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ABSTRACT

We consider the papers related to the spectrum and the trace formula of a differential operator of second order
with unbounded operator coefficient. Reviewing them, we examine what the spectrum is and how to find the
trace formula of the operator.
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1. INTRODUCTION

The trace formulae of differential operators can be regarded as a generalization of the traces
of matrices or kernel operators. They are very important in mathematics, mathematical physics
and mechanics. The trace formulae specially can be used to solve inverse problems and can be
applied to index theory of some special operators. These formulae are generally referred as
regularized trace formulae for operators.

Some trace formulae for differential operators with operator coefficients are found by
Adigiizelov [1], Chalilova [2], Maksudov et al. [3], Adigiizelov et al. [4], Albayrak et al. [5],
Adigiizelov et al. [6], Giil [7] and Baksi et al. [8]. In this work, we review calculations for a
differential operator with the same boundary conditions with Baksi et al. [8].

Let H be a separable Hilbert space and let H, = Lz(H;[O, 7[]) denotes the set of all

measurable functions T with its values in H such that h f(x) ”2 dx. < o0
h ax. .
0

If the inner product of two arbitrary elements f g of the space Hl is defined by
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(f,0) = [ (F (), 900, o

then it is well kno wn that H1 becomes also a separable Hilbert space.
Let consider the operators LO and L in Hl defined by the differential expressions
L) ==y () +AY(X) and L(y)=Lo(¥) +Q(X)y(X)
with the same boundary conditions as in y'(0) = Y(7r) = O respectively. Suppose that A
and Q(X) in the above expressions satisfy the following conditions:
@) A:D(A) — His a self-adjoint operator. Moreover, A>land A™ e o, (H)

where | is the identity operator on H and o, (H) is the set of all compacts operators from

HwoH.
(2) For every X e [0, 7[], Q(X) :H — His a self-adjoint compact operator. It is also a
kernel operator (Q(X) € o, (H)).
(3) The functions HQ(‘) (X)H (i = 0,1,2) are bounded and measurable in the interval [o, 7]
O1(H)

(4) Forevery f e H, I(Q(x) f,f),dx=0.
0

After this, we will denote the norm in Hl by ||||1 and the sum of a kernel operator K by
trK =trace K.

2. THE SPECTRUM OF OPERATOR L

Let y, <y,<--<y,<--- be the eigenvalues of the operatsr Aand
@ <@, <---< @, <--- bethe orthonormal eigenvectors corresponding to these eigenvalues.
Moreover, D, denotes the set of the functions y(x) in H, satisfying the conditions:

(1% y(x) has continuous derivative of second order with respect to the norm in the space
H in the interval [0,72'].

(2% Ay(X) s continuous with respect to the norm in the space H.

@) y'(0) = y(7) =0.

Easily Dyis dense in H, and the operator L :D, — H,defined by L] =L,(y)is
symmetric. The eigenvalues of this operator are

1 ¥ .
(E+kj +y, (k=012,-j=12,-)
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and the ortho normal eigenvectors corresponding to these eigenvalues are

M, cos(k +%)x.(pj (k=012,---;j=12,--")

where M, :\/Z fork=012,---.
Vs

Since the orthonormal eigenvectors system of the symmetric operator Lé is close and is an
orthonormal basis Hl, the operator LO = E; will be self-adjoint, and since Q(X) is a bounded,
self-adjoint operator from H,to H; then the operator L = L, + Q will be also a self-adjoint
operator from D(L) = D(L,) to H;.

Let RYand R, be resolvents of the operators Ljand L respectively and let
M S, << <--- be the eigenvalues of operator L. Here each eigenvalue is
accounted as many times as its multiplicity number. Since I_im V=0, we get lim M, =0

] n—o0

and so we have

lim =0 (u#unu,;n=123..)
o U, — |
From the fact that for every real £ which is not an eigenvalue of L0 , the operator Rz is

self-adjoint and the orthonormal eigenfunctions system

M, cos(k +%)x.gpi (k=012,--;j=12,--)

is complete, the operator Rz must be compact. Therefore, we conclude that the operator L0

has pure discrete spectrum. On the ohter hand since Q is bounded and self-adjoint, the spectrum
of operator L will be also pure discrete.
Note that if let 4, <A, <---< A <--- be the eigenvalues of operator L, similarly as

above, we can see that R, is a compact operator for A # A, (N =1,23,...) . soif y; =af

(0<a<00,2 < a <) the it can be seen that as N —> 00
2a

,Lln ’ﬂ/n ~ don 2+a
where d0 is a constant. This asymptotic approach implies that the sequence { n }::1 has a

subsequence {,unm }:71 such that

200 200
My — Hn, Zdl(kZJra —nrﬁﬂl) (k =N Nygsees)
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Here, with this property, we call the regularized trace formula of operator L to the limit
nm
lim ) (4, — )
m_mé( K /Uk)

