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ABSTRACT 

 

We introduce the category of R(m, n)-hypermodules over a Krasner (m, n)-hyperring R and obtain some 

categorical objects in this category such as product and coproduct. We apply the fundamental relations * and 

* on, M and, R respectively to construct fundamental functor from the category of R(m, n)-hypermodules into 

category of R/*-modules. In particular we consider the fundamental relation on (m, n)-hypermodules, and 

construct functor from the category of (m, n)-hypermodules to the category of (m, n)-modules. Then, we find 

the relations between hom, product, coproduct and fundamental functor. 

Keywords: Category, (m, n)-hypermodules, product, coproduct, additive category. 

 

 

1. INTRODUCTION  

 

The concept of hypergroup was introduced by F. Marty in [11]. Afterward, because of many 

applications of this theory in both pure and applied sciences, many authors study in this context. 

Some review of the hyperstructure theory can be found in [1, 5, 6, 15], respectively. 

In 1928, Dörnte introduced the concept of n -ary groups [8] and since then, n -ary systemes 

have been studied in different contexts.The research about n -ary hyperstructure was initiated by 

Davvaz and Vougiouklis who introduced these structures in [7].The notation of ),( nm -ary 

hyperring was defined by Mirvakili and Davvaz in [12]. After that Anvariyeh et al in [3] defined 

the notion of ),( nm -hypermodules over ),( nm -ary hyperrings. Ameri and Norouzi introduced 

in [2] the concept of n -ary prime and n -ary primary hyperideales in Krasner ),( nm - 

hyperring and proved some result in this respect. 

Category  theory [4] is the mathematical study of (abstract) algebras of functions. just as 

group theory is the abstraction of the idea of a system of permutations of a set or symmetries of a 

geometric object, category theory arises from the idea of a system of functions among some 

objects. In 1945, Eilenberg and Mac Lane’s “General theory of natural equivalences” was the 

original paper, in which the theory was first formulated. Also, R. Ameri in [1] introduced and 

studied the categories of hypergroups and hypermodules. 
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In this paper we introduce and study the various types of categories of ),( nm -ary 

hypermodules, based on various types of homomorphism. Finally, we use the fundamental 

relation to constrict the fundamental functor from the categories of ),( nmR -ary hypermodules into 

category of 
*/R -modules. In particular we prove that the fundamental functor is not faithful, 

but it is additive.  

 

2. PRELIMINARIES 

 

In this section we give some definitions and results of n -ary hyperstructures which we need 

in what follows. 

A mapping )(: * HPHHf
n

      is called an n -ary  hyperoperation, where 

)(* HP  is the set of all non-empty subsets of H . An algebraic system ),( fH , where f  is 

an n -ary hyperoperation defined on H , is called an  n -ary hypergroupoid. 

We shall use the following abbreviated notation: 

The sequence jii xxx ,,, 1   will be denoted by 
j

ix . For 
j

ixij ,<  is the empty set. 

Using this notation, 
 

),,,,,,,,( 111 njjii zzyyxxf    
 

will be written as ).,,( 111

n

j

j

i

i zyxf   In the case when yyy ji ===1   the last 

expression will be written ).,,( 1)(1

n

jij

i zyxf   

If f  is an n -ary hyperoperation and 1,1)(= nlt  for some 0,l  then t -ary 

hyperoperation lf  is given by  
 

).),,),),((,((=)( 11)(

11)1)((

12

11

11)(

1









 nl

nl

n

n

n

l

nl

l xxxffffxf 
  

 

 

For non-empty subsets nAAA ,,, 21   of H  we define  
 

}.,1,2,=,|)({=),,,(=)( 1211 niAxxfAAAfAf ii

n

n

n     
 

An n -ary hyperoperation f  is called  associative if 
 

),),(,(=)),(,( 1211

1

1211

1









 n

jn

jn

j

jn

in

in

i

i xxfxfxxfxf  
 

hold for every nji  <1  and all .,, 11 Hxx n   An n -ary hypergroupoid whit 

the associative n -ary hyperoperation is called an  n -ary semihypergroup. Let ,He  such 

that for every .=),,,(,
1)(

xeexfHx
n





  Then e  is called scaler identity. A semihypergroup 

containing the scaler identity is called an  n -ary hypermonoid.  
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An n -ary hypergroupoid ),( fH  in which the equation ),,( 1

