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ABSTRACT 

 

In this work, the boundedness for higher order commutators of Hardy-Type integrals is obtained on Herz–

Morrey spaces with variable exponent 𝐌�̇�𝐩,𝐪(.)
𝛃(.),𝛌

(𝐑𝐧) applying some properties of variable exponent.  
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1. INTRODUCTION 

 

The first generalization of Herz spaces in view of variable exponent is established by Izuki [9, 

10]. And in 2012, Almeida and Drihem [11] discuss the boundedness of a wide class of sublinear 

operators on Herz spaces  Kq(.)
β(.),p

(Rn) and MK̇q(.)
β(.),p

(Rn) with variable exponent 𝛽(. ) and 𝑞(. ). 

Last twenty-five century, the variable exponent function spaces and the operator theory are 

applicable to the modeling for electrorheological fluids, mechanics of the continuum medium and 

image restoration (see for example [1–8, 20, 21, 22, 23, 24, 25] and references therein), etc. 

Meanwhile, they also established Hardy–Littlewood–Sobolev theorems for fractional 

integrals on variable Herz spaces. In 2013, Samko [12, 13] introduced a new Herz type function 

spaces with variable exponent, where all the three parameters are variable, and proved the 

boundedness of some sublinear operators. In recently, Wu J. [14, 15] and Wu J. and Zhao W. [17] 

considers the boundedness for sublinear operators and commutators of fractional integrals on 

Herz–Morrey spaces MK̇p,q(.)
β(.),λ

(Rn) with variable exponent q(.) but fixed β ∈ R and 𝑝 ∈ (0, ∞). 

The BMO space and the BMO norm are defined, respectively, as follows: 
 

𝐵𝑀𝑂(𝑅𝑛) = {𝑑 ∈ 𝐿𝑙𝑜𝑐
1 (𝑅𝑛): ‖𝑑‖𝐵𝑀𝑂(𝑅𝑛) < ∞},  

‖𝑑‖𝐵𝑀𝑂(𝑅𝑛) = sup𝑥∈𝐵
1

|𝐵|
∫ |𝑑(𝑥) − 𝑑𝐵|𝑑𝑥

𝐵
.  

 

We will denote by |𝐷| the Lebesgue measure and by 𝜒𝐷 the characteristic function for a 

measurable set 𝐷 ⊂ 𝑅𝑛. Given a function 𝑓, we denote the mean value of 𝑓 on 𝐷 by 𝑓𝐷 =
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1

|𝐷|
∫ 𝑓(𝑥)𝑑𝑥

𝐷
. 𝐶 denotes a constant that is independent of the main parameters involved but 

whose value may differ from line to line. For any index 1 < 𝑞(𝑥) < ∞, we denote by 𝑞′(𝑥) its 

conjugate index, namely, 𝑞′(𝑥) =
𝑞(𝑥)

𝑞(𝑥)−1
. For 𝐴~𝐷, we mean that there is a constant 𝐶 > 0 such 

that 𝐶−1𝐷 ≤ 𝐴 ≤ 𝐶𝐷. 

 

2. PRELIMINARIES 

 

In this section, we give the definition of Herz–Morrey spaces, and state some properties. Let 

Φ be a measurable set in 𝑅𝑛 with |Φ| > 0.  

Let 𝐵𝑡 = {𝑥 ∈ 𝑅𝑛: |𝑥| ≤ 2𝑡}, 𝐴𝑡 = 𝐵𝑡\𝐵𝑡−1 and 𝜒𝑡 = 𝜒𝐴𝑡
 for 𝑡 ∈ 𝑍.  

 

Definition 2.1. (see [17]) Suppose that 0 ≤ 𝜆 < ∞, 0 < 𝑝 < ∞, 𝑞(. ) ∈ Γ(𝑅𝑛) and 𝛽(. ): 𝑅𝑛 → 𝑅 

with 𝛽(. ) ∈ 𝐿∞(𝑅𝑛). The variable exponent Herz–Morrey space MK̇p,q(.)
β(.),λ

(Rn) is defined by 
 

MK̇p,q(.)
β(.),λ(Rn) = {𝑓 ∈ 𝐿𝑙𝑜𝑐

𝑞(.)(𝑅𝑛\{0}): ‖𝑓‖
MK̇p,q(.)

