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ABSTRACT 

 

In this study, a system of ordinary differential equations used for modeling pathogen-specific CD8 cell 

immune response is studied. The positivity and the limitation of the model solutions are proven. The 
equilibrium points in the cases with the presence and the absence of the pathogen are determined and their 

stabilities are investigated. Furthermore, the essential reproduction number is obtained for the system. The 

conditions of the reproduction number for the stability of the equilibrium are shown and numerical examples 
are given for supporting the analytical results. 
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1. INTRODUCTION 

 

Mathematical modeling in epidemiology, medicine and engineering is a popular research field 

and has been gaining increasing attention in the last several decades. The emergence of 

mathematical software, powerful computation hardware and numerical techniques with increasing 

accuracy has gained mathematical modeling a prominent position within the disciplines of applied 

mathematics. Differential equation systems with fractional derivation [1], random inputs [2-4], 

stochastic noise [5] and various other components now has wide application areas in numerous 

fields of science. 

One of these application areas includes the analysis of human immune system through 

systems of differential equations. Understanding CD8 T cell dynamics is a vital part of analyzing 

immune response. In this context, this study concentrates on a mathematical model that considers 

the multiple stages of pathogen-specific CD8 T-cell immune response. The T-cell immune 

response is a process that begins with infection by a virus or bacteria and ends in the production 

of memory T-cells which play an important part for the defense mechanism of the body against 

the same pathogen. The progression of the cells from Naïve T-cells to Effector T-cells and 

Memory T-cells constitutes the response dynamics of immunity. 
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We use the deterministic model of Crauste et al. to investigate the global stability of a CD8 T-

cell immune system response problem [6]. The analysis of the stability and equilibrium conditions 

is important in a mathematical modeling study since, for instance in an epidemiological model, it 

provides crucial information for the solutions of the systems and the persistence or eradication of 

the disease. The stability of the system in the persistence and eradication of pathogens will be 

investigated in an effort to provide a deeper understanding of the immune system response. 

There are various T-cell immune system response modeling studies in the literature along 

with various infection studies [7-10]. For instance, Dasbasi has recently used a system of 

fractional-order differential equations to model the pathogen-specific response [1] whereas 

Barroux et al. have given a multiscale model structured by intracellular content for CD8 T cell 

immune system response [11]. The equation system used by Crauste et al. models the case in 

which infection by multiple pathogens is present. The equation system is given as 
 

𝑑𝑁(𝑡)

𝑑𝑡
= −𝜇𝑁𝑁 − 𝛿𝑁𝐸𝑃𝑁,                                                                                                               (1) 

 

𝑑𝐸(𝑡)

𝑑𝑡
= 𝛿𝑁𝐸𝑃𝑁 + 𝜌𝐸𝑃𝐸 − 𝜇𝐸𝐸2 − 𝛿𝐸𝑀𝐸,                                                                                     (2) 

 

𝑑𝑀(𝑡)

𝑑𝑡
= −𝜇𝑀𝑀 + 𝛿𝐸𝑀𝐸,                                                                                                                 (3) 

 

𝑑𝑃(𝑡)

𝑑𝑡
= 𝜌𝑃𝑃2 − 𝜇𝑃𝐸𝑃 − 𝜇𝑃

0𝑃.                                                                                                        (4) 
 

where the variables 𝑁(𝑡), 𝐸(𝑡),𝑀(𝑡) and 𝑃(𝑡) denote the numbers of naïve T cells, effector T 

cells, memory T cells and pathogens, respectively [6]. The parameters of the model (1)-(4) are 

given as: 

 

Table 1. Parameters of system (1)-(4) 
 

Parameter Description Value 

𝜇𝑁 Death rate of naïve cells (0.01) 

𝛿𝑁𝐸 Rate of change of naïve cells 10−3 

𝜌𝐸 The rate of proliferation of effector cells 1 

𝜇𝐸 Death rate of effector cells 10−8 

𝛿𝐸𝑀 Rate of change of effector cells 10−5 

𝜇𝑀 Mortality rate of memory cells 0 

𝜌𝑃 The rate of formation of pathogens 10−4 

𝜇𝑃 Natural mortality rate of pathogens 10−4 

𝜇𝑃
0  Measure-related mortality rate of pathogens 10−8 

 

The parameters have been determined for their daily values except 𝜇𝑃
0  whose value is given 

with the unit 1/(𝑐𝑒𝑙𝑙𝑠 × 𝑑𝑎𝑦). The initial values of the system are 
 

𝑁(0) = 𝑁0, 𝐸(0) = 0,𝑀(0) = 0, 𝑃(0) = 1. (5) 
 

All of the values have been obtained from the original modeling study [6]. The equilibria of 

the system (1)-(4) are obtained through the analysis of points where no changes are seen in 

compartment populations. 

The disease free equilibrium of the model is denoted by 𝑥0 where 𝑥0 = (0,0,0,0). The 

equilibrium points in the existence of the disease are given as 𝑥1 = (0,0,0,
𝜇𝑃

0

𝜌𝑃
), 𝑥2 =

(0,
−𝛿𝐸𝑀

𝜇𝐸
,
−𝛿𝐸𝑀

2

𝜇𝑀𝜇𝐸
, 0) and 𝑥3 = (𝑁∗, 𝐸∗, 𝑀∗, 𝑃∗) where 
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𝑁∗ =
(
𝜇𝑁 𝜌𝑃

𝛿𝑁𝐸
+ 𝜇𝑃

0)

𝜇𝑃𝜇𝑁
[
𝜇𝑁 𝜌𝐸

𝛿𝑁𝐸
−

𝜇𝐸

𝜇𝑃
(
𝜇𝑁  𝜌𝑃

𝛿𝑁𝐸
+ 𝜇𝑃

0) + 𝛿𝐸𝑀] ,

𝐸∗ = −
1

𝜇𝑃
[
𝜇𝑁 𝜌𝑃

𝛿𝑁𝐸
+ 𝜇𝑃

0] 

𝑀∗ = −
𝛿𝐸𝑀

𝜇𝑃𝜇𝑀
[
𝜇𝑁  𝜌𝑃

𝛿𝑁𝐸
+ 𝜇𝑃

0] , 𝑃∗ = −
𝜇𝑁

𝛿𝑁𝐸
. 

 

 

2. THE BASIC RE PRODUCTION NUMBER 

 

Using the next generation matrix method [2], we analyze the basic reproduction number of the 

model. Consider the equilibrium point 𝑥1 = (𝑁1, 𝐸1, 𝑀1, 𝑃1) = (0,0,0,
𝜇𝑃

0

𝜌𝑃
). If 𝑧 = (𝐸,𝑀, 𝑃)𝑇, then 

the model can be rewritten as 
 

 𝑧′ = 𝐹(𝑧) − 𝑉(𝑧),  
 

Where 
 

 

𝐹(𝑧) = [
𝜌𝐸𝑃𝐸

0
0

] , 𝑉(𝑧) = [

−𝛿𝑁𝐸𝑃𝑁 + 𝜇𝐸𝐸2 + 𝛿𝐸𝑀𝐸

−𝜌𝑃𝑃2 + 𝜇𝑃𝐸𝑃 + 𝜇𝑃
0𝑃

𝜇𝑀𝑀 − 𝛿𝐸𝑀𝐸

].  

 

The Jacobian matrices of 𝐹(𝑧) and 𝑉(𝑧) at 𝑥1 

 
 

𝐷𝐹(𝑥1) = [
𝐹 0
0 0

] , 𝐷𝑉(𝑥1) = [
𝑉 0

−𝛿𝐸𝑀 0
]  

 

for 
 

 
 

𝐹 = [
𝜌𝐸𝜇𝑃

0

𝜌𝑃
0

0 0
] , 𝑉 = [

𝛿𝐸𝑀 0
𝜇𝑃𝜇𝑃

0

𝜌𝑃
−𝜇𝑃

0].   