1

1

n

ii

i axafb 

  has a 

solution, Hxi   for every Hbaa n

i

i 

 ,, 1

1

1  and ,1 ni   is called an  n -ary 

quasihypergroup. If ),( fH  is an n -ary semihypergroup and n -ary quasihypergroup, then 

),( fH  is called an  n -ary hypergroup. An n -ary hypergroupoid ),( fH  is  commutative if 

for all nS  and for every Han 1  we have ).,,(=),,( )((1)1 nn aafaaf    If 

Han 1  then we denote ),,( )((1) naa    by ).((1) na    

Definition 2.1 [10] Let ),( fH  be a commutative n -ary hypergroup. ),( fH  is called  

canonical n -ary hypergroup if   
 

• there exists unique ,He  such that for every ;=),,,(,
1)(

xeexfHx
n





   

• for all Hx  there exists unique ,1 Hx 
 such that );,,,(

2)(

1






n

eexxfe   

• if ),( 1

nxfx  then for all ,i  we have ).,,,,,,( 11

1

1

1

1 







 niii xxxxxfx    
 

we say that e  is the scaler identity of ),( fH  and 
1x  is the inverse of .x  Notice the 

inverse of e  is .e   

Definition 2.2  [13] A  Krasner ),( nm -hyperring is algebraic hyperstructure ),,( khR  which 

satisfies the following axioms:   
 

• ),( hR  is a canonical m -ary hypergroup;  

• ),( kR  is an n -ary semigroup;  

• the n -ary operation k  is distributive to the m -ary hyperoperation ,h  i.e, for all 

,,, 11

1

1 Rxaa mn

i

i 


 and ,1 ni   

 

));,,(,),,,((=)),(,( 1

1

111

1

111

1

1

n

im

in

i

in

i

mi axakaxakhaxhak 









   
 

• 0 is a zero element (absorbing element), of the n -ary operation ,., eik  for Rxn 2  we 

have  
 

,0).(==),0,(=)(0, 2322

nnn xkxxkxk   
 

Definition 2.3  [3] Let M  be a nonempty set. Then ),,( gfM  is an ),( nm -hypermodule 

over an ),( nm -hyperring ),,,( khR  if ),( fM  is an m -ary hypergroup and the map  
 

)(: *

1

MPMRRg
n




     

 

satisfies the following conditions:   
 

• ));,(,),,((=))(,( 1

11

1

11

1

1 m

nnmn xrgxrgfxfrg     
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• );,,,(,),,,,((=),),(,( 1

1

1

1

1

11

1

1

1

11

1

1 xrsrgxrsrgfxrshrg n

im

in

i

in

i

mi 











    

• ));,(,(=),),(,( 21

1

211

1 xrgrgxrrkrg mn

m

nmn

mi

ni

i

i 




  

• ).,,0,(0 1

1

1

1 xrrg n

i

i 



   
 

Definition 2.4 [3] A  Krasner ),( nm -hypermodule ),,( gfM  is an ),( nm -hypermodule 

with a canonical m -ary hypergroup ),( fM  over a Krasner ),( nm -hyperring ).,,( khR   

A Krasner ),( nm -hyperring ),,( khR  is  commutative if ),( kR  is a commutative n -

ary semigroup. Also, we say that ),,( khR  is with a  scaler identity if there exists an element 

R1  such that ),1(= 1)( n

Rxkx  for all .Rx  Later on, let ),,( khR  be a commutative 

Krasner ),( nm -hyperring whit a scaler identity .1R  For all Rr n 1

1  and Mx  we have  
 

}.{=),(1  and }{0=),(0  },{0=),0( 111

1 xxgxgrg n

RM

n

RMM

n 
 

 

Moreover, let ).,(=),,,(=),,,( 1

111

1

1

1

1 xrgxrrgxrrrg n

n

n

ii

i  







    

Definition 2.5 [3] Let ),,( 111 gfM  and ),,( 222 gfM  be two ),( nm -hypermodules over 

an ),( nm -hyperring ).,,( khR  we say that 21: MM   is a homomorphism of ),( nm -

hypermodules if for all xxm ,1  of 1M  and :1

1 Rr n 
  

 

))(,),(()),,(( 1211 mm xxfxxf    ; 
 

)).(,(=)),(( 1

12

1

11 xrgxrg nn  
 

 

If in the above definition we consider a map ),(: 2

*

1 MPM   then we obtain a  

multivalued homomorphism, shortly we write m -homomorphism. 