β(.),λ(Rn)
< ∞},  

 

where, 
 

‖𝑓‖
MK̇p,q(.)

β(.),λ(Rn)
= sup𝑡0∈𝑍 2−𝑡0𝜆 (∑ ‖2𝑡𝛽(.)𝑓𝜒𝑡‖

𝐿𝑞(𝑅𝑛)

𝑝𝑡0
𝑡=−∞ )

1
𝑝⁄

.  
 

Compare the variable exponent Herz–Morrey space MK̇p,q(.)
β(.),λ(Rn) with the variable exponent 

Herz space [11] K̇q(.)
β(.),p(Rn), where 

 

K̇q(.)
β(.),p(Rn) = {𝑓 ∈ 𝐿𝑙𝑜𝑐

𝑞(.)(𝑅𝑛\{0}): ∑ ‖2𝑡𝛽(.)𝑓𝜒𝑡‖
𝐿𝑞(𝑅𝑛)

𝑝∞
𝑡=−∞ < ∞}.  

 

Obviously, MK̇p,q(.)
β(.),λ(Rn) = K̇q(.)

β(.),p(Rn). When 𝛽(. ) is constant, we have MK̇p,q(.)
β(.),𝜆(Rn) =

MK̇p,q(.)
β,𝜆 (Rn) (see [18]). If both 𝛽(. ) and 𝑞(. ) are constants, and 𝜆 = 0, then MK̇p,q(.)

β(.),𝜆(Rn) =

K̇q
β,p(Rn) are classical Herz spaces. When 𝜆 = 0 and 𝛽(. ) is a constant, we can see that our result 

below generalizes the result in the setting of the variable exponent Herz space, which proved by 

Izuki in [16]. So in this work, we only give the result when 𝜆 > 0. 
 

Proposition 2.2. (see [17]) Suppose that 𝑞1(. ) ∈ Γ(𝑅𝑛) ∩ 𝒯(𝑅𝑛), 0 < 1 <
𝑛

𝑞1(.)
  and define the 

variable exponent 𝑞2(. ) by 
 

1

𝑞1(.)
−

1

𝑞2(.)
=

1

𝑛
                                                                                                                                (1) 

 

Then we have ‖𝐻𝑓‖𝐿𝑞2(𝑅𝑛) ≤ 𝐶‖𝑓‖𝐿𝑞1(𝑅𝑛) for all 𝑓 ∈ 𝐿𝑞1(𝑅𝑛). 
 

Lemma 2.3. b ∈ 𝐵𝑀𝑂(𝑅𝑛), 𝑘 ∈ 𝑁 and 𝑖, 𝑗 ∈ 𝑍 with 𝑖 < 𝑗. Then we have 
 

𝐶−1‖𝑑‖𝐵𝑀𝑂(𝑅𝑛)
𝑘 ≤ sup𝐵

1

‖𝜒𝐵‖𝐿𝑞(𝑅𝑛)
‖𝜒𝐵(𝑑 − 𝑑𝐵)𝑘‖

𝐿𝑞(𝑅𝑛)
≤ 𝐶‖𝑑‖𝐵𝑀𝑂(𝑅𝑛)

𝑘 ,  

‖𝜒𝐵𝑗
(𝑑 − 𝑑𝐵𝑖

)
𝑘

‖
𝐿𝑞(𝑅𝑛)

≤ 𝐶(𝑗 − 𝑖)𝑘‖𝑏‖𝐵𝑀𝑂(𝑅𝑛)
𝑘 ‖𝜒𝐵𝑗

‖
𝐿𝑞(𝑅𝑛)

.  
 