 

The basic reproduction number, given by the spectral radius of 𝐹𝑉−1, is given as 𝑅0 =
𝜌𝐸𝜇𝑃

0

𝜌𝑃𝛿𝐸𝑀
. 

 

3. QUALITATIVE ANALYSIS 

 

In this section, the positivity of the solutions are shown and the stability of the equilibrium 

points are investigated. 

 

3.1. Positivity and Boundedness 

 

Theorem 1. Under the initial conditions (5), each of the solutions for the model given by (1)-(4), 

is positive and bounded for every 𝑡 > 0. 
 

Proof. The model given by (1)-(4), is locally lipschitz at 𝑡 = 0 [12]. Hence, a unique solution to 

the model under the initial conditions (5), exists on [0, 𝑎) for some 𝑎 > 0. Let 
(𝑁(𝑡), 𝐸(𝑡),𝑀(𝑡), 𝑃(𝑡)) be a solution of the model (1)-(4).  

For some 𝑡1 > 0, using (1), we see that if 𝑁(𝑡1) = 0 and 𝑡1 is the first moment satisfying this 

condition, then 
𝑑𝑁(𝑡1)

𝑑𝑡1
≤ 0. Then 

𝑑𝑁(𝑡)

𝑑𝑡
= −𝜇𝑁𝑁 for 𝑡 ∈ [0, 𝑡2) ⇒ 𝑁(𝑡2) ≥ 𝑁(0)𝑒−𝜇𝑁𝑡2 > 0, 

which is a contradiction. Hence, 𝑁(𝑡)  >  0 for all 𝑡 𝜖[0, 𝑎). 

Using (2), we get 
𝑑𝐸(𝑡)

𝑑𝑡
= −𝛿𝐸𝑀𝐸 for 𝑡 ∈ [0, 𝑡3) ⇒ 𝐸(𝑡3) ≥ 𝐸(0)𝑒−𝛿𝐸𝑀𝑡3 > 0, which is a 

contradiction. Therefore 𝐸(𝑡)  >  0 for all 𝑡 𝜖[0, 𝑎).  
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A similar approach can be used to show that 𝑁(𝑡), 𝐸(𝑡),𝑀(𝑡), 𝑃(𝑡) > 0 for all 𝑡 𝜖[0, 𝑎). This 

means 

 𝑑𝑁

𝑑𝑡
+

𝑑𝐸

𝑑𝑡
= −𝜇𝑁𝑁 + 𝜌𝐸𝑃𝐸 − 𝜇𝐸𝐸2 − 𝛿𝐸𝑀𝐸

=
𝑃2𝜌𝐸

2

4𝜇𝐸
− (√𝜇𝐸𝐸 −

𝑃𝜌𝐸

2√𝜇𝐸

)
2

− 𝜇𝑁𝑁 − 𝛿𝐸𝑀𝐸

≤
𝑃2𝜌𝐸

2

4𝜇𝐸
− 𝐴(𝐸 + 𝑁) 

 

 

for 𝐴 = min(𝜇𝑁, 𝛿𝐸𝑀). Hence, lim𝑡→∞ sup(𝑁 + 𝐸) (𝑡) ≤
𝑃2𝜌𝐸

2

4𝐴𝜇𝐸
= 𝐾∗(𝑠𝑎𝑦) [12]. Therefore, 

positive constants 𝐾𝑇  >  𝐾∗ and 𝑇1  >  0 exist such that if 𝑡 ≥  𝑇1, then 𝑁(𝑡) + 𝐸(𝑡) < 𝐾𝑇 . Since 

𝑁(𝑡), 𝐼(𝑡) >  0, for 𝑡 ∈ [0, 𝑎), we see that 𝑁(𝑡) < 𝐾𝑇 , 𝐸(𝑡) < 𝐾𝑇 . Using (3), we see 
𝑑𝑀(𝑡)

𝑑𝑡
=

−𝜇𝑀𝑀 + 𝛿𝐸𝑀𝐸 ≤ −𝜇𝑀𝑀 + 𝛿𝐸𝑀𝐾𝑇 , 
 

 
lim
𝑡→∞

sup 𝑀(𝑡) ≤
𝛿𝐸𝑀𝐾𝑇

𝜇𝑀
= 𝐾𝑀

∗ .  

 

Hence, positive constants 𝐾𝑀  >  𝐾𝑀
∗  and 𝑇2 > 0 exist such that if 𝑡 ≥  𝑇2, then 𝑀(𝑡) < 𝐾𝑀. 

Similarly, using (4) 
 

 𝑑𝑃(𝑡)

𝑑𝑡
= 𝜌𝑃𝑃2 − 𝜇𝑃𝐸𝑃 − 𝜇𝑃

0𝑃 ≤ 𝜌𝑃𝑃2 − 𝜇𝑃
0𝑃 ⇒ 𝑃(𝑡)

≤
𝑃(0)𝜇𝑝

0

𝑃(0)𝜌𝑃 + (𝜇𝑝
0 − 𝑃(0)𝜌𝑃)𝑒𝜇𝑝

0𝑡
 

 

 

and lim𝑡→∞ sup 𝑃(𝑡) ≤0 which gives the uniformly boundedness of the solutions of the 

model (1)-(4). This means that if the positivity of the solutions of (1)-(4) for all 𝑡 ∈ [0, 𝑎) is 

considered with the uniform boundedness, then 𝑎 = ∞. 
∎ 

 

Theorem 2. The equilibrium point 𝑥0 of the model, 
 

i. is locally asymptotically stable if 𝑅0 ≥ 1, 

ii. is unstable if 𝑅0 < 1. 
 

Proof. (i) The Jacobian matrix of the model at 𝑥0 is 
 

 

𝐽(𝑥0) = 𝐽0 = [

−𝜇𝑁

0
0
0

0
−𝛿𝐸𝑀

𝛿𝐸𝑀

0

0
0

−𝜇𝑀

0

0
0
0

−𝜇𝑃
0

].  

 

The characteristic equation of 𝐽0 is found as 𝜆4 + 𝐴3𝜆
3 + 𝐴2𝜆

2 + 𝐴1𝜆 + 𝐴0 = 0 for 
 

 𝐴3 = 𝜇𝑀 + 𝜇𝑃
0 + 𝜇𝑁 + 𝛿𝐸𝑀 > 0, 

𝐴2 = (𝜇𝑁 + 𝜇𝑃
0)(𝜇𝑀 + 𝛿𝐸𝑀) + (𝜇𝑃

0𝜇𝑁 + 𝛿𝐸𝑀𝜇𝑀) > 0, 
𝐴1 = 𝛿𝐸𝑀𝜇𝑀(𝜇𝑁 + 𝜇𝑃

0) + (𝜇𝑁 + 𝛿𝐸𝑀)𝜇𝑃
0𝜇𝑁 > 0, 

𝐴0 = 𝜇𝑃
0𝜇𝑀𝛿𝐸𝑀𝜇𝑁 > 0. 

 

 

Hence,  
 

 

 𝑄1 = 𝐴3𝐴2 − 𝐴1 > 0. (See Appendix A) 
 

and 
 

 𝑄2 > 0. (See Appendix B) 
 

Thus, the model is locally asymptotically stable around 𝑥0 if 𝑅0 ≥ 1. 
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(ii) For 𝑅0 < 1, it is seen that 𝑄2 < 0 and 𝑄3 < 0 which fails the Routh-Hurwitz criterion. 