In Definition 2.5, if the equality holds, then   is called a strong (or good) R -

homomorphism. 

Definition 2.6 [13] Let ),,( khR  be ),( nm -hyperring.The relation 
*  is the smallest 

equivalence relation such that the quotient )/,/,/( ***  khR  be ),( nm -ring. where 

*/R  is the set of equivalence classes. The 
*  is called  fundamental equivalence relation.   

Definition 2.7 [3] Let ),,( gfM  be an ),( nm -ary hypermodule. We define 
*  as the 

smallest equivalence relation such that the quotient )/,/,/( ***  gfM  is an ),( nm -ary 

module over an ),( nm -ary hyperring ,R  where 
*/M  is the set of equivalence classes. The 

*  is called  fundamental equivalence relation.   

Theorem 2.8 [3] The fundamental relation 
*  is the transitive closure of the relation ,  i.e., 

).ˆ=( *    
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Theorem 2.9 [3] Let ),,( gfM  be an ),( nm -ary hypermodule over an ),( nm -ary 

hyperring ).,,( khR  Then, )/,/( **  fM  is an ),( nm -ary module over on ),( nm -ary 

ring )./,/,/( ***  khR   

 

3. VARIOUS CATEGORIES OF ),( nm -HYPERMODULES 

 

Definition 3.1 The category HmodR nm ),(  of ),( nm -ary hypermodules defined as 

follows:   
 

• the objects of HmodR nm ),(  are ),( nm - hypermodules,  

• for the objects M  and ,K  the set of all morphisms from M  to K  is defined as follows:  
 

},smhomomorphiman   is )(:|{=),( *  KPMffKMHomR  
 

• the composition gf  of morphisms )(: * KPMf   and )(: * LPKg   defined 

as follows:  
 

),(=)(  ),(:
)(

* tgxgfKPHgf
xft




  

 

• for any object ,H  the morphism ),(:1 * HPHH   defined by },{=)(1 xxH  is the 

identity morphism.  
 

Remark 3.2 Consider a category whose objects are all ),( nm -hypermodules and whose 

morphisms are all R -homomorphisms denoted by hmodR nm ),(  The class of all R -

homomorphisms from A  into B  is denoted by ).,( BAhomR  In addition, 

,),( hmodR nms   is the category of all ),( nm -hypermodules whose morphisms are all 

strong R -homomorphisms. The class of all strong R -homomorphisms from A  into B  is 

denoted by ).,( BAhom
SR  It is easy to observe that hmodR nms ),(  is a subcategory of 

.),( hmodR nm   

Lemma 3.3  Let ),,( 111 gfM  and ),,( 222 gfM  be two ),( nm -hypermodules over an 

),( nm -hyperring ).,,( khR And the map 21: MM   be a strong homomorphism of 

),( nm -hypermodules then the map )),((=))(( *** xx   for all Mx  is a 

homomorphism from 
*

2

*

1 /to/  MM .  

Proof. First we show that 
*  is well-defined. Suppose that for every 

)(=)(,, ** baMba   then there exist 111 , F mm fMx  whit bxax m =,=1  

such that .,1,2,=,},{ 11 mifxx iii   Since   is a homomorphism and ,11 Fmf  we 
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get .)( 21 Fmf  Therefore )()( * ba   which implies )),((=))(( ** ba   and so 

)).((=))(( **** ba   Thus 
*  is well-defined. Now, we have  

 