The above result is proved by Izuki [9]. We remark that Lemma 2.3 is a generalization of 

well-known properties for BMO spaces. 
 

Proposition 2.4. (see [17]) Let 𝑞(. ) ∈ Γ(𝑅𝑛), 𝑝 ∈ (0, ∞) and 0 ≤ 𝜆 < ∞. If real-valued function 

𝛽(. ) ∈ 𝐿∞(𝑅𝑛) ∩ 𝒯0
𝑙𝑜𝑐(𝑅𝑛) ∩ 𝒯∞

𝑙𝑜𝑐(𝑅𝑛), then 
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‖𝑓‖
MK̇p,q(.)

β(.),λ
(Rn)

= sup𝑡0∈𝑍 2−𝑡0𝜆 (∑ ‖2𝑡𝛽(.)𝑓𝜒𝑡‖
𝐿𝑞(𝑅𝑛)

𝑝𝑡0
𝑡=−∞ )

1
𝑝⁄

   

≈ 𝑚𝑎𝑥 {sup𝑡0<0
𝑡0∈𝑍

2−𝑡0𝜆 (∑ 2𝑡𝛽(0)𝑝‖𝑓𝜒𝑡‖
𝐿𝑞(𝑅𝑛)
𝑝�̃�1

𝑡=−∞ )
1

𝑝⁄
,   

sup𝑡0≥0
𝑡0∈𝑍

(2−𝑡0𝜆 (∑ 2𝑡𝛽(0)𝑝‖𝑓𝜒𝑡‖
𝐿𝑞(𝑅𝑛)
𝑝𝑡2

𝑡=−∞ )
1

𝑝⁄
+ 2−𝑡0𝜆 (∑ 2𝑡𝛽∞𝑝‖𝑓𝜒𝑡‖

𝐿𝑞(𝑅𝑛)
𝑝�̃�3

𝑡=0 )
1

𝑝⁄
)}  

where �̃�1 = �̃�3 = 𝑡0, �̃�2 = −1.   
 

Lemma 2.5. (see [8, 19] Generalized Hölder’s inequality) Suppose that 𝑞(. ) ∈ Γ(𝑅𝑛), then for 

any 𝑓 ∈ 𝐿𝑞(.)(𝑅𝑛) and any 𝑔 ∈ 𝐿𝑞′(.)(𝑅𝑛), we have 
 

∫ |𝑓(𝑥)𝑔(𝑥)|𝑑𝑥
𝑅𝑛 ≤ 𝐶𝑞‖𝑓‖𝐿𝑞(.)(𝑅𝑛)‖𝑔‖

𝐿𝑞′(.)(𝑅𝑛)
  

 

where 𝐶𝑞 = 1 +
1

𝑞− −
1

𝑞+. 

 

3. RESULT AND DISCUSSION 

 

Theorem 3.1. Suppose that 𝑞1(. ) ∈ Γ(𝑅𝑛) ∩ 𝒯𝑙𝑜𝑔(𝑅𝑛). Define the variable exponent 𝑞2(. ) by 

(1). Let 𝑘 ∈ 𝑁, 0 < 𝑝1 ≤ 𝑝2 < ∞, 0 < 𝛼 <
𝑛

(𝑞1)+
, 𝜆 ≥ 0 and 𝛽(. ) ∈ 𝐿∞(𝑅𝑛) be log-Hölder 

continuous both at the origin and at infinity, with 𝜆 − 𝑛𝛿2 < 𝛽(0) ≤ 𝛽∞ < 𝜆 + 𝑛𝛿1, where 

𝛿1 ∈ (0,
1

(𝑞1
′ )+

) and 𝛿2 ∈ (0,
1

(𝑞2)+
) are the constants appearing in (See [17, Remark 2.13]). Then 

for all d ∈ 𝐵𝑀𝑂(𝑅𝑛), we obtain 
 

‖𝐻𝛼,𝑑
𝑚 (𝑓)‖

MK̇𝑝2,𝑞2

β(.),λ (Rn)
≤ 𝐶‖𝑑‖𝐵𝑀𝑂(𝑅𝑛)

𝑘 ‖𝑓‖
MK̇𝑝1,𝑞1

β(.),λ (Rn)
.   