Thus, the pathogen free equilibrium point 𝑥0 is unstable for 𝑅0 < 1.  

It is known that for 𝑥0 = (0,0,0,0), the equilibrium is locally asymptotically stable if all 

eigenvalues have negative real parts and unstable for eigenvalues with positive real parts [13]. All 

of the eigenvalues are real since 
 

 𝜆1  = −𝜇𝑁, 𝜆2 = −𝜇𝑀 , 𝜆3  = −𝜇𝑃
0 , 𝜆4  = −𝛿𝐸𝑀 .  

 

Through the assumption 𝜇𝑁 > 0, 𝜇𝑀 > 0, μ𝑃
0 > 0, δEM > 0 for the parameters, it is seen that 

𝜆1, 𝜆2, 𝜆3, 𝜆4 are negative for this model. Thus, the equilibrium point 𝑥0 = (0,0,0,0) is locally 

asymptotically stable. 

∎ 
 

Theorem 3. The equilibrium point 𝑥1 = (0,0,0,
𝜇𝑃

0

𝜌𝑃
) of model (1) is locally asymptotically stable 

for 𝑅0 < 1 and unstable for 𝑅0 ≥ 1. 
 

Proof. The Jacobian matrix of the model at the equilibrium point 𝑥1 is obtained as 
 

 𝐽(𝑥1) = 𝐽1

= [

−𝜇𝑁 − 𝛿𝑁𝐸𝑃
𝛿𝑁𝐸𝑃

0
0

0
−𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃

𝛿𝐸𝑀

−𝜇𝑃𝑃

0
0

−𝜇𝑀

0

−𝛿𝑁𝐸𝑁
𝛿𝑁𝐸𝑁 + 𝜌𝐸𝐸

0
−𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸

]

𝑥1(0,0,0,
𝜇𝑃

0

𝜌𝑃
)

=

[
 
 
 
 
 
 −𝜇𝑁 −

𝛿𝑁𝐸𝜇𝑃
0

𝜌𝑃

𝛿𝑁𝐸𝜇𝑃
0

𝜌𝑃

0
0

0

−𝛿𝐸𝑀 +
𝜌𝐸𝜇𝑃

0

𝜌𝑃

𝛿𝐸𝑀

−
𝜇𝑃𝜇𝑃

0

𝜌𝑃

0
0

−𝜇𝑀

0

0
0
0

−𝜇𝑃
0 + 2𝜌𝑃

]
 
 
 
 
 
 

 

 

 

The characteristic equation of 𝐽1 is 
 

 𝜆4 + 𝐵3𝜆
3 + 𝐵2𝜆

2 + 𝐵1𝜆 + 𝐵0 = 0,  
 

Where 
 

 
𝐵3 = 𝜇𝑀  +  𝜇𝑁  +  𝜇𝑃

0   −  2𝜌𝑃 +
𝛿𝑁𝐸𝜇𝑃

0

𝜌𝑃
−

𝜇𝑃
0𝜌𝐸

𝜌𝑃
< 0, 

𝐵2 = − 2𝛿𝐸𝑀𝜌𝑃  + 𝜇𝑀𝜇𝑁  +  𝜇𝑀𝜇𝑃
0  + 𝜇𝑁𝜇𝑃

0  −  2𝜇𝑀𝜌𝑃  −  2𝜇𝑁𝜌𝑃  +  2𝜇𝑃
0𝜌𝐸  + 𝛿𝐸𝑀𝜇𝑀  

+  𝛿𝐸𝑀𝜇𝑁  +  𝛿𝐸𝑀𝜇𝑃
0  −  2𝛿𝑁𝐸𝜇𝑃

0 +
𝛿𝑁𝐸𝜇𝑃

02

𝜌𝑃 
−

𝜇𝑃
02

𝜌𝐸

𝜌𝑃
+

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0

𝜌𝑃

+
𝛿𝑁𝐸𝜇𝑀𝜇𝑃

0

𝜌𝑃
−

𝜇𝑀𝜇𝑃
0𝜌𝐸

𝜌𝑃
−

𝜇𝑁𝜇𝑃
0𝜌𝐸

𝜌𝑃
+

(𝛿𝑁𝐸𝜇𝑃
02

𝜌𝐸)

𝜌𝑃
2  < 0, 

𝐵1 = 2𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0 + 𝛿𝐸𝑀𝜇𝑀𝜇𝑁  +  𝛿𝐸𝑀𝜇𝑀𝜇𝑃

0  −  2𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0  +  𝛿𝐸𝑀𝜇𝑁𝜇𝑃

0 −  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃  

−  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃 +
𝛿𝑁𝐸𝜇𝑀𝜇𝑃

02

𝜌𝑃
+

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
02

𝜌𝑃
+

2𝛿𝑁𝐸𝜇𝑃
02

𝜌𝐸

𝜌𝑃
−

𝛿𝑁𝐸𝜇𝑃
03

𝜌𝐸

𝜌𝑃
2

−
𝜇𝑀𝜇𝑃

02
𝜌𝐸

𝜌𝑃
−

𝜇𝑁𝜇𝑃
02

𝜌𝐸

𝜌𝑃
+

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0

𝜌𝑃
−

𝜇𝑀𝜇𝑁𝜇𝑃
0𝜌𝐸

𝜌𝑃
−

𝛿𝑁𝐸𝜇𝑀𝜇𝑃
02

𝜌𝐸

𝜌𝑃
2

> 0 

𝐵0 = − 2𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0 + 𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

0 −  2𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜌𝑃 −  2𝜆𝜇𝑀𝜇𝑁𝜌𝑃 + 2𝜇𝑀𝜇𝑁𝜇𝑃
0𝜌𝐸

+
2𝛿𝑁𝐸𝜇𝑀𝜇𝑃

02
𝜌𝐸

𝜌𝑃
−

𝜇𝑀𝜇𝑁𝜇𝑃
02

𝜌𝐸

𝜌𝑃
−

𝛿𝑁𝐸𝜇𝑀𝜇𝑃
03

𝜌𝐸

𝜌𝑃
2 +

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃
02

𝜌𝑃
= 0 
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Thus, 
 

 𝑄1 = 𝐵3𝐵2 − 𝐵1 > 0, (See Appendix C) 

 𝑄2 = 𝐵3𝐵2𝐵1 − 𝐵1
2 − 𝐵3

2𝐵0 > 0. (See Appendix D) 
 

If 𝑅0 > 1, then 𝐵3 < 0 and 𝐵2 < 0 which means the Routh-Hurwitz criterion fails and the 

equilibrium point is unstable. The equilibrium point 𝑥1 = (0,0,0,
𝜇𝑃

0

𝜌𝑃
) is locally asymptotically 

stable if all eigenvalues have negative real parts and is unstable if there are eigenvalues with 

positive real parts. All eigenvalues are real since 
 

 
𝜆1  = −

𝜇𝑃
0𝛿𝑁𝐸

𝜌𝑃
− 𝜇𝑁, 𝜆2 =  −𝜇𝑀, 𝜆3  = 2𝜌𝑃 − 𝜇𝑃

0 , 𝜆4  =
𝜇𝑃

0𝜌𝐸

𝜌𝑃
− 𝛿𝐸𝑀. 

 

The parameters were assumed to be 𝜇𝑁 > 0, 𝜇𝑀 > 0, μ𝑃
0 > 0, 𝜌𝑃 > 0. Hence 𝜆1, 𝜆2, 𝜆3, 𝜆4 

gives eigenvalues with positive real parts and for this selection of variables and the equilibrium 

point 𝑥1 = (0,0,0,
𝜇𝑃

0

𝜌𝑃
) is locally unstable. 