)}),,(|)(({=)))(,),((/( 11

***

1

**

1

*

mm aafaaaaf    

))(((= 11

** maf ))(((= 11

* maf ))(((= 12

* maf 

)))((,)),(((/= *

1

**

2 maaf    

)))((,)),(((/= **

1

***

2 maaf    
 

and  
 

)))(),(,),(((:=)))(),(,),((/( *

1

*

1

*

1

**

1

*

1

**

1

* xrrgxrrg nn      

))),(((= 1

11

** xrg n )))(,((= 1

12

* xrg n  

)))((),(,),((/= *

1

*

1

**

2 xrrg n     

))).((),(,),((/= **

1

*

1

**

2 xrrg n     
 

Theorem 3.4 modRhmodR nmnms  *

),(),( /:F  defined by 
*/=)( MMF  and 

,=)( *F  is a functor ,//: and : *

2

*

1

*

21  MMMM   where 

modR nm *

),( /  is the category of all ),( nm -modules over ./ *R   

Proof. By Lemma 3.3, F  is well-defined. Let 3221 : and : MMMM    be 

strong homomorphisms. Then 
 

*)(=)(  F  

)))(((=))(()( *** aa    

)))(((= * a ))((= ** a  

)),()(()(=))((= **** aa  FF  
 

for all .Ma  Hence ).()(=)(  FFF   Also  
 

*** //:1=)(1  MMMM F  
 

is defined by  
 

)(=))((1 *** aaM   
 

is the identity morphism. Therefore F  is a functor.  

Proposition 3.5 Let 21: MM   be a homomorphism in .),( hmodR nms   Then the 

following diagram is commutative:  
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where 
1

M  and 
2

M  are the canonical projections of 1M  and ,2M  respectively.  

Proof. Let .1Ma  Then  
 

))((=)( *

2
aaM  ))((= ** a ))((=

1

* aM ).(=
1

* aM  

 

Proposition 3.6  F  is not a faithful functor.  

Proof. Suppose F  is a faithful functor, ),,( 111 gfM  and ),,( 222 gfM  be objects in 

2121),( :,, MMRmodH nm    be parallel arrows of RmodH nm ),(  and 

).(=)( 21  FF  Then, for any ))((=))((, 211 aaMa  FF  implies that  
 

))((=))(( **

2

**

1 aa   

))((=))(( 2

*

1

* aa   

))((=))(( 2
2

1
2

aa MM   

).(=)( 21 aa   
 

This yields a contradiction to the definition of  , then F  is not a faithful functor.  

Definition 3.7 [9] Let M  and N  be two ),( nm -hypermodules. Define hyperoperation   on 

),,( NMHomR  as follows:  
 

))},(,),(()(|),({= 1221 xxfxNMHom mRm     
 

Note that the hyperoperation   on ),,( NMhomR  reduced to the following:  
 

))}.(,),(()(|),({= 1221 xxfxNMhom mRm     
 

Remark 3.8 In the following of this paper we consider the category of all ),( nm -hypermodules 

over a ),( nm -hyperring ,R  in the sense of Krasner ),( nm -hypermodules over commutative 

Krasner ),( nm -hyperring R  with identity. We denote this category by .),( KHmodR nm   

Hence, the objects of KHmodR nm ),(  are Krasner ),( nm -hypermodules over 

commutative Krasner ),( nm -hyperring with identity and all morphisms are multivalued 

homomorphisms.   

Proposition 3.9  [14] Let M  and N  be two ),( nm -hypermodules.Then   
 

• )),,(( NMHomR  is an  n -ary commutative hypermonoid,  
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• )),,(( NMhomR  is an  n -ary canonical hypergroup.  
 

Definition 3.10 [9] Let M  be a non-empty set. Then ),,( gfM  is an ),( nm -

semihypermodule over an ),( nm -hyperring ),,,( khR  if ),( fM  is an m -ary 

commutative hypermonoid and the map  

)(: *

1

MPMRRg
n




     satisfies the definition 2.3.  

Proposition 3.11 [9] Let R  be a commutative Krasner ),( nm -hyperring with identity and 

),,( 111 gfM  and ),,( 222 gfM  be two ),( nm -ary hypermodules over an ),( nm -ary 

hyperring R . Then ),( NMHomR  has ),( nm -ary semihypermodule construction.  

Theorem 3.12 [9] sHmodnmKHmodRAHom nm
S

R  ),(:),( ),(
, defined by 

),( BAHomB
S

R  is a functor from the category of Krasner ),( nm -hypermodule to the 

category of ),( nm -ary semihypermodule.  

