the properties of norm, the above (21) con-
verted into the following 

Here, Lipschitz condition of kernel gives the following 

 which gives 

     
(a) (b) 

    
(c) (d) 
Figure 2. Illustration of the time series (solutions pathway) of susceptible, exposed, infected and smokers individuals of 
the proposed fractional-order model (3) of asthma disease with the variation of fractional-order ϑ.
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  (22)

Theorem 3There exists a unique solution of the fraction-
al-order model (3) of asthma disease if the below condition 
satisfied 

  (23)

Proof. For the required result, we assume that the above 
condition (23) holds true then (22) implies that 

 

 as a result of the uppermentioned, we have 

 

Following similar steps, we attain 

 

RESULTS AND DISCUSSION

 We run multiple simulations in this portion of the 
study to better understand the complex dynamics of the 
suggested fractional-order asthma model. These simu-
lations are necessary in order to find the most essential 
input factors that have a substantial impact on asthma 
prevalence in the general population. The fractional 
asthma system’s dynamical behaviour is quantitatively 
explored in order to present a more realistic picture of the 
illness.We assumed the following values of input param-
eters for simulation purposes: β = 0.0002, γ = 0.00031, μ 
= 0.014, α = 0.258, λ1 = 0.0001, λ = 0.00015, η = 0.002, η1 

     
(a) (b)

    
(c) (d)
Figure 3. Illustration of dynamical behaviour of our proposed fractional-order model (3) of asthma disease with the vari-
ation of input parameter η2.
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= 0.0002, η2 = 0.00025  and q = 0.0001 where the initial 
values of state-variables are given by:  S = 100, E = 50, 

I = 100, C = 10  and  P = 50 The time is taken in days 
in these numerical simulations.

Here, we perform four simulations to conceptualize 
the solution pathway of the susceptible, exposed, infected 
and smokers individuals of the asthma system and to 
show the influence of some input parameters on the 
dynamical behaviour of the system. In Figure 2, we illus-
trated the dynamics of asthma with the variation of frac-
tional-order or index of memory ϑ. We observed that the 
index of memory ϑ has significance influence on solution 
pathway of asthma model and the control of ϑ can highly 
control the dynamics of asthma disease. In Figure 3, we 
have shown the dynamical behaviour of the fractional sys-
tem of asthma with the variation of the input parameter 
η2, i.e., η2 = 0.00025, 0.00045, 0.00065, 0.00085, which 
shows that higher the value of η2 higher will be the level 

of exposed and infected classes in the community. Thus, 
we can say that by controlling the smoker class can reduce 
the infection level of asthma in the community. In third 
simulation, we demonstrated the solution pathway of the 
proposed fractional-order model (3) of asthma with the 
variation of input parameter λ1, i.e., λ1 = 0.0001, 0.0003, 
0.0005, 0.0007 shown in Figure 4. We noticed in second 
scenario that the increase of parameter λ1 highly decreases 
the level of E while increase the level of asthma infected 
individuals I in the community. In the last simulation 
presented in Figure 5, we again illustrated the solution 
pathway of the fractional asthma system with different 
values of fractional order, which implies that the endemic 
level of asthma can be decreased by lowering the frac-
tional order ϑ. Furthermore, we observed that the control 
of fractional-order can lower the level of infection, there-
fore, the index of memory ϑ are suggested to the policy 
makers and medical experts to lower asthma attacks.

     
(a) (b) 

    

(c) (d)

Figure 4. Illustration of the dynamical behaviour of the proposed fractional-order model (3) of asthma disease with the 
variation of input parameter λ1.
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CONCLUSION

Asthma is a well-known chronic disease that causes 
the inside walls of the airways of humans and make it hard 
to breathe. It is difficult to breath and talk in severe case 
of asthma which disturbs normal activity of humans. It is 
reported that smoking and environmental factors are criti-
cal and trigger asthma. In this article, we structured a math-
ematical model for asthma with environmental factors in 
the fractional derivative framework through CF fractional 
derivative. The suggested fractional model of asthma dis-
ease is then investigated for the basic properties through 
fractional calculus. The uniqueness and existence of the 
suggested asthma system are investigated via the theory of 
fixed point. Furthermore, we represent a novel numerical 
technique to highlight the time series of fractional-order 
asthma model. We have shown the dynamical behaviour 
of different stages of asthma model with variation of 