∎ 
 

Theorem 4. The equilibrium point 𝑥2 = (0,
−𝛿𝐸𝑀

𝜇𝐸
,
−𝛿𝐸𝑀

2

𝜇𝑀𝜇𝐸
, 0) of model (1) is locally asymptotically 

stable for 𝑅0 < 1 and unstable for 𝑅0 ≥ 1. 
 

Proof. The Jacobian matrix of the model at 𝑥2 is 
 

 𝐽(𝑥2) = 𝐽2

= [

−𝜇𝑁 − 𝛿𝑁𝐸𝑃
𝛿𝑁𝐸𝑃

0
0

0
−𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃

𝛿𝐸𝑀

−𝜇𝑃𝑃

0
0

−𝜇𝑀

0

−𝛿𝑁𝐸𝑁
𝛿𝑁𝐸𝑁 + 𝜌𝐸𝐸

0
−𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸

]

𝑥2(0,
−𝛿𝐸𝑀

𝜇𝐸
,
−𝛿𝐸𝑀

2

𝜇𝑀𝜇𝐸
,0)

=

[
 
 
 
 
 
−𝜇𝑁

0
0
0

0
𝛿𝐸𝑀

𝛿𝐸𝑀

0

0
0

−𝜇𝑀

0

0

−
𝜌𝐸𝛿𝐸𝑀

𝜇𝐸

0

−𝜇𝑃
0 + 2𝜌𝑃 −

𝜇𝑃𝛿𝐸𝑀

𝜇𝐸 ]
 
 
 
 
 

. 

 

The characteristic equation of 𝐽2 is found as 
 

 𝜆4 + 𝐷3𝜆
3 + 𝐷2𝜆

2 + 𝐷1𝜆 + 𝐷0 = 0, 
 

where 
 

 
𝐷3 = 𝜇𝑀 − 𝛿𝐸𝑀 + 𝜇𝑁  + 𝜇𝑃

0   −  2𝜌𝑃 +
𝛿𝐸𝑀𝜇𝑃

𝜇𝐸
> 0, 

𝐷2 =  2𝛿𝐸𝑀𝜌𝑃   + 𝜇𝑀𝜇𝑁 + 𝜇𝑀𝜇𝑃
0  + 𝜇𝑁𝜇𝑃

0  −  2𝜇𝑀𝜌𝑃 −  2𝜇𝑁𝜌𝑃  −  𝛿𝐸𝑀𝜇𝑀 − 𝛿𝐸𝑀𝜇𝑁  

−  𝛿𝐸𝑀𝜇𝑃
0 −

𝛿𝐸𝑀
2 𝜇𝑃

𝜇𝐸
+

𝛿𝐸𝑀𝜇𝑀𝜇𝑃

𝜇𝐸
< 0, 

𝐷1 = − 𝛿𝐸𝑀𝜇𝑀𝜇𝑁  −  𝛿𝐸𝑀𝜇𝑀𝜇𝑃
0  − 𝛿𝐸𝑀𝜇𝑁𝜇𝑃

0 +  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃  +  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃 + 𝜇𝑀𝜇𝑁𝜇𝑃
0  

−  2𝜇𝑀𝜇𝑁𝜌𝑃 −
𝛿𝐸𝑀

2 𝜇𝑀𝜇𝑃

𝜇𝐸
−

𝛿𝐸𝑀
2 𝜇𝑁𝜇𝑃

𝜇𝐸
+

𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

𝜇𝐸 
> 0, 

𝐷0 = 2𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜌𝑃 −
𝛿𝐸𝑀

2 𝜇𝑀𝜇𝑁𝜇𝑃

𝜇𝐸
− 𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

0 = 0. 
 

Hence, 
 

 𝑄1 = 𝐷3𝐷2 − 𝐷1 < 0, (See Appendix E) 
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and 
 

 

 𝑄2 = 𝐷3𝐷2𝐷1 − 𝐷1
2 − 𝐷3

2𝐷0 < 0 (See Appendix F) 
 

for the case 𝑅0 < 1, 𝐷2 < 0 and 𝑄1 < 0,𝑄2 < 0 which means the Routh-Hurwitz criterion 

fails and the equilibrium point is unstable. 

The equilibrium point 𝑥2 = (0,
−𝛿𝐸𝑀

𝜇𝐸
,
−𝛿𝐸𝑀

2

𝜇𝑀𝜇𝐸
, 0) is locally asymptotically stable if all 

eigenvalues have negative real parts and is unstable if there are eigenvalues with positive real 

parts. All eigenvalues are real since 
 

 
𝜆1  = 𝛿𝐸𝑀, 𝜆2 =  −𝜇𝑀, 𝜆3  = −𝜇𝑁 , 𝜆4  = −𝜇𝑃

0 +  2𝜌𝑃 −
𝛿𝐸𝑀𝜇𝑃

𝜇𝐸
. 

 

Through the assumption 
 

 𝜇𝑁 > 0, 𝜇𝑀 > 0, 𝜇𝑃
0 > 0, 𝛿𝐸𝑀 > 0, 𝜌𝑃 > 0 

 

for the parameters, it is seen that the eigenvalues have positive real parts and the equilibrium point 

𝑥2 = (0,
−𝛿𝐸𝑀

𝜇𝐸
,
−𝛿𝐸𝑀

2

𝜇𝑀𝜇𝐸
, 0) is locally unstable.  

∎ 
 

Theorem 5. If 𝑅0 < 1, then the equilibrium point 𝑥3 = (𝑁∗, 𝐸∗, 𝑀∗, 𝑃∗) of the model is locally 

asymptotically stable. Elsewhere, 𝑥3 is unstable.  
 

Proof. (i) The Jacobian matrix of the model at 𝑥3 is 
 

 

𝐽(𝑥3) = 𝐽3 = [

−𝜇𝑁 − 𝛿𝑁𝐸𝑃
𝛿𝑁𝐸𝑃

0
0

0
−𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃

𝛿𝐸𝑀

−𝜇𝑃𝑃

0
0

−𝜇𝑀

0

−𝛿𝑁𝐸𝑁
𝛿𝑁𝐸𝑁 + 𝜌𝐸𝐸

0
−𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸

]

𝑥3(𝑁
∗,𝐸∗,𝑀∗,𝑃∗)

= [

−𝜇𝑁 − 𝛿𝑁𝐸𝑃∗

𝛿𝑁𝐸𝑃∗

0
0

0
−𝛿𝐸𝑀 − 2𝜇𝐸𝐸∗ + 𝜌𝐸𝑃∗

𝛿𝐸𝑀

−𝜇𝑃𝑃∗

0
0

−𝜇𝑀

0

−𝛿𝑁𝐸𝑁∗

𝛿𝑁𝐸𝑁∗ + 𝜌𝐸𝐸∗

0
−𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸∗

] 

 

and the characteristic equation of 𝐽3 is found as 
 

 𝜆4 + 𝐸3𝜆
3 + 𝐸2𝜆

2 + 𝐸1𝜆 + 𝐸0 = 0, 
 

where 
 

 𝐸3 = 𝛿𝐸𝑀  + 𝜇𝑀  + 𝜇𝑁  +  𝜇𝑃
0   −  2𝜌𝑃∗  +  2𝐸∗𝜇𝐸  +  𝐸∗𝜇𝑃  +  𝑃∗𝛿𝑁𝐸  −  𝑃∗𝜌𝐸 > 0, 