 

4. CATEGORICAL PROPERTIES OF KHmodR nm ),(  

 

In this section, concepts of direct hyper product and direct hyper coproduct of a Krasner 

),( nm -hypermodule are defined. Also we give some properties of the category 

.),( KHmodR nm   and  

Definition 4.1  Let }|{ IiM i   be a family of ),( nm -hypermodules. we define a 

hyperoperation on i

Ii

M


 as follows:  

 

.}{  )(|}{=}{ 111









 


i

Ii

im

i

im

iiii

im

i MaafttaF  

 

For Rr  and ,i

Ii

i Ma 


  define   .),(=)}{(
)(

1)(

1)(

1)(

1 Iii

n

iIii

n argarG







  

then ,i

Ii

M


 together with m -ary hyperoperation F  and n -ary operation G  is called  

direct hyper product }.|{ IiM i    

Proposition 4.2  If }|{ IiM i   be a family of ),( nm -hypermodules, then   
 

• the direct hyper product i

Ii

M


 is an ),( nm -hypermodule,  

• for each ,Ik  )(: *

ki

Ii

k MpM  


 given by }{=)}({ kIiik aa   is an m

- homomorphism.  
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Theorem 4.3  Let }|{ IiM i   be a family of ),( nm -hypermodules, and 

}|)(:{ * IiMpM ii   be a family of m -homomorphisms. Then there exists a unique 

m -homomorphism 









 


)(: *

i

Ii

MpM   

such that, ii  =  for all ,Ii  and this property determines i

Ii

M


 uniquely up to 

isomorphism. In the other words i

Ii

M


 is a product in the category of .),( KHmodR nm    

Proof. It is sufficient to put for each Mx  :  
 

.)}({=)( Iii xx   
 

Then for every MxRr mn 

1

1

1 ,  we have  
 

Ii

m

i

m xfxf ))}(({=))(( 1111  Ii

m

ii xf ))}(({= 11  ))((= 12

mxf   
 

and 
  

Ii

n

i

n xrgxrg 

 ))},(({=)),(( 1

11

1

11  Iii

n

i xrg 

 ))}(,({= 1

1  )).(,(= 1

12 xrg n 
 

 

If )(:ˆ *

i

Ii

MpM 


  is an m -homomorphism such that ,=ˆ ii   for all .Ii  

We have .}{=)(ˆ ),()(ˆ *

Iiii

Ii

xxMpxMx 



   Then  

 

).(=))(ˆ(=)}({=}{ xxxx ikIiikk    
 

so ,)}({=}{ IiiIii xx    then );(=)(ˆ xx   it means .=ˆ   So   is unique. 

Therefore i

Ii

M


 is a product in the category .),( KHmodR nm    

Definition 4.4  The  direct hyper sum of the family }|{ IiM i   of ),( nm -hypermodules, 

denoted by i

Ii

M


 is the set of all ,}{ Iiia   where ia  can be non-zero only for a finite number 

of indices.  

Proposition 4.5  If }|{ IiM i   is a family of ),( nm -hypermodules then   
 

• i

Ii

M


 is an ),( nm -hypermodule,  

• for each ,Ik  the map ,: i

Ii

kk MM 


  given by Iiik aal }{=)(  where 

0,=ia  for ,ki   and ,= aak  is an m -homomorphism,  
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• for each )(, ii MIi   is a subhypermodule of .i
Ii

M


 The map k  is called the 

canonical injection.  
 

Theorem 4.6  Let }|{ IiM i   be a family of ),( nm -hypermodules. 

}|:{ IiMM ii   be a family of m -homomorphisms of ),( nm -hypermodules. Then 

there is a unique m -homomorphism MM i

Ii




:  such that ,= ii   for all Ii  

and this property determines i

Ii

M


 uniquely up to isomorphism. In other words i

Ii

M


 is a 

coproduct in the category of .),( KHmodR nm    
  

Proof. if ,}{0 i

Ii

i Ma 


  then only a finite number of ia  are non-zero say ,,,
1 r

ii aa   

We define  
 
















1)1())(((

)0),(),...((
=)}({

1)1(

1

1)1(

1

11

)(

mlrmaf

rmaaf
a

mlml

rr

i

i

i

il

rm

iiii

Iii



  