fractional-order ϑ. It is predicted that the index of mem-
ory ϑ has a positive effect on the system and can be used 
as a control parameter. Finally, the dynamical behaviour of 
asthma with input factors are then highlighted numerically 
to show the influence of several input parameter on the time 
series of asthma. We suggested to the policy makers that the 
index of memory or fractional-order can play an important 
role in the control of asthma. We will further study the epi-
demiology of asthma to formulate a more comprehensive 
model for the transmission phenomena of asthma to pro-
duce more accurate and precious results with real data in 
the future work. Moreover, sensitivity test through PRCC 
method will be performed to determine the most critical 
input factor for the control and prevention of asthma. We 
will also introduce some control policies through optimal 
control theory and impulsive vaccination for the preven-
tion of asthma infection in the society.

    
(a) (b) 

     
(c) (d) 

Figure 5. Illustration of the time series (solutions pathway) of susceptible, exposed, infected and smokers individuals of 
the proposed fractional-order model (3) of asthma disease with the variation of fractional-order ϑ.



Sigma J Eng Nat Sci, Vol. 42, No. 1, pp. 177−188, February, 2024186

AUTHORSHIP CONTRIBUTIONS

Authors equally contributed to this work.

DATA AVAILABILITY STATEMENT

The authors confirm that the data that supports the 
findings of this study are available within the article. Raw 
data that support the finding of this study are available from 
the corresponding author, upon reasonable request.

CONFLICT OF INTEREST

The author declared no potential conflicts of interest 
with respect to the research, authorship, and/or publication 
of this article.

ETHICS

There are no ethical issues with the publication of this 
manuscript.

REFERENCES

 [1] Ghosh M. Industrial pollution and Asthma: A math-
ematical model. J Biol Syst 2000;8:347−371. [CrossRef]

 [2] Polosa R, Thomson NC. Smoking and asthma: 
dangerous liaisons. Eur Respir J 2013;41:716−726. 
[CrossRef]

 [3] Strachan DP. The role of environmental factors in 
asthma. Br Med Bull 2000;56:865−882. [CrossRef]

 [4] Driscoll AJ, Arshad SH, Bont L, Brunwasser SM, 
Cherian T, Englund JA, et al. Does respiratory syncy-
tial virus lower respiratory illness in early life cause 
recurrent wheeze of early childhood and asthma? 
Critical review of the evidence and guidance for 
future studies from a World Health Organization-
sponsored meeting. Vaccine 2020;38:2435−2448. 
[CrossRef]

 [5] Canadian Medical Association. Secondhand cig-
arette smoke worsens symptoms in children with 
asthma. Section on Allergy, Canadian Paediatric 
Society. CMAJ 1986;135:321−323.

 [6] Collishaw NE, Kirkbride J, Wigle DT. Tobacco 
smoke in the workplace: an occupational health haz-
ard. Can Med Assoc J 1984;131:1199−1204.

 [7] Dockery DW, Pope CA, Xu X, Spengler JD, Ware 
JH, Fay ME, et al. An association between air pol-
lution and mortality in six US cities. N Eng J Med 
1993;329:1753−1759. [CrossRef]

 [8] Utell MJ, Looney RJ. Environmentally induced 
asthma. Toxicol Lett 1995;82:47−53. [CrossRef]

 [9] Jan R, Xiao Y. Effect of partial immunity on trans-
mission dynamics of dengue disease with optimal 
control. Math Methods Appl Sci 2019;42:1967−1983. 
[CrossRef]

[10] Secer A, Onder I, Ozışık M. Sinc-Galerkin method 
for solving system of singular perturbed reac-
tion-diffusion problems. Sigma J Eng Nat Sci 
2021;39:203−212. [CrossRef]

[11] Sisman S, Merdan M. Global stability of Susceptible 
Diabetes Complication (SDC) model in discrete 
time. Sigma J Eng Nat Sci 2021;39:290−312. [CrossRef]

[12] Ergene B, Yalçın B. A finite element study on modal 
analysis of lightweight pipes. Sigma J Eng Nat Sci 
2021;39:268−278. [CrossRef]

[13] Akbari N, Gholinia M, Gholinia S, Dabbaghian 
S, Ganji DD. Analyatical and numerical study of 
hydrodynamic nano fluid flow in a tow-dimensional 
semi-poropus channel with transverse magnetic 
field. Sigma J Eng Nat Sci 2018;36:587−608.