𝐸2 = − 2𝛿𝐸𝑀𝜌𝑃∗  + 𝜇𝑀𝜇𝑁  + 𝜇𝑀𝜇𝑃
0 + 𝜆2𝜇𝑁𝜇𝑃

0 −  2𝜇𝑀𝜌𝑃 −  2𝜇𝑁𝜌𝑃  +  𝛿𝐸𝑀𝜇𝑀  + 𝛿𝐸𝑀𝜇𝑁

+ 𝛿𝐸𝑀𝜇𝑃
0 +  + 𝐸∗𝛿𝐸𝑀𝜇𝑃  +  𝑃∗𝛿𝑁𝐸 +  2𝐸∗𝜇𝐸𝜇𝑀 +  2𝐸∗𝜇𝐸𝜇𝑁  

+  2𝐸∗𝜇𝐸𝜇𝑃
0 + 𝐸∗𝜇𝑀𝜇𝑃 + 𝐸∗𝜇𝑁𝜇𝑃 + 𝑃∗𝛿𝑁𝐸𝜇𝑀  +  𝑃∗𝛿𝑁𝐸𝜇𝑃

0

−  4𝐸∗𝜇𝐸𝜌𝑃  −  2𝑃∗𝛿𝑁𝐸𝜌𝑃 − 𝑃∗𝜇𝑀𝜌𝐸  −  𝑃∗𝜇𝑁𝜌𝐸 − 𝑃∗𝜇𝑃
0𝜌𝐸  

+  2𝑃∗𝜌𝐸𝜌𝑃 +  2𝐸∗2𝜇𝐸𝜇𝑃 − 𝑃∗2𝛿𝑁𝐸𝜌𝐸 +  2𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸

+ 𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝑃  +  𝑁∗𝑃∗𝛿𝑁𝐸𝜇𝑃 < 0, 
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𝐸1 =  𝛿𝐸𝑀𝜇𝑀𝜇𝑁 + 𝛿𝐸𝑀𝜇𝑀𝜇𝑃
0 + 𝛿𝐸𝑀𝜇𝑁𝜇𝑃

0  −  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃 −  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃  + 𝜇𝑀𝜇𝑁𝜇𝑃
0  −

 2𝜇𝑀𝜇𝑁𝜌𝑃   +  𝐸∗𝛿𝐸𝑀𝜇𝑀𝜇𝑃 + 𝐸∗𝛿𝐸𝑀𝜇𝑁𝜇𝑃   + 𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀  + 𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0  −

 2𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜌𝑃   +  2𝐸∗𝜇𝐸𝜇𝑀𝜇𝑁  +  2𝐸∗𝜇𝐸𝜇𝑀𝜇𝑃
0 +  2𝐸∗𝜇𝐸𝜇𝑁𝜇𝑃

0 + 𝐸∗𝜇𝑀𝜇𝑁𝜇𝑃  +
𝑃∗𝛿𝑁𝐸𝜇𝑀𝜇𝑃

0  −  4𝐸∗𝜇𝐸𝜇𝑀𝜌𝑃  −  4𝐸∗𝜇𝐸𝜇𝑁𝜌𝑃  −  2𝑃∗𝛿𝑁𝐸𝜇𝑀𝜌𝑃 − 𝑃∗𝜇𝑀𝜇𝑁𝜌𝐸  −

𝑃∗𝜇𝑀𝜇𝑃
0𝜌𝐸  −  𝑃∗𝜇𝑁𝜇𝑃

0𝜌𝐸   +  2𝑃∗𝜇𝑀𝜌𝐸𝜌𝑃  +  2𝑃∗𝜇𝑁𝜌𝐸𝜌𝑃  +  2𝐸∗2𝜇𝐸𝜇𝑀𝜇𝑃  +

 2𝐸∗2𝜇𝐸𝜇𝑁𝜇𝑃  −  𝑃∗2𝛿𝑁𝐸𝜇𝑀𝜌𝐸  −  𝑃∗2𝛿𝑁𝐸𝜇𝑃
0𝜌𝐸  +  2𝑃∗2𝛿𝑁𝐸𝜌𝐸𝜌𝑃  + 𝐸∗𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃  +

 2𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑀  +  2𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑃
0 + 𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝑀𝜇𝑃  −  4𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸𝜌𝑃   +

 𝑁∗𝑃∗𝛿𝑁𝐸𝜇𝑀𝜇𝑃  +  𝑁∗𝑃∗𝛿𝑁𝐸𝜇𝑁𝜇𝑃   +  2𝐸∗2𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑃 < 0, 
𝐸0 = 𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

0   −  2𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜌𝑃 + 𝐸∗𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃   +  𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜆𝜇𝑃
0

+ 𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0   −  2𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜌𝑃   +  2𝐸∗𝜇𝐸𝜇𝑀𝜇𝑃𝜇𝑃

0  
−  4𝐸∗𝜇𝐸𝜇𝑀𝜇𝑁𝜌𝑃   − 𝑃∗𝜇𝑀𝜇𝑁𝜇𝑃

0𝜌𝐸  +  2𝑃∗𝜇𝑁𝜇𝑁𝜌𝐸𝜌𝑃   

+  2𝐸∗2𝜇𝐸𝜇𝑀𝜇𝑁𝜇𝑃  −  𝑃∗2𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0𝜌𝐸   +  2𝑃∗2𝛿𝑁𝐸𝜇𝑀𝜌𝐸𝜌𝑃

+  2𝐸∗2𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑀𝜇𝑃  + 𝐸∗𝑃∗𝛿𝑁𝐸𝛿𝑁𝐸𝜇𝑀𝜇𝑃 +  2𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑀𝜇𝑃
0   

−  4𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑀𝜌𝑃   +  𝑁∗𝑃∗𝛿𝑁𝐸𝜇𝑀𝜇𝑁𝜇𝑃 = 0. 
  
 

Hence, 
 

 𝑄1 = 𝐸3𝐸2 − 𝐸1 < 0, (See Appendix G) 

𝑄2 = 𝐸3𝐸2𝐸1 − 𝐸1
2 − 𝐸3

2𝐸0 > 0. 
 

(ii) If 𝑅0 > 1 then 𝐸2 < 0, 𝐸3 < 0 and 𝑄1 < 0 which means the Routh-Hurwitz criterion is 

not satisfied and the equilibrium point is unstable for this case. 
 

The equilibrium point 𝑥3 = (𝑁∗, 𝐸∗, 𝑀∗, 𝑃∗) is locally asymptotically stable if all eigenvalues 

have negative real parts and is unstable if there are eigenvalues with positive real parts. Through 

the assumption 
 

 𝜇𝑁 > 0, 𝜇𝑀 > 0, μ𝑃
0 > 0, 𝛿𝐸𝑀 > 0, 𝜌𝑃 > 0 

 

for the parameters, it is seen that the eigenvalues have positive real parts and the equilibrium 

point 𝑥3 = (𝑁∗, 𝐸∗,𝑀∗, 𝑃∗) is locally unstable.  

 

3.2. Model Permanence 

 

Definition 1. A system is said to be permanent if the positive constants 0 < 𝛿 ≤ ∆ exist such that 
 

 min {𝑁 = lim
𝑡→∞

𝑖𝑛𝑓𝑁(𝑡), 𝐸 = lim
𝑡→∞

𝑖𝑛𝑓𝐸(𝑡),𝑀 = lim
𝑡→∞

𝑖𝑛𝑓𝑀(𝑡), 𝑃 = lim
𝑡→∞

𝑖𝑛𝑓𝑃(𝑡)} ≥ 𝛿, 

max {𝑁 = lim
𝑡→∞

𝑠𝑢𝑝𝑁(𝑡), 𝐸 = lim
𝑡→∞

𝑠𝑢𝑝𝐸(𝑡),𝑀 = lim
𝑡→∞

𝑠𝑢𝑝𝑀(𝑡), 𝑃 = lim
𝑡→∞

𝑠𝑢𝑝𝑃(𝑡)} ≤ ∆ 
 

for all solutions of the system. 
 