  

it means )(=)}({

0

ii

Ii

Iii aa  


  where 0I  is the set

0}.|{=},,,{ 21  ir aIiiii   is a homomorphism  
 

)}(   | }{{=)}{( 111

im

iiiIiiIi

im

i xfttxf    

)}(  |  )}({{= 1

im

iiiIii xftt  )}( |   ))(({= 1

im

iiiii xfttf   

)))(((= 1

im

iii xff  )))(((= 1

im

iii xff  )))(((= 1

im

iii xff   
 

and  
 

Ii

n

ii

n xrgxrg 

 )},({=)),(( 1

1

1

11  ))))(,(((= 1

1 i

n

ii xrgf  ))(,(= 1

12 i

n xrg 
 

 

and also ii  =  for all .Ii  For each ).(}{ ,}{

0

ii

Ii

ii

Ii

i aaMa 


  If 

MM i

Ii




:  is an m -homomorphism such that ,= ii   for all ,Ii  then  

 

).}({=))((=)(=)(=)(=))((=)}({

00000

Iiiii

Ii

ii

Ii

ii

Ii

ii

Ii

ii

Ii

Iii aaaaaaa 



     

 

hence  =  and so   is unique. Therefore i

Ii

M


 is a coproduct in the category 

.),( KHmodR nm    
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Theorem 4.7  The category KHmodR nm ),(  has zero object, product, coproduct.  

Proof. The proof is an immediate consequence of Theorems 4.3,4.6.  

Theorem 4.8 [3] Let ),,( 111 gfM  and ),,( 222 gfM  be two ),( nm -ary hypermodules 

over an ),( nm -ary hyperring R  and let 
** , BA   and 

*

BA  be fundamental equivalence 

relation on BA,  and BA  respectively. then  
 

,//)/(: ***

BABA BABA     
 

as ),( nm -ary modules over an ),( nm -ary hyperring .R   

Theorem 4.9  Let }|{ IiM i   be a family of ),( nm -hypermodules over an ),( nm -ary 

hyperring R  and let Ii
i

M ,*  and )( **

i
M

Ii

i
M

Ii





  be fundamental equivalence relation 

on iM  and )( i

Ii

i

Ii

MM 


  respectively. then   

 

• ,/)/(: **

1
i

Mi

Iii
M

Ii

i

Ii

MM  









   

• ./)/(: **

2
i

Mi

Iii
M

Ii

i

Ii

MM  






   

 

as ),( nm -ary modules over an ),( nm -ary hyperring .R   

Proof.   
 

• First we define relation ̂  on i

Ii

M


 as follows:  

 

,     }{ ˆ }{ * Iibaba i
i

MiIiiIii    

 

̂  is an equivalence relation. We define F  on ̂)/( i

Ii

M


 as follows: 

),}({ˆ=)))}({ˆ(( 1 Iii

m

Iii baF    for all ))(,),(( *

1

*

im
i

Mi
i

Mii aafb    and  

 

)}({ˆ=))}({ˆ,( )(

1)(

1 IiiIii

n barG 

   
 

for all )).(,( *1)(

1 i
i

M

n

ii argb   Since }|{ IiM i   be a family of ),( nm -

hypermodules, consequently, ̂)/( i

Ii

M


 is an ),( nm -ary hypermodule. Now, let   be an 

equivalence relation on i

Ii

M


 such that )/( i

Ii

M


 is an ),( nm -ary hypermodule. Similar 

to the proof of the Theorem 2.8, we get  
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.}{  }{}{ ˆ }{ IiiIiiIiiIii baba     
 

Therefore the relation ̂  is the smallest be an equivalence relation on i

Ii

M


 such that 

̂)/( i

Ii

M


 is an ),( nm -ary hypermodule, i.e., .=ˆ *

i
M

Ii




  Now, we consider the map 

,)/(/: **

1
i

M

Ii

i

Ii
i

Mi

Ii

MM







   by ).}({=))}(({ **

1 Iii
i

M

Ii

Iii
i

M aa 



 
   

 

• If ,}{0 i

Ii

i Ma 


  then only a finite number of ia  are non-zero say ,,,
1 r

ii aa   

We define relation ̂  on i

Ii

M
0



 as follows:  

 

,     }{ ˆ }{ 0

*

00
Iibaba i

i
MiIiiIii    

 

where 0I  is the set 0}|{=},,,{ 21  ir aIiiii  . 