[14] Jan R, Xiao Y. Effect of pulse vaccination on dynam-
ics of dengue with periodic transmission functions. 
Adv Differ Equ 2019;2019:1−7. [CrossRef]

[15] Jan R, Khan MA, Gómez-Aguilar JF. Asymptomatic 
carriers in transmission dynamics of dengue with 
control interventions. Optim Control Appl Methods 
2020;41:430−447. [CrossRef]

[16] Attaullah, Jan R, and Yüzbasi S. Dynamical 
behaviour of HIV Infection with the influence of 
variable source term through Galerkin method. 
Chaos Solit Fractals 2021;152:111429. [CrossRef]

[17] Mahmoudi MR, Baleanu D, Band SS, Mosavi A. 
Factor analysis approach to classify COVID-19 data-
sets in several regions. Results Phys 2021;25:104071. 
[CrossRef]

[18] Yüzbasi S. A numerical approach to solve the model 
for HIV infection of CD4+ T cells. Appl Math Model 
2012;36:976352. [CrossRef]

[19] Yüzbasi S, Ismailov N. A numerical method for 
the solutions of the HIV infection model of CD4+ 
T-cells. Int J Biomath 2017;10:1750098. [CrossRef]

[20] Ahmed N, Rafiq M, Adel W, Rezazadeh H, Khan 
I, Nisar KS. Structure preserving numerical anal-
ysis of HIV and CD4+ T-cells reaction diffusion 
model in two space dimensions. Chaos Solit Fractals 
2020;139:110307. [CrossRef]

[21] Thirumalai S, Seshadri R, Yüzbasi S. On the solu-
tion of the Human Immunodeficiency Virus (HIV) 
infection model using spectral collocation method. 
Int J Biomath 2021;14:2050074. [CrossRef]

[22] Yüzbasi S. An exponential collocation method for 
the solutions of the HIV infection model of CD4+ T 
cells. Int J Biomath 2016;9:1650036. [CrossRef]

[23] Winkler T, Venegas JG, Harris RS. Mathematical 
modeling of ventilation defects in asthma. Drug 
Discov Today Dis Models 2015;15:3−8. [CrossRef]

[24] Joseph GA, Balamuralitharan S. A Nonlinear dif-
ferential equation model of Asthma effect of envi-
ronmental pollution using LHAM. In Journal of 
Physics: Conference Series 2018; (Vol. 1000, No. 1, 
p. 012043). IOP Publishing. [CrossRef]

https://doi.org/10.1142/S0218339000000225
https://doi.org/10.1183/09031936.00073312
https://doi.org/10.1258/0007142001903562
https://doi.org/10.1016/j.vaccine.2020.01.020
https://doi.org/10.1056/NEJM199312093292401
https://doi.org/10.1016/0378-4274(95)03467-6
https://doi.org/10.1002/mma.5491
https://doi.org/10.14744/sigma.2021.00010
https://doi.org/10.14744/sigma.2021.00018
https://doi.org/10.14744/sigma.2021.00016
https://doi.org/10.1186/s13662-019-2314-y
https://doi.org/10.1002/oca.2551
https://doi.org/10.1016/j.chaos.2021.111429
https://doi.org/10.1016/j.rinp.2021.104071
https://doi.org/10.1016/j.apm.2011.12.021
https://doi.org/10.1142/S179352451750098X
https://doi.org/10.1016/j.chaos.2020.110307
https://doi.org/10.1142/S1793524520500746
https://doi.org/10.1142/S1793524516500364
https://doi.org/10.1016/j.ddmod.2014.02.008
https://doi.org/10.1088/1742-6596/1000/1/012043


Sigma J Eng Nat Sci, Vol. 42, No. 1, pp. 177−188, February, 2024 187

[25] Rosenberg HF, Druey KM. Modeling asthma: 
Pitfalls, promises, and the road ahead. J Leukoc Biol 
2018;104:41−48. [CrossRef]

[26] Burrowes KS, Doel T, Brightling C. Computational 
modeling of the obstructive lung diseases asthma 
and COPD. J Transl Med 2014;12:1−8. [CrossRef]

[27] Sheffield PE, Knowlton K, Carr JL, Kinney PL. 
Modeling of regional climate change effects on 
ground-level ozone and childhood asthma. Am J 
Prev Med 2011;41:251−257. [CrossRef]