Theorem 6. The model (1)-(4) is permanent 
𝜌𝐸𝑃−𝛿𝐸𝑀

𝜇𝐸
> 0, for the limit superiors 𝑀 and 𝑃 of the 

variables 𝑀(𝑡) and 𝑃(𝑡), respectively. 
 

Proof. Using (1) and (2), we see that 
 

𝑑𝑁

𝑑𝑡
+

𝑑𝐸

𝑑𝑡
= −𝜇𝑁𝑁 + 𝜌𝐸𝑃𝐸 − 𝜇𝐸𝐸2 − 𝛿𝐸𝑀𝐸

=
𝑃2𝜌𝐸

2

4𝜇𝐸
− (√𝜇𝐸𝐸 −

𝑃𝜌𝐸

2√𝜇𝐸

)
2

− 𝜇𝑁𝑁 − 𝛿𝐸𝑀𝐸 ≤
𝑃2𝜌𝐸

2

4𝜇𝐸
− 𝐴(𝐸 + 𝑁) 

(6) 

 

where 𝐴 = min (𝜇𝑁 , 𝛿𝐸𝑀). From (6), we see that 
 

 
lim
𝑡→∞

sup(𝑁 + 𝐸) (𝑡) ≤
𝑃2𝜌𝐸

2

4𝐴𝜇𝐸
⇒ 𝑁 = lim

𝑡→∞
𝑠𝑢𝑝𝑁(𝑡) ≤

𝑃2𝜌𝐸
2

4𝐴𝜇𝐸
 

 

H. Anaç, M. Merdan, Z. Bekiryazıcı  / Sigma J Eng & Nat Sci 10 (3), 325-342, 2019 



333 
 

 

and  
 

 
𝐸 = lim

𝑡→∞
𝑠𝑢𝑝𝐸(𝑡) ≤

𝑃2𝜌𝐸
2

4𝐴𝜇𝐸
. 

 

Through the limit superior definition, a time 𝑇′ exists for 𝜖 >  0 such that 𝐸(𝑡) ≥ (𝐸 − 𝜖) for 

𝑡 > 𝑇′. It can be found that 
 

 𝐸(𝑡) ≥ 𝐸(0)𝑒−𝛿𝐸𝑀𝑡 ⇒ lim
𝑡→∞

𝐸(𝑡) = 0 
 

and hence, the limit of 𝐸(𝑡) exists. 
 

 𝑑

𝑑𝑡
(𝑀 + 𝑃) = −𝜇𝑀𝑀 + 𝛿𝐸𝑀𝐸 + 𝜌𝑃𝑃2 − 𝜇𝑃𝐸𝑃 − 𝜇𝑃

0𝑃 ≤ 𝜌𝑃𝑃
2

⇒ lim
𝑡→∞

sup(𝑀 + 𝑃) (𝑡) ≤𝜌𝑃𝑃
2
 

⇒ 𝑀 = lim
𝑡→∞

𝑠𝑢𝑝𝑀(𝑡) ≤ 𝜌𝑃𝑃
2
, 𝑃 = lim

𝑡→∞
𝑠𝑢𝑝𝑃(𝑡) ≤ 𝜌𝑃𝑃

2
 

 

Once again from (3), we find 
 

 𝑑𝑀(𝑡)

𝑑𝑡
= −𝜇𝑀𝑀 + 𝛿𝐸𝑀𝐸 ≥ −𝜇𝑀𝑀 + 𝛿𝐸𝑀(𝐸 − 𝜖) = 𝜇𝑀 (

𝛿𝐸𝑀

𝜇𝑀
(𝐸 − 𝜖) − 𝑀). 

 

Using the equality, it is seen that lim𝑡→∞ 𝑖𝑛𝑓𝑀(𝑡) ≥
𝛿𝐸𝑀

𝜇𝑀
(𝐸 − 𝜖). Since 𝜖 >  0 is small, we 

see that 

 
𝑀 = lim

𝑡→∞
𝑖𝑛𝑓𝑀(𝑡) ≥

𝛿𝐸𝑀

𝜇𝑀
(𝐸 − 𝜖) 

From (4), we find 

 𝑑𝑃(𝑡)

𝑑𝑡
= 𝜌𝑃𝑃2 − 𝜇𝑃𝐸𝑃 − 𝜇𝑃

0𝑃 = 𝑃[𝜌𝑃𝑃 − 𝜇𝑃𝐸 − 𝜇𝑃
0] ≥ 𝑃[𝜌𝑃𝑃 − 𝜇𝑃𝐸 − 𝜇𝑃

0]

= 𝜌𝑃𝑃 [𝑃 −
(𝜇𝑃𝐸 − 𝜇𝑃

0)

𝜌𝑃
] 

and hence 

 
𝑃 = lim

𝑡→∞
𝑖𝑛𝑓𝑃(𝑡) ≥ −

(μPE − μP
0)

𝜌𝑃
. 

 

From (1),  
 

 𝑑𝑁(𝑡)

𝑑𝑡
= −𝜇𝑁𝑁 − 𝛿𝑁𝐸𝑃𝑁 ≥ −𝜇𝑁𝑁 − 𝑁𝛿𝑁𝐸𝑃 = 𝜇𝑁 (𝑁

𝛿𝑁𝐸

𝜇𝑁
𝑃 − 𝑁) 

 

which gives  
 

 
𝑁 = lim

𝑡→∞
𝑖𝑛𝑓𝑁(𝑡) ≥𝑁

𝛿𝑁𝐸

𝜇𝑁
𝑃. 

 

From (2), 
 

 𝑑𝐸(𝑡)

𝑑𝑡
= 𝛿𝑁𝐸𝑃𝑁 + 𝜌𝐸𝑃𝐸 − 𝜇𝐸𝐸2 − 𝛿𝐸𝑀𝐸 ≥ 𝜌𝐸𝑃𝐸 − 𝜇𝐸𝐸2 − 𝛿𝐸𝑀𝐸

= 𝐸(𝜌𝐸𝑃 − 𝜇𝐸𝐸 − 𝛿𝐸𝑀) = 𝜇𝐸𝐸 (
𝜌𝐸𝑃 − 𝛿𝐸𝑀

𝜇𝐸
− 𝐸). 

 

Hence,  
 

 
𝐸 = lim

𝑡→∞
𝑖𝑛𝑓𝐸(𝑡) ≥ [

𝜌𝐸𝑃 − 𝛿𝐸𝑀

𝜇𝐸
− 𝐸] 

Global Stability in a Pathogen-Specific CD8 Immune   …     /   Sigma J Eng & Nat Sci 10 (3), 325-342, 2019 



334 
 

 

for 
𝜌𝐸𝑃−𝛿𝐸𝑀

𝜇𝐸
> 0.  

∎ 

 

3.3. Global Stability 

 

In this section, the global stability of the equilibrium point 𝑥3 will be analyzed through the 

geometric approach in [14-15]. 
 

Theorem 7. Let 𝑦 → 𝑓(𝑦) ∈ 𝑅4 be a 𝐶1 function for a 𝑦 in a simply connected domain ⊂ 𝑅4 , 

meaning it has a continuous derivative, where 
 

 

𝑦 = (

𝑁
𝐸
𝑀
𝑃

) , 𝑓(𝑦) =

(

 

−𝜇𝑁𝑁 − 𝛿𝑁𝐸𝑃𝑁

𝛿𝑁𝐸𝑃𝑁 + 𝜌𝐸𝑃𝐸 − 𝜇𝐸𝐸2 − 𝛿𝐸𝑀𝐸
−𝜇𝑀𝑀 + 𝛿𝐸𝑀𝐸

𝜌𝑃𝑃2 − 𝜇𝑃𝐸𝑃 − 𝜇𝑃
0𝑃 )

 . 