Rest of the proof is similar to (i).  

Theorem 4.10  Fundamental functor F  preserves zero object, product and coproduct.  

Proof. We know ,/=)( *MMF  then {0}.={0}/=({0}) *F  

For the rest we must prove  
 

)()( i

Ii

i

Ii

MM FF 


  

).()( i

Ii

i

Ii

MM FF 


  

 

It is an immediate consequence of Theorem 4.9.  

Definition 4.11  An ),( nm -hyperadditive ( ),( nmh -additive ) category   is a category such 

that any two objects have a product and the morphism set ),( BA  is a commutative n -ary 

hypergroup such that the composition  
 

),(),(),( CACBBA    
 

is bilinear.  

Proposition 4.12  Let   be the category .),( KhmodR nm   Then   is KhmodR nm ),( -

additive category.  

Proof. The proof is an immediate consequence of Proposition 3.9 and Theorem 4.7.  

Proposition 4.13  Fundamental functor F  is an additive functor.  

Proof. The proof is an immediate consequence of Proposition 4.12 and Theorem 4.10. 
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5. PROPERTIES OF HOM 

 

In the following theorems we show the relation between product and coproduct of the family 

of ),( nm -hypermodules with hom.  

Theorem 5.1  Let }|{ IiM i   be a family of ),( nm -hypermodules over an ),( nm -ary 

hyperring R  and N  also is an ),( nm -hypermodule. Then  
 

),(),( NMhomNMhom iR

Ii

i

Ii

R 


  

 

Proof. For each ,Ii  we consider the map ,: i

Ii

ii MM 


  that introduce in Theorem 

4.5. Define the function  
 

),(),(: NMhomNMhom iR

Ii

i

Ii

R 


  

 

whith   .)(=)( Iii   is an R - homomorphism. Now we prove that   is one to one 

and onto. 

Let  Ker  then ).(=)((0)  IiiIi     So for each 0,=, iIi   

therefore   commutes diagram 
 

 
 

for each .Ii  On the other hand, diagram 
 

 
 

is also commutative for each ,Ii  so by Theorem 4.6, 0.=  Therefore 0,=Ker  

consequently   is one to one. 

Let Iii )(  be an arbitrary member of ).,( NMhom iR

Ii




 For Theorem 4.6, there exists 

a unique homomorphism ),(: NMhom i

Ii

R 


  such that for each Ii  commutes diagram  
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So ),( NMhom i

Ii

R 


  and ,)(=)(=)( IiiIii     consequently   is 

onto. 

Theorem 5.2  Let }|{ IiNi   be a family of ),( nm -hypermodules over an ),( nm -ary 

hyperring R  and M  also is an ),( nm -hypermodule. Then  
 

),(),( iR

Ii

i

Ii

R NMhomNMhom 


  

 

Proposition 5.3  Let }|{ IiM i   be a family of ),( nm -hypermodules over an ),( nm -ary 

hyperring R  and N  also is an ),( nm -hypermodule and F  be fundamental functor . Then  
 

))).,((()),(( NMhomNMhom iR

Ii

i

Ii

R FF 


  

 

Proof. The proof is an immediate consequence of Theorems 4.9 and 5.2.  

Proposition 5.4  Let }|{ IiNi   be a family of ),( nm -hypermodules over an ),( nm -ary 

hyperring R  and M  also is an ),( nm -hypermodule and F  be fundamental functor. Then  
 

))).,((()),(( iR

Ii

i

Ii

R NMhomNMhom FF 


  

 

Proof. The proof is an immediate consequence of Theorems 4.10 and 5.2.  

Corollary 5.5 Let CBA ,,  be ),( nm -hypermodules over an ),( nm -ary hyperring R  and 

and F  be fundamental functor . Then isomorphism  
 

)),(()),(()),(( CBhomCAhomCBAhom RRR FFF    
 

is natural.  

Proof. For each homomorphism ,: BB   the following diagram is commutative:  
 

 
 

 

In this diagram, define a map ,:1 BABAA
   with 

)).(,(),( baba   then,   define an natural isomorphism between two functors TS,  that  
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)).,(()),((=)( )),,((=)( CBhomCAhomBTCBAhomBS RRR FFF   
 

The same prove show that   into CA,  also is natural.  
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