 

Proof of Theorem 3.1. If β(. ) be constant exponent, then the above result can be founded in [15]. 

When λ = 0, the above result is also valid. For any 𝑓 ∈ MK̇𝑝1,𝑞1

β(.),λ(Rn) and d ∈ 𝐵𝑀𝑂(𝑅𝑛). If we 

denote 𝑓𝑗 = 𝑓𝜒𝑗 = 𝜒𝐴𝑗
 for each 𝑗 ∈ 𝑍, then we can write 

 

𝑓(𝑥) = ∑ 𝑓(𝑥)𝜒𝑗(𝑥)∞
𝑗=−∞ = ∑ 𝑓𝑗(𝑥)∞

𝑗=−∞ .  
 

Because of 0 <
𝑝1

𝑝2
≤ 1, we apply inequality 

 

(∑ |𝑎𝑖|∞
𝑖=−∞ )

𝑝1
𝑝2 ≤ ∑ |𝑎𝑖|

𝑝1
𝑝2∞

𝑖=−∞ ,                                                                                                        (2) 
 

and Proposition 2.4 , we obtain 
 

‖𝐻𝛼,𝑑
𝑘 (𝑓)‖

MK̇𝑝2,𝑞2

β(.),λ (Rn)

𝑝1
= sup𝑡0∈𝑍 2−𝑡0𝜆𝑝1 (∑ ‖2𝑡𝛽(.)𝐻𝛼,𝑑

𝑘 (𝑓)𝜒𝑘‖
𝐿𝑞2(𝑅𝑛)

𝑝2𝑡0
𝑡=−∞ )

𝑝1
𝑝2

⁄
  

≈ max {sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝2‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)

𝑝2𝑡0
𝑡=−∞ )

𝑝1
𝑝2

⁄
,  

sup𝑡0∈𝑍
𝑡0≥0

2−𝑡0𝜆𝑝1 [(∑ 2𝑡𝛽(0)𝑝2‖𝑘(𝑓)𝜒𝑡‖
𝐿𝑞2(𝑅𝑛)
𝑝2−1

𝑡=−∞ )

𝑝1
𝑝2

⁄
+ (∑ 2𝑡𝛽∞𝑝2‖𝐻𝛼,𝑑

𝑘 (𝑓)𝜒𝑘‖
𝐿𝑞2(𝑅𝑛)

𝑝2𝑡0
𝑡=0 )

𝑝1
𝑝2

⁄
]}  

≤ max {sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)

𝑝1𝑡0
𝑡=−∞ )

𝑝1
𝑝2

⁄
,  

sup𝑡0∈𝑍
𝑡0≥0

2−𝑡0𝜆𝑝1 [(∑ 2𝑡𝛽(0)𝑝1‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)

𝑝1−1
𝑡=−∞ )

𝑝1
𝑝2

⁄
+ (∑ 2𝑡𝛽∞𝑝1‖𝐻𝛼,𝑑

𝑘 (𝑓)𝜒𝑡‖
𝐿𝑞2(𝑅𝑛)

𝑝1𝑡0
𝑡=0 )

𝑝1
𝑝2

⁄
]}  

≡ max{𝐸1, 𝐸2 + 𝐸3},  
 

where 
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𝐸1 = sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)

𝑝1𝑡0
𝑡=−∞ )  

𝐸2 = sup𝑡0∈𝑍
𝑡0≥0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)

𝑝1−1
𝑡=−∞ )  

𝐸3 = sup𝑡0∈𝑍
𝑡0≥0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽∞𝑝1‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)

𝑝1𝑡0
𝑡=0 )  

 

It is not difficult to find that the estimate of 𝐸1 is analogous to that of 𝐸2; therefore, the 

estimates for 𝐸1 and 𝐸3 will be considered here. To 𝐸1, we have 
 

𝐸1 = sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)