 

Consider the equation system �̇� = 𝑓(𝑦) with the initial conditions (𝑁0, 𝐸0, 𝑀0, 𝑃0)
𝑇 =

𝑦0 (𝑠𝑎𝑦) satisfying the following properties: 
 

i. Assume that a solution of the system �̇� = 𝑓(𝑦) is shown as 𝑦(𝑡, 𝑦0). 
ii. The system has a unique endemic equilibrium 𝑥3

∗ ⊂ 𝐷. 

iii. There exists a compact absorbing set 𝐾 ⊂ 𝐷. 
iv. The system satisfies the Bendixson criterion, meaning it is robust under 𝐶1 for local 

perturbations of 𝑓 at all non-equilibrium non-wandering points of the system [14]. 

v. Let 𝑦 → 𝑀(𝑦) be a 6 × 6 matrix valued function with a continuous first derivative for 

𝑦 ∈ 𝐷, such that 𝑀−1(𝑦) exists and is continuous for 𝑦 ∈ 𝐾. 
 

In this case, the endemic equilibrium 𝑥3
∗ is globally stable in 𝐷 if 

  

𝑞2 = lim
𝑡→∞

𝑠𝑢𝑝𝑠𝑢𝑝𝑥0∈𝐾

1

𝑡
∫ 𝜇(𝐵(𝑥(𝑠, 𝑥0)))

𝑡

0

𝑑𝑠 < 0 (7) 

 

where 𝐵 =  𝑀𝑓𝑀
−1 + 𝑀

𝜕𝑓[2]

𝜕𝑥
𝑀−1 and 𝑀𝑓 is obtained by replacing each component 𝑚𝑖𝑗 of 𝑀 

with its directional derivative in the direction of 𝑓, ∇𝑚𝑖𝑗
∗ 𝑓 and 𝜇(𝐵) is the Lozinskii measure of 𝐵 

with respect to the vector norm | ⋅ | in 𝑅4, defined by [16] 
 

𝜇(𝐵) = lim
ℎ→0+

|𝐼 + ℎ𝐵| − 1

ℎ
. (8) 

 

Proof. The model (1)-(4) is persistent since it is permanent, as shown above. Hence, since the 

endemic equilibrium 𝑥3
∗ exists, system persistence and boundedness of solutions give the 

existence of a compact absorbing set 𝐾 ⊂ 𝐷 [17]. The Jacobian matrix of the model is given as  
 

 

𝐽 = (

−𝜇𝑁 − 𝛿𝑁𝐸𝑃
𝛿𝑁𝐸𝑃

0
0

0
−𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃

𝛿𝐸𝑀

−𝜇𝑃𝑃

0
0

−𝜇𝑀

0

−𝛿𝑁𝐸𝑁
𝛿𝑁𝐸𝑁 + 𝜌𝐸𝐸

0
−𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸

) 

 

and the corresponding associated second compound matrix 𝐽[2] is given as [15,18] 
 

 

𝐽[2] =

(

 
 
 
 

𝑎11 0 𝛿𝑁𝐸𝑁 + 𝜌𝐸𝐸 0 𝛿𝑁𝐸𝑁 0

𝛿𝐸𝑀 𝑎22 0 0 0 𝛿𝑁𝐸𝑁

−𝜇𝑃𝑃
0
0
0

0
𝛿𝑁𝐸𝑃

0
0

𝑎33 0 0 0
0 𝑎44 0 −𝛿𝑁𝐸𝑁 − 𝜌𝐸𝐸

𝛿𝑁𝐸𝑃 0 𝑎55 0

0 𝜇𝑃𝑃 𝛿𝐸𝑀 𝑎66 )

 
 
 
 

. 
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Setting 𝑄 = 𝑄(𝑁, 𝐸,𝑀, 𝑃) ≡ 𝑑𝑖𝑎𝑔 (1,1,1,1,
𝐸

𝑀
,
𝐸

𝑀
), we see that 𝑄𝑓𝑄

−1 = 𝑑𝑖𝑎𝑔 (0,0,0,0,
𝐸

𝐸

̇
−

�̇�

𝑀
,
𝐸

𝐸

̇
−

�̇�

𝑀
) and hence 𝐵 = 𝑄𝑓𝑄

−1 + 𝑄𝐽[2]𝑄−1. Therefore 
 

 

𝐵 =

(

 
 
 
 

𝑎11 0 𝛿𝑁𝐸𝑁 + 𝜌𝐸𝐸 0 𝛿𝑁𝐸𝑁 0

𝛿𝐸𝑀 𝑎22 0 0 0 𝛿𝑁𝐸𝑁

−𝜇𝑃𝑃
0
0
0

0
𝛿𝑁𝐸𝑃

0
0

𝑎33 0 0 0
0 𝑎44 0 −𝛿𝑁𝐸𝑁 − 𝜌𝐸𝐸

𝛿𝑁𝐸𝑃 0 𝑏55 0

0 𝜇𝑃𝑃 𝛿𝐸𝑀 𝑏66 )

 
 
 
 

≡ [
𝐵11 𝐵12

𝐵21 𝐵22
], 

 

Where 
 

 𝑎11 = −𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃, 
𝑎22 = −𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝜇𝑀, 

𝑎33 = −𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝜇𝑃
0 + 2𝜌𝑃 − 𝜇𝑃𝐸, 

𝑎44 = −𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃 − 𝜇𝑀, 

𝑏55 = −𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃 − 𝜇𝑃
0 + 2𝜌𝑃 − 𝜇𝑃𝐸 +

𝐸

𝐸

̇
−

�̇�

𝑀
, 

𝑏66 = −𝜇𝑀 − 𝜇𝑃
0 + 2𝜌𝑃 − 𝜇𝑃𝐸 +

𝐸

𝐸

̇
−

�̇�

𝑀
, 

𝐵11 = [𝑎11] = [−𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃], 
𝐵12 = [0 𝛿𝑁𝐸𝑁 + 𝜌𝐸𝐸 0 𝛿𝑁𝐸𝑁 0], 

𝐵21 = [𝛿𝐸𝑀 −𝜇𝑃𝑃 0 0 0]𝑇 
 

and 
 

 

𝐵22 =

(

 
 

𝑎22 0 0 0 𝛿𝑁𝐸𝑁

0
𝛿𝑁𝐸𝑃

0
0

𝑎33 0 0 0
0 𝑎44 0 −𝛿𝑁𝐸𝑁 − 𝜌𝐸𝐸

𝛿𝑁𝐸𝑃 0 𝑏55 0

0 𝜇𝑃𝑃 𝛿𝐸𝑀 𝑏66 )

 
 

. 

 

The Lozinskii measure of 𝐵 is defined as 
 

 𝜇(𝐵) ≤ 𝑚𝑎𝑥{𝑔1, 𝑔2} 
 

where 𝑔1 = 𝜇(𝐵11) + ‖𝐵12‖ and 𝑔2 = 𝜇(𝐵22) + ‖𝐵21‖ for the vector norm ‖. ‖. 