[28] Jang Y, Shin H, Lee MK, Kwon OS, Shin JS, Kim 
YI, Kim CW, Lee HR, Kim M. Antiviral activity of 
lambda-carrageenan against influenza viruses and 
severe acute respiratory syndrome coronavirus 2. 
Sci Rep 2021;11:1−2. [CrossRef]

[29] Slowikowska M, Bajzert J, Miller J, Stefaniak T, 
Niedzwiedz A. The dynamics of circulating ımmune 
complexes in horses with severe equine asthma. 
Animals 2021;11:1001. [CrossRef]

[30] Nápoles JEN, Guzmán PM, Lugo LM, Kashuri, A. 
The local generalized derivative and Mittag Leffler 
function. Sigma J Eng Nat Sci 2020;38:1007−1017.

[31] Shah Z, Jan R, Kumam P, Deebani W, Shutaywi M. 
Fractional dynamics of HIV with source term for 
the supply of new CD4+ T-cells depending on the 
viral load via caputo-fabrizio derivative. Molecules 
2021;26:1806. [CrossRef]

[32] Srivastava HM, Jan R, Jan A, Deebani W, Shutaywi 
M. Fractional-calculus analysis of the transmis-
sion dynamics of the dengue infection. Chaos 
2021;31:053130. [CrossRef]

[33] Jan R, Jan A. MSGDTM for solution of frac-
tional order dengue disease model. Int J Sci Res 
2017;6:1140−1144.

[34] Fatmawati F, Jan R, Khan MA, Khan Y, Ullah S. A 
new model of dengue fever in terms of fractional 
derivative. Math Biosci Eng 2020;17:5267−5287. 
[CrossRef]

[35] Podlubny I. Fractional differential equations: an 
introduction to fractional derivatives, fractional 
differential equations, to methods of their solution 
and some of their applications. 1st ed. Amsterdam: 
Elsevier; 1998.

[36] Samko SG, Kilbas AA, Marichev OI. Fractional 
integrals and derivatives, translated from the 1987 
Russian original. Switzerland ; Philadelphia, Pa., 
USA : Gordon and Breach Science Publishers; 
1993.

[37] Qureshi S. Periodic dynamics of rubella epidemic 
under standard and fractional Caputo operator 
with real data from Pakistan. Math Comput Simul 
2020;178:151−165. [CrossRef]

[38] Qureshi S. Effects of vaccination on measles 
dynamics under fractional conformable derivative 
with Liouville-Caputo operator. Eur Phys J Plus 
2020;135:1−20. [CrossRef]

[39] Qureshi S, Rangaig NA, Baleanu D. New numeri-
cal aspects of Caputo-Fabrizio fractional derivative 
operator. Mathematics 2019;7:374. [CrossRef]

[40] Jan R, Khan MA, Kumam P, Thounthong P. 
Modeling the transmission of dengue infection 
through fractional derivatives. Chaos Solit Fractals 
2019;127:189−216. [CrossRef]

[41] Qureshi S, Yusuf A. Fractional derivatives applied 
to MSEIR problems: Comparative study with real 
world data. Eur Phys J Plus 2019;134:1−3. [CrossRef]

[42] Jan A, Jan R, Khan H, Zobaer MS, Shah R. Fractional-
order dynamics of Rift Valley fever in ruminant host 
with vaccination. Commun Math Biol Neurosci 
2020;2020:79.

[43] Jan R, Khan H, Kumam P, Tchier F, Shah R, Bin 
Jebreen H. The investigation of the fractional-view 
dynamics of helmholtz equations within caputo 
operator. Comput Mater Contin 2021;68:3185−3201. 
[CrossRef]

[44] Muresan CI, Birs IR, Dulf EH. Event-based ımple-
mentation of fractional order IMC controllers for 
simple FOPDT processes. Mathematics 2020;8:1378. 
[CrossRef]

[45] Goufo EF. A biomathematical view on the fractional 
dynamics of cellulose degradation. Fract Calc Appl 
Anal 2015;18:554−564. [CrossRef]

[46] Yusuf A, Qureshi S, Shah SF. Mathematical analysis 
for an autonomous financial dynamical system via 
classical and modern fractional operators. Chaos 
Solit Fractals 2020;132:109552. [CrossRef]

[47] Sweilam NH, Al-Mekhlafi SM, Baleanu D. A hybrid 
stochastic fractional order Coronavirus (2019-
nCov) mathematical model. Chaos Solit Fractals 
2021;145:110762. [CrossRef]

[48] Caputo M, Fabrizio M. A new definition of frac-
tional derivative without singular kernel. Progr 
Fract Differ Appl 2015;1:1−3. [CrossRef]

[49] Losada J, Nieto JJ. Properties of a new fractional 
derivative without singular kernel. Progr Fract 
Differ Appl 2015;1:87−92.