𝑝1𝑡0
𝑡=−∞ )  

≤ 𝐶 sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1 (∑ ‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑗‖

𝐿𝑞2(𝑅𝑛)
𝑡−2
𝑗=−∞ )

𝑝1𝑡0
𝑡=−∞ )  

+𝐶 sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1 (∑ ‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑗‖

𝐿𝑞2(𝑅𝑛)
𝑡+1
𝑗=𝑡−1 )

𝑝1𝑡0
𝑡=−∞ )  

+𝐶 sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1 (∑ ‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑗‖

𝐿𝑞2(𝑅𝑛)
∞
𝑗=𝑡+2 )

𝑝1𝑡0
𝑡=−∞ )  

≡ 𝐶(𝐸11 + 𝐸12 + 𝐸13).  
 

First we estimate 𝐸12. Using [17, Propositions 2.9] and Proposition 2.4, we have 
 

𝐸12 = 𝐶 sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1 (∑ ‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑗‖

𝐿𝑞2(𝑅𝑛)
𝑡+1
𝑗=𝑡−1 )

𝑝1𝑡0
𝑡=−∞ )   

≤ 𝐶‖𝑑‖
𝐵𝑀𝑂(𝑅𝑛)
𝑘,𝑝1 ‖𝑓‖

MK̇𝑝1,𝑞1

β(.),λ (Rn)

𝑝1 .  
 

For 𝐸11. Note that when 𝑥 ∈ 𝐴𝑘, 𝑗 ≤ 𝑡 − 2, and 𝑦 ∈ 𝐴𝑗 . Therefore, using the generalized 

Hölder’s inequality (see Lemma 2.5), we have 
 

|𝐻𝛼,𝑑
𝑘 (𝑓𝑗)(𝑥)𝜒𝑡(𝑥)|  

≤ 𝐶2𝑡(𝛼−𝑛)‖𝑓𝑗‖
𝐿𝑞1(𝑅𝑛)

(|𝑑(𝑥) − 𝑑𝐵𝑗
|

𝑘
‖𝜒𝑗‖

𝐿𝑞′
1(.)(𝑅𝑛)

+ ‖(𝑑 − 𝑑𝐵𝑗
)

𝑘
𝜒𝑗‖

𝐿𝑞′
1(.)(𝑅𝑛)

) 𝜒𝑡(𝑥).  

 

Thus, from Lemma 2.3, and note that ‖𝜒𝑖‖𝐿𝑝(.)(𝑅𝑛) ≤ ‖𝜒𝐵𝑖
‖

𝐿𝑝(.)(𝑅𝑛)
, it follows that 

 

‖𝐻𝛼,𝑑
𝑘 (𝑓𝑗)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)
   

≤ 𝐶2𝑡(𝛼−𝑛)(𝑡 − 𝑗)𝑘‖𝑑‖𝐵𝑀𝑂(𝑅𝑛)
𝑘 ‖𝑓𝑗‖

𝐿𝑞1(𝑅𝑛)
‖𝜒𝐵𝑗

‖
𝐿𝑞′

1(.)(𝑅𝑛)
‖𝜒𝐵𝑡

‖
𝐿𝑞2(.)(𝑅𝑛)

                                  (3)  
 

Note that 𝜒𝐵𝑡
(𝑥) ≤ 𝐶2−𝑡𝛼𝐻𝛼(𝜒𝐵𝑡

)(𝑥) (see [19]), by Proposition 2.2 and [17, Lemma 2.12], 

we obtain  
 

‖𝜒𝐵𝑡
‖

𝐿𝑞2(.)(𝑅𝑛)
≤ 𝐶2−𝑡𝛼‖𝜒𝐵𝑡

‖
𝐿𝑞1(.)(𝑅𝑛)

                                                                                            (4) 
 

Using [17, Lemma 2.12], [17, Remark 2.13] and (4), we have 
 

2𝑡(𝛼−𝑛) ‖𝜒𝐵𝑗
‖

𝐿𝑞′
1(.)(𝑅𝑛)