It can be seen that (see Appendix I) 
 

𝜇(𝐵) ≤
𝐸

𝐸

̇
− 𝑏 (9) 

 

where 
   

𝑏 =
𝛿𝑁𝐸𝑃𝑁

𝐸
+ 𝜇𝑁 + 𝛿𝑁𝐸𝑃 + 𝜇𝐸𝐸 − 𝛿𝑁𝐸𝑁 (10) 

 

for sufficiently large 𝑡. Then, for 𝑡 > 𝑡 it is seen that 
 

1

𝑡
∫ 𝜇(𝐵)𝑑𝑠 ≤

1

𝑡
∫ 𝜇(𝐵)𝑑𝑠 +

1

𝑡
ln (

𝐸(𝑡)

𝐸(𝑡)
)

𝑡

0

𝑡

0

−
(𝑡 − 𝑡)

𝑡
𝑏 (11) 

 

for each solution (𝑁(𝑡), 𝐸(𝑡),𝑀(𝑡), 𝑃(𝑡)) such that (𝑁(0), 𝐸(0),𝑀(0), 𝑃(0)) ∈ 𝐾. The 

definition of 𝑞2 and the boundedness of 𝐸(𝑡) imply 𝑞2 < 0. Hence, the equilibrium 𝑥3 =
(𝑁∗, 𝐸∗, 𝑀∗, 𝑃∗) is globally stable. 

∎ 
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4. CONCLUSION 

 

In this study, the deterministic mathematical model of Crauste et al., which consists of four 

differential equations modeling pathogen-specific CD8 T cell immunity response, has been 

analyzed. The equation system is original since it models infections by multiple pathogens and a 

stability analysis has been performed for the system. The steady states, basic reproduction number 

and the local stability conditions of the equilibrium points have been investigated. The positivity 

and limitation of the model were analyzed and persistence and global stability of endemic 

equilibrium were studied. This analysis provides useful information for the dynamics of CD8 T 

cell immune responses and can be applied to similar models in the area. 
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6. APPENDICES 

 

Appendix A: Calculation of 𝑸𝟏 for the characteristic equation of 𝑱𝟎 

 

 𝑄1 = 𝐴3𝐴2 − 𝐴1 = (𝜇𝑀 + 𝜇𝑃
0 + 𝜇𝑁 + 𝛿𝐸𝑀)[(𝜇𝑁 + 𝜇𝑃

0)(𝜇𝑀 + 𝛿𝐸𝑀) + (𝜇𝑃
0𝜇𝑁 + 𝛿𝐸𝑀𝜇𝑀)]

− [𝛿𝐸𝑀𝜇𝑀(𝜇𝑁 + 𝜇𝑃
0) + (𝜇𝑁 + 𝛿𝐸𝑀)𝜇𝑃

0𝜇𝑁] > 0 
 

Appendix B: Calculation of 𝑸𝟐 for the characteristic equation of 𝑱𝟎 

 

 𝑄2 = 𝐴3𝐴2𝐴1 − 𝐴1
2 − 𝐴3

2𝐴0 = (𝜇𝑀 + 𝜇𝑃
0 + 𝜇𝑁 + 𝛿𝐸𝑀)[(𝜇𝑁 + 𝜇𝑃

0)(𝜇𝑀 + 𝛿𝐸𝑀) +
(𝜇𝑃

0𝜇𝑁 + 𝛿𝐸𝑀𝜇𝑀)][𝛿𝐸𝑀𝜇𝑀(𝜇𝑁 + 𝜇𝑃
0) + (𝜇𝑁 + 𝛿𝐸𝑀)𝜇𝑃

0𝜇𝑁] − [𝛿𝐸𝑀𝜇𝑀(𝜇𝑁 + 𝜇𝑃
0) +

(𝜇𝑁 + 𝛿𝐸𝑀)𝜇𝑃
0𝜇𝑁]2 − [𝜇𝑀 + 𝜇𝑃

0 + 𝜇𝑁 + 𝛿𝐸𝑀]2𝜇𝑃
0𝜇𝑀𝛿𝐸𝑀𝜇𝑁 > 0.  

 

Appendix C: Calculation of 𝑸𝟏 for the characteristic equation of 𝑱𝟏 

 

 
𝑄1 = 𝐵3𝐵2 − 𝐵1 = (𝜇𝑀  +  𝜇𝑁  +  𝜇𝑃

0   −  2𝜌𝑃 +
𝛿𝑁𝐸𝜇𝑃

0

𝜌𝑃
−

𝜇𝑃
0𝜌𝐸

𝜌𝑃
) [− 2𝛿𝐸𝑀𝜌𝑃  + 𝜇𝑀𝜇𝑁  +

 𝜇𝑀𝜇𝑃
0  + 𝜇𝑁𝜇𝑃

0  −  2𝜇𝑀𝜌𝑃  −  2𝜇𝑁𝜌𝑃  +  2𝜇𝑃
0𝜌𝐸  + 𝛿𝐸𝑀𝜇𝑀  +  𝛿𝐸𝑀𝜇𝑁  +  𝛿𝐸𝑀𝜇𝑃

0  −

 2𝛿𝑁𝐸𝜇𝑃
0 +

𝛿𝑁𝐸𝜇𝑃
02

𝜌𝑃 
−

𝜇𝑃
02

𝜌𝐸

𝜌𝑃
+

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0

𝜌𝑃
+

𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0

𝜌𝑃
−

𝜇𝑀𝜇𝑃
0𝜌𝐸

𝜌𝑃
−

𝜇𝑁𝜇𝑃
0𝜌𝐸

𝜌𝑃
+

(𝛿𝑁𝐸𝜇𝑃
02

𝜌𝐸)

𝜌𝑃
2

(𝜇𝑁 +

μ𝑃
0)(𝜇𝑀 + δEM) + (μ𝑃

0𝜇𝑁 + δEM𝜇𝑀)] − [2𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0 + 𝛿𝐸𝑀𝜇𝑀𝜇𝑁  +  𝛿𝐸𝑀𝜇𝑀𝜇𝑃

0  −

 2𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0  +  𝛿𝐸𝑀𝜇𝑁𝜇𝑃

0 −  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃  −  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃 +
𝛿𝑁𝐸𝜇𝑀𝜇𝑃

02

𝜌𝑃
+

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
02

𝜌𝑃
+

2𝛿𝑁𝐸𝜇𝑃
02

𝜌𝐸

𝜌𝑃
−

𝛿𝑁𝐸𝜇𝑃
03

𝜌𝐸

𝜌𝑃
2 − (𝜇𝑀𝜇𝑃

02
𝜌𝐸)/𝜌𝑃 − (𝜇𝑁𝜇𝑃

02
𝜌𝐸)/𝜌𝑃 + (𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃

0)/𝜌𝑃  −

 (𝜇𝑀𝜇𝑁𝜇𝑃
0𝜌𝐸)/𝜌𝑃  −  (𝛿𝑁𝐸𝜇𝑀𝜇𝑃

02
𝜌𝐸)/𝜌𝑃

2] > 0.  

 

Appendix D: Calculation of 𝑸𝟐 for the characteristic equation of 𝑱𝟏 

 

 
𝑄2 = 𝐵3𝐵2𝐵1 − 𝐵1

2 − 𝐵3
2𝐵0 = (𝜇𝑀  +  𝜇𝑁  +  𝜇𝑃

0   −  2𝜌𝑃 +
𝛿𝑁𝐸𝜇𝑃

0

𝜌𝑃
−

𝜇𝑃
0𝜌𝐸

𝜌𝑃
) [− 2𝛿𝐸𝑀𝜌𝑃  +

𝜇𝑀𝜇𝑁  +  𝜇𝑀𝜇𝑃
0  + 𝜇𝑁𝜇𝑃

0  −  2𝜇𝑀𝜌𝑃  −  2𝜇𝑁𝜌𝑃  +  2𝜇𝑃
0𝜌𝐸  + 𝛿𝐸𝑀𝜇𝑀  +  𝛿𝐸𝑀𝜇𝑁  +

 𝛿𝐸𝑀𝜇𝑃
0  −  2𝛿𝑁𝐸𝜇𝑃

0