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ABSTRACT 

 

We consider the papers related to the spectrum and the trace formula of a differential operator of second order 

with unbounded operator coefficient. Reviewing  them, we examine what the spectrum is and how to find the 

trace formula of the operator. 
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1. INTRODUCTION  

 

The trace formulae of differential operators can be regarded as a generalization of the traces 

of matrices or kernel operators. They are very important in mathematics, mathematical physics 

and mechanics.  The trace formulae specially can be used to solve inverse problems and can be 

applied to index theory of some special operators. These formulae are generally referred as 

regularized trace formulae for operators.  

Some trace formulae for differential operators with operator coefficients are found by 

Adıgüzelov [1], Chalilova [2], Maksudov et al. [3], Adıgüzelov et al. [4], Albayrak et al. [5], 

Adıgüzelov et al. [6], Gül [7] and Bakşi et al. [8]. In this work, we review calculations for a 

differential operator  with the same boundary conditions with Bakşi et al. [8]. 

Let H be a separable Hilbert space and let   ,0;21 HLH   denotes the set of all 

measurable functions f with its values in H such that ..||)(|| 
0

2 


dxxf H
 

If the inner product of two arbitrary elements f , g  of the space 1H  is defined by  
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then it is well kno wn that  1H    becomes also a separable Hilbert space. 

Let  consider the operators 0L and L in 1H  defined by the differential expressions 
 

)()()(0 xAyxyyL      and      )()()()( 0 xyxQyLyL   
 

with the same boundary conditions as in 0)()0(  yy respectively. Suppose that A

and )(xQ in the above expressions satisfy the following conditions: 
 

(1) HADA )(: is a self-adjoint operator. Moreover, IA  and )(1 HA 

   

where I is the identity operator on H and )(H is the set of all compacts operators from 

H to H . 

(2) For every   HHxQx  :)( ,,0  is a self-adjoint compact operator. It is also a 

kernel operator )).()(( 1 HxQ   

(3) The functions )2,1,0( )(
)(1

)( ixQ
H

i


are bounded and measurable in the interval  .,0   

(4) For every   



0

.0,)( , dxffxQHf H
 

 

After this, we will denote the norm in 1H  by 
1

.  and  the sum of a kernel operator K  by 

. trace KtrK     

 

2. THE SPECTRUM OF OPERATOR L     

 

Let   n 21  be the eigenvalues of the operatör A and 

  n 21  be the orthonormal eigenvectors corresponding to these eigenvalues. 

Moreover, 0D denotes the set of the functions )(xy  in 1H satisfying the conditions: 
 

(10) )(xy has continuous derivative of second order with respect to the norm in the space 

H in the interval  .,0   

(20) )(xAy is continuous with respect to the norm in the space .H  

(30) 0)()0(  yy . 
 

Easily 0D is dense in 1H  and the operator 
100 : HDL  defined by )(00 yLL  is 

symmetric. The eigenvalues of this operator are 
 

),2,1;,2,1,0(  
2

1
2

 







 jkk j  
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and the ortho normal eigenvectors corresponding to these eigenvalues are      
 

),2,1;,2,1,0(  .
2

1
cos  








 jkxkM jk   

 

where .,2,1,0for   
2

 kM k


 

 

Since the orthonormal eigenvectors system of the symmetric operator 0L  is close and is an 

orthonormal basis 1H , the operator 00 LL  will be self-adjoint, and since )(xQ is a bounded, 

self-adjoint operator from 1H to 1H  then the operator QLL  0 will be also a self-adjoint 

operator from )()( 0LDLD  to 1H . 

Let 
0

R and R be resolvents of the operators 0L and L respectively and let 

  n 21  be the eigenvalues of operator .0L  Here each eigenvalue is 

accounted as many times as its multiplicity number. Since 


j
j

lim , we get  


n
n

lim  

and so we have 
 

0
1

lim 
 n

n

  ,...)3,2,1;(  nn  

 

From the fact that for every real   which is not an eigenvalue of 0L , the operator 
0

R  is 

self-adjoint and the orthonormal eigenfunctions system 
 

 

),2,1;,2,1,0(  .
2

1
cos  








 jkxkM jk   

 

is complete, the operator 
0

R  must be compact. Therefore, we conclude that the operator 0L  

has pure discrete spectrum. On the ohter hand since Q is bounded and self-adjoint, the spectrum 

of operator L will be also pure discrete. 