‖𝜒𝐵𝑡
‖

𝐿𝑞2(.)(𝑅𝑛)
≤ 𝐶 ‖𝜒𝐵𝑗

‖
𝐿𝑞′

1(.)(𝑅𝑛)
‖𝜒𝐵𝑡

‖
𝐿𝑞′

1(.)(𝑅𝑛)

−1
  

= 𝐶
‖𝜒𝐵𝑗

‖
𝐿𝑞′

1(.)(𝑅𝑛)

‖𝜒𝐵𝑡‖
𝐿𝑞′

1(.)(𝑅𝑛)

≤ 𝐶2(𝑗−𝑡)𝑛𝛿1 .                                                                                                    (5) 

 

On the other hand, note the following fact (�̃�𝑗, (j= 1, 2, 3) come from Proposition 2.4) 
 

i. (�̃�𝑗 < 0, (j = 1, 2, 3) 
 

‖𝑓𝑗‖
𝐿𝑞1(𝑅𝑛)

≤ 𝐶2𝑗(𝜆−𝛽(0))‖𝑓‖
MK̇𝑝1,𝑞1

β(.),λ
(Rn)

                                                                                      (6) 
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ii. (�̃�𝑗 ≥ 0, (j = 1, 2, 3) 
 

‖𝑓𝑗‖
𝐿𝑞1(𝑅𝑛)

≤ 𝐶2𝑗(𝜆−𝛽∞)‖𝑓‖
MK̇𝑝1,𝑞1

β(.),λ (Rn)
                                                                                        (7) 

 

Definition 2.1, Proposition 2.4 and the condition of β(. ), are used in above facts. Thus, 

combining (3), (5) and (6), and using β(0) < 𝛽∞ < λ + n𝛿1, it follows that  
 

𝐸11 = 𝐶 sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1 (∑ ‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)
𝑡−2
𝑗=−∞ )

𝑝1𝑡0
𝑡=−∞ ) ≤

𝐶‖𝑑‖
𝐵𝑀𝑂(𝑅𝑛)
𝑘,𝑝1 ‖𝑓‖

MK̇𝑝1,𝑞1

β(.),λ (Rn)

𝑝1   

 

Now, let us turn to estimate for 𝐸13. Note that when 𝑥 ∈ 𝐴𝑘, 𝑗 ≥ 𝑡 + 2, and 𝑦 ∈ 𝐴𝑗 . 

Therefore, using the generalized Hölder’s inequality (see Lemma 2.5), we have 
 

|𝐻𝛼,𝑑
𝑘 (𝑓𝑗)(𝑥)𝜒𝑡(𝑥)| 

≤ 𝐶2𝑗(𝛼−𝑛)‖𝑓𝑗‖
𝐿𝑞1(𝑅𝑛)

(|𝑑(𝑥) − 𝑑𝐵𝑡
|

𝑘
‖𝜒𝑗‖

𝐿𝑞′
1(.)(𝑅𝑛)

+ ‖(𝑑 − 𝑑𝐵𝑡
)

𝑘
𝜒𝑗‖

𝐿𝑞′
1(.)(𝑅𝑛)

) 𝜒𝑡(𝑥).  
 

Using Lemma 2.3, it follows that 
 

‖𝐻𝛼,𝑑
𝑘 (𝑓𝑗)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)
   

≤ 𝐶2𝑗(𝛼−𝑛)(𝑗 − 𝑡)𝑘‖𝑑‖𝐵𝑀𝑂(𝑅𝑛)
𝑘 ‖𝑓𝑗‖

𝐿𝑞1(𝑅𝑛)
‖𝜒𝐵𝑗

‖
𝐿𝑞′

1(.)(𝑅𝑛)
‖𝜒𝐵𝑡

‖
𝐿𝑞2(.)(𝑅𝑛)

.                                 (8) 
 