[50] Attaullah, Sohaib M. Mathematical modeling and 
numerical simulation of HIV infection model. 
Results Appl Math 2020;7:100118. [CrossRef]

[51] Attaullah, Jan R, Jabeen A. Solution of the HIV 
infection model with full logistic proliferation and 
variable source term using Galerkin scheme. Matrix 
Sci Math 2020;4:37−43.

[52] Attaullah, Zeeshan, Tufail Khan M, Alyobi S, Yassen 
MF, Prathumwan D. A computational approach to a 
model for HIV and the immune system ınteraction. 
Axioms 2022;11:578. [CrossRef]

[53] Attaullah RD, Khurshaid A, Alyobi S, Yassen MF, 
Prathumwan D. Computational framework of the 
SVIR epidemic model with a non-linear saturation 
incidence rate. Axioms 2022;11:651. [CrossRef]

https://doi.org/10.1002/JLB.3MR1117-436R
https://doi.org/10.1186/1479-5876-12-S2-S5
https://doi.org/10.1016/j.amepre.2011.04.017
https://doi.org/10.1038/s41598-020-80896-9
https://doi.org/10.3390/ani11041001
https://doi.org/10.3390/molecules26061806
https://doi.org/10.1063/5.0050452
https://doi.org/10.3934/mbe.2020285
https://doi.org/10.1016/j.matcom.2020.06.002
https://doi.org/10.1140/epjp/s13360-020-00133-0
https://doi.org/10.3390/math7040374
https://doi.org/10.1016/j.chaos.2019.07.002
https://doi.org/10.1140/epjp/i2019-12661-7
https://doi.org/10.32604/cmc.2021.015252
https://doi.org/10.3390/math8081378
https://doi.org/10.1515/fca-2015-0034
https://doi.org/10.1016/j.chaos.2019.109552
https://doi.org/10.1016/j.chaos.2021.110762
https://doi.org/10.18576/pfda/020101
https://doi.org/10.1016/j.rinam.2020.100118
https://doi.org/10.3390/axioms11100578
https://doi.org/10.3390/axioms11110651


Sigma J Eng Nat Sci, Vol. 42, No. 1, pp. 177−188, February, 2024188

[54] Attaullah RD, Weera W. Galerkin time discretiza-
tion scheme for the transmission dynamics of HIV 
infection with non-linear supply rate. J AIMS Math 
2022;6:11292−11310. [CrossRef]

[55] Attaullah RD, Alyobi S, Yassen MF. A study on the 
transmission and dynamical behavior of an HIV/
AIDS epidemic model with a cure rate. AIMS Math 
2022;7:17507−17528. [CrossRef]

[56] Attaullah RD, Yassen MF, Alyobi S, Al-Duais FS, 
Weera W. On the comparative performance of 
fourth order Runge-Kutta and the Galerkin-Petrov 
time discretization methods for solving nonlinear 

ordinary differential equations with application to 
some mathematical models in epidemiology. AIMS 
Math 2023;8:3699−3729. [CrossRef]

[57] Attaullah, Jawad M, Alyobi S, Yassen MF, Weera W. 
A higher order Galerkin time discretization scheme 
for the novel mathematical model of COVID-19. 
AIMS Math 2023;8:3763−3790. [CrossRef]

[58] Attaullah, Yüzbaşı Ş, Alyobi S, Yassen MF, Weera 
W. A Higher-Order Galerkin Time Discretization 
and Numerical Comparisons for Two Models 
of HIV Infection. Comput Math Methods Med 
2022;2022:3599827. [CrossRef]

https://doi.org/10.3934/math.2022630
https://doi.org/10.3934/math.2022965
https://doi.org/10.3934/math.2023185
v
https://doi.org/10.1155/2022/3599827