Note that if let   n 21  be the eigenvalues of operator L , similarly as 

above, we can see that R is a compact operator for ,...)3,2,1(  nn . So if  
 jj a

)2,0(  a  the it can be seen that as  n  
 





  2

2

0, ndnn  
 

where 0d  is a constant. This asymptotic approach implies that the sequence  
1nn  has a 

subsequence  
1mnm

 such that  
 

)( 2

2

2

2

1








   mnk nkd
m

    ( ,..., 1 mm nnk ) 
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Here, with this property, we call the regularized trace formula of operator  L  to the limit 
 

 





mn

k

kk
m

1

lim  . 

 

By knowing that  
0

R and R are kernel operators we can write the equality 
 

. 

 

If we multiply both sides of this equality by 
i



2
 and integrate on the circle 

)(2|| 1

1



 
mm nnmb  then it follows that 

 






m

m

b

k

n

k

k dRRtr
i

||

0

1

)(
2

1
)(



 


 . 

 

 If we substitute the expression  
 

101

1

000 )()1()()1( 



  pp
p

j

jj QRRQRRRR 
,    ( 2p ) 

 

into the last equation  we obtain 
 

)(

11

)( p

m

p

j

mjk

n

k

k DD
m

 


                                                                                             (2.1)            

 

where  
 

 





mb

j
j

mj dQRRtr
i

D
||

00
1

)(
2

)1(



 


                                                                             (2.2) 

 

and 
 

 





mb

p
p

p

m dQRRtr
i

D
||

10 )(
2

)1(



 


.                                                                           (2.3) 

 

From the relation given in [6], one obtains 

 

 





mb

j
j

mj dQRtr
ij

D
||

0 )(
2

)1(



 


.                                                                                         (2.4) 

      

If  
1

)(
qq x be the system of orthonormal eigenvectors corresponding to the eigenvalues 

 
1

)(
qq x of operator 0L , respectively; then we can easily have 

 

          ),2,1(  .
2

1
cos)( 








 qxkMx

kq jqkq                                                         (2.5) 
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Now, to give an explicit result to the limit of equation (2.1) as  m we need to evaluate 

the expressions (2.3) and (2.4) in the sense of same limit. We will do these calculations in the next 

section. 

 

3. A TRACE FORMULA FOR OPERATOR L  

 

We start  firstly with expression (2.4) for 1j .  
 

Theorem 3.1 If the operator function )(xQ satisfies the conditions ((2)-(4)) and if as  j
 jj a )2,0(  a  then   

 

 )()0(
4

1
lim 1 trQtrQDm
m




.                                                                             (3.1)

  

Proof:  According to the formula (2.4), we get 
 

 





mb

m dQRtr
i

D
||

0

1 )(
2

1



 


.                                                                                                  (3.2)  

 

Since   
1

)(
nn x is an orthonormal basis in  1H , for every )( 0L   we have 

 

1

0

1

0 ),()( qq

q

RQQRtr  




  

 

Thus, it follows that 
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1

1

),( qq
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From here we conclude that  
 












1 1 0

1 )12cos(),)((
1
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k j
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The terms appear in  ...  above are the values at the points 0  and respectively of the 

Fourier series of the function  HjjxQ ),)((  , which have second order continuous 

derivative, with respect to   1cos kkx  in  ,0 . Hence, we write 
 

 






1

1 ),)((),)0((
4

1
lim

j

HjjHjjm
m

QQD   

 

and so the equation (3.1) follows. 
 

Theorem 3.2 Suppose that 
 jj a as   j )2,0(  a . If the operator 

function )(xQ satisfies the conditions (2) and (3) then 0lim 


mj
m

D  for 2j . 

Proof:: From (2.4) we have 
 

          
2

1 1
00

1
)1(1)1(1








m

HH
b

jj

mj dRRQ
j

D


 


                                                        (3.3) 

 

If we choose identically 0)( xQ  then we have  R =
0

R . It means that 
 

          
2

2
      ,

4

1

1












 






 mn
d

R                                                                                  (3.4) 

 

Since   

          
2

2
           ,.

)1(1

0












 






 mnconstR
H

                                                              (3.5) 

 

and the inequalities (3.3) and (3.4) are hold, it follows that 
 

  j

mn

b

j

mmmj nonstdnnconstD
m

m





  



  
111 .c   .  

 

Since 
  1.c mn nonst

m
we have 

 

  n. )1(2-

m

 j

mj constD 
 

 

Clearly, if 
121  j then  0lim 


mj

m
D . 

By considering the inequalities  
 

  ),2,1(                   ,

1

1

mm

2

12 





 mQD
m

m

nj
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and 
 

     
2

2
 ,

4

d
    ,4 0

1

11

1mm

3

13
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It follows that for 12,,3,2 1  j  
 

0lim 


mj
m

D . 

 

Now we are ready to give the main result  by next theorem. 
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Theorem 3.3 Suppose that 
 jj a as   j )2,0(  a . If the operator 

function )(xQ satisfies the conditions ((2)- (4)) then the regularized trace  formula    
 

   )()0(
4

1
lim

1

 trQtrQ
mn

k

kk
m






                                                                          (3.6) 

 

is satisfied. 
 

Proof: By  Theorems 3.1 and 3.2, we write 
 

              lim)()0(
4

1
lim )(

1

p

m
m

n

k

kk
m

DtrQtrQ
m





                                             (3.7) 

 

To find the equality (3.6), we just need to show that 
 

0lim )( 


p

m
m

D  

 

Let us give a restriction to the magnitude of  expression (2.3) : 
 

  
)1(1

0

11

0

11

)(






m

H
b

pp

m

p

m dRQRQRbD


   

 

From (3.4) and (3.5) we obtain that 
 

  nn. -1

m

1)-(p

m

2)(  m

p

m bconstD  
 

Since  n. 1

m

 constbm
then we have 

 

    const.nn. 312

m

12)-(p

m

)(  p

m

p

m nconstD    
 

For 13  p , it follows that  
 

0lim )( 


p

m
m

D  

 

If we substitute this result in equation (3.7) we obtain the regularized trace formula of 

operator L given by equation (3.6). 

 

4. ADDITIONAL COMMENTS 

 

This paper is related to AHA2017. 

 

REFERENCES 
 

[1] Adıgüzelov E., (1976) About the trace of the difference of two Sturm-Liouville operator  

with operator coefficient, Iz. AN AZ SSr, seiya fiz-tekn. i mat. nauk 5, 20–24.  

[2] Chalilova R. Z., (1976) On regularization of the trace of the Sturm-Liouville operator with 

operator equation”, Funks.  Analiz, teoriya funksiy i ik pril Mahakala 3, 154–161. 

[3] Maksudov F.G., Bayramoğlu M. and Adıgüzelov E., (1984) On regularized trace of 

Sturm-Liouville operator on a finite interval with unbounded operator coefficient, Dokl. 

Akad. Nauk SSSR 30(1), 169-173. 

[4] Adıgüzelov E., Avcı H. and Gül E., (2001)  The trace formula for Sturm-Liouville oper 

ator with operator coefficient”,  J. Math. Phys,  42(6), 1611-1624.  

On the Trace Formula for a Differential Operator of  …     /   Sigma J Eng & Nat Sci 9 (1), 31-38, 2018 



38 

 

[5] Albayrak I., Baykal O., Gül E., (2001) Formula for the highly regularized trace of Sturm-   

Liouville operator  with unbounded operator coefficients which has singularity”, Turk J 

Math 25(2), 307-322.  

[6] Adiguzelov E., Bakşi Ö., (2004) On the regularized trace of the differential operator 

equation given in a finite interval, Sigma Journal of Engineering and Natural Sciences, 

22(1), 47-55. 

[7] Gül E., (2006) A regularized trace formula for a differential operator of second order with 

unbounded operator coefficients given in a finite interval, International Journal of Pure 

and Applied Mathematics, 32 (2),  225-244.   

[8] Bakşi Ö. , Sezer Y. , Karayel S. , (2010) The sum of subtraction of the eigenvalues of two 

self adjoint differential operators with unbounded operator coefficient, International 

Journal of Pure and Applied Mathematics, 63 (3),  255-268.   

[9] Kato T. , (1980) Pertubation theory for Linear Operators, Berlin-Heidelberg-New York-

Verlag,  

[10] Lysternikand L. A. , Sobolev V. I. , (1955) Elements of functional analysis, English 

Trans., New Tork, Fredrick Ungar,  

[11] Cohberg I. C. , Krein M. G. , (1969) “Introduction to the Theory of Linear Non-self 

adjoint  Operators”, Translation of Mathematical Monographs, 18 (AMS, Providence, RI).  

E. Gül, D. Üçüncü  / Sigma J Eng & Nat Sci 9 (1), 31-38, 2018 