By knowing that Rg and R, are kernel operators we can write the equality

= 1 1
tr(R, —R%) =trR, —trR? = - .
(1 ,1) 2 2 Z(ﬂk—ﬂ ﬂk‘ij

k=1

If we multiply both sides of this equality by i and integrate on the circle
27

|Al=b, =27 (4 + M, o) thenit follows that

Ny 1
Z(ﬂ“k ) =—5— _l./Attr(Rz ~R7)d2.
kL 27 3%,

If we substitute the expression

p
R, —R) =Y. (-D)’RJ(QR))! +(-1)*"R,(QR})"™. (p=2)
j=1

into the last equation we obtain

nm p
Z(/lk —ft) = z ij + Dr(np) (2.1
k=L =1

where

( 1)J+1

Dy =" Mj'bﬁtr[R (QR)' jA (22)

and

p
pr - VY 1) [ 2[R, (@RS 2. 23)
14=b,,

From the relation given in [6], one obtains

(2.4)

27z|

|41=bp,

If {'//q (x)};o=1 be the system of orthonormal eigenvectors corresponding to the eigenvalues

{ﬂq (x)}:::l of operator L0 , respectively; then we can easily have

v, (X) =M, COS(%'F kqjx.(pjk (9=12,--) (2.5)
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Now, to give an explicit result to the limit of equation (2.1) as M —> o0 we need to evaluate

the expressions (2.3) and (2.4) in the sense of same limit. We will do these calculations in the next
section.

3. A TRACE FORMULA FOR OPERATOR L

We start firstly with expression (2.4) for j =1
Theorem 3.1 If the operator function Q(X) satisfies the conditions ((2)-(4)) and if as j —> o0
7j=a] (0<a<o,2<a <o) then

lim D, :%[trQ(O)—trQ(ﬂ)]- (3.1)
Proof: According to the formula (2.4), we get
-1
D, =— [tr|(QRY)[A- (3.2)
ml 2721 MI'_"bm [(Q A)}j

Since {Wn (X)}:::l is an orthonormal basis in H, forevery 4 € p(L,) we have

tr(QR) = 3 (QR%W, .0y,
q=1

Thus, it follows that

13 1
Dml zz_mqZZ;(Ql//qil//q)l _[ dj’

M, —A

|Al=by, 7a

= Zm(QV/q,t//q)l
q=1

=3 [ Q0w (9,14 () I

a=10

1& 7T
== j cos(2k, +DX(Q(X)¢; ,@; ) X
7T g=19
From here we conclude that

imD., =lzij(Q(x)¢j 0,1 00S(2K +1)xdx
T i=1 0

m—o0 K =1

hE

— Z{E]E(Q(x)(pj ;) COS(2K +1)xdx} cos k;r}
7o

l o0
-2

j=1

=1

I(Q(x)wj 1 @;) cos(2k +1)xdx} coskO
0

k=1

35



E. Giil, D. Uciincii | Sigma J Eng & Nat Sci 9 (1), 31-38, 2018

The terms appear in {} above are the values at the pointsQ and 77 respectively of the

Fourier series of the function  (Q(X)¢;, ;) which have second order continuous

derivative, with respect to {COS kX}:;l in [0,7[]. Hence, we write

limD,, =%i((Q(O)(o,—,(o,—)H —(Q(ﬂ)(o,-,co,-)H)

=
and so the equation (3.1) follows.
Theorem 3.2 Suppose that y; @[ as j —00 (0<a<00,2 < <0). If the operator

function Q(X) satisfies the conditions (2) and (3) then |im D, _0 for j >2.

Proof:: From (2.4) we have nHw

a2 [ ol el o 6

If we choose identically Q(X) =0 thenwe have R, =R . It means that
d, __s a-2

Rl <t (0-22) @4

Since
|RY|. <constny’, [5: a—Zj (35)

(k) a+?2

and the inequalities (3.3) and (3.4) are hold, it follows that
D] < const. jnl ’n,?0YdA| <const.u, nk

|21t
Since 44, < CONst. N we have

|D,,| < constnZ?0Y
Clearly, if j>1+25"then lim D ; =0.
By considering the inequalities "

. =
Pl <R Qn= Xlu—sm) =12
and o
Duo|<IQE R 0, + a0 ) d, =%, 5-2=2
It follows that for j=2,3,--,|267!| +1
LlLTJOD .=0.

Now we are ready to give the main result by next theorem.
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Theorem 3.3 Suppose that y; @] as J =0 (0<a<o0,2<a <o). If the operator

function Q(X) satisfies the conditions ((2)- (4)) then the regularized trace formula

e 1
fim > (4 = #5) = [rQ(0) - rQ(z)] (36)
k=1
is satisfied.
Proof: By Theorems 3.1 and 3.2, we write
Ny
lim > (4, - 14,)= %[trQ(O) —trQ(x)]+ lim D @7
m—oo k=1 m—o0
To find the equality (3.6), we just need to show that
limD{P =0

Let us give a restriction to the magnitude of expression (2.3) :
PP <by [ [R:IQIRY; IQLLIR?
g

From (3.4) and (3.5) we obtain that
(p) 2 2 -(p+1)S 1 1-5
|D{P| < constb2n #n

a2

O1(Hy)

1+6

m  thenwe have

Since b, <const.n
(p) (P+2)5+1 4 2(1+5) _ 3-ps
‘Dm ‘Sconst.nm n, ' =const.n;
For p>357", it follows that
im D —
limD,” =0

m—oo

If we substitute this result in equation (3.7) we obtain the regularized trace formula of

operator L given by equation (3.6).

4. ADDITIONAL COMMENTS

This paper is related to AHA2017.
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