Note that 𝜒𝐵𝑗
(𝑥) ≤ 𝐶2−𝑗𝛼𝐻𝛼(𝜒𝐵𝑗

)(𝑥) (see [19]), by Proposition 2.2 and [17, Lemma 2.12],  

we obtain 
 

‖𝜒𝐵𝑗
‖

𝐿𝑞2(.)(𝑅𝑛)
≤ 𝐶2−𝑗(𝛼−𝑛) ‖𝜒𝐵𝑗

‖
𝐿𝑞′

1(.)(𝑅𝑛)

−1
  

 

Thus, we have 
 

2𝑗(𝛼−𝑛) ‖𝜒𝐵𝑗
‖

𝐿𝑞′
1(.)(𝑅𝑛)

≤ 𝐶 ‖𝜒𝐵𝑗
‖

𝐿𝑞2(.)(𝑅𝑛)

−1
                                                                                  (9) 

 

Using [17, Lemma 2.12; Remark 2.13] and (9), we have 
 

2𝑗(𝛼−𝑛) ‖𝜒𝐵𝑗
‖

𝐿𝑞′
1(.)(𝑅𝑛)

‖𝜒𝐵𝑡
‖

𝐿𝑞2(.)(𝑅𝑛)
≤ 𝐶 ‖𝜒𝐵𝑗

‖
𝐿𝑞2(.)(𝑅𝑛)

−1
‖𝜒𝐵𝑡

‖
𝐿𝑞2(.)(𝑅𝑛)

≤ 𝐶
‖𝜒𝐵𝑡

‖
𝐿𝑞2(.)(𝑅𝑛)

‖𝜒𝐵𝑗
‖

𝐿𝑞2(.)(𝑅𝑛)

≤

𝐶2(𝑡−𝑗)𝑛𝛿2                                                                                                                                     (10) 
 

Thus, combining (6), (8) and (10), and using 𝜆 − 𝑛𝛿2 < 𝛽(0) < 𝛽∞, it follows that 
 

𝐸13 = sup𝑡0∈𝑍
𝑡0<0

2−𝑡0𝜆𝑝1 (∑ 2𝑡𝛽(0)𝑝1 (∑ ‖𝐻𝛼,𝑑
𝑘 (𝑓)𝜒𝑡‖

𝐿𝑞2(𝑅𝑛)
∞
𝑗=𝑡+2 )

𝑝1𝑡0
𝑡=−∞ ) ≤

𝐶‖𝑑‖
𝐵𝑀𝑂(𝑅𝑛)
𝑘,𝑝1 ‖𝑓‖

MK̇𝑝1,𝑞1

β(.),λ
(Rn)

𝑝1 .  
 

Combining the estimates for 𝐸11, 𝐸12 and 𝐸13 yields 
 

𝐸1 ≤ 𝐶‖𝑑‖
𝐵𝑀𝑂(𝑅𝑛)
𝑘,𝑝1 ‖𝑓‖

MK̇𝑝1,𝑞1

β(.),λ
(Rn)

𝑝1 .  
 

For 𝐸3, similar to the estimate of 𝐸1, using Propositions 2.2-2.4, Lemmas 2.3–2.5, [17, 

Lemma 2.12; Remark 2.13], (2)—(5), (7)—(10), we have 
 

𝐸3 ≤ 𝐶‖𝑑‖
𝐵𝑀𝑂(𝑅𝑛)
𝑘,𝑝1 ‖𝑓‖

MK̇𝑝1,𝑞1

β(.),λ (Rn)

𝑝1 .  
 

Joint the estimates for 𝐸1, 𝐸2 and 𝐸3, we obtain 
 

‖𝐻𝛼,𝑑
𝑘 (𝑓)‖

MK̇𝑝2,𝑞2

β(.),λ (Rn)
≤ 𝐶‖𝑑‖𝐵𝑀𝑂(𝑅𝑛)

𝑘 ‖𝑓‖
MK̇𝑝1,𝑞1

β(.),λ (Rn)
.  
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This finishes the proof of Theorem 3.1. 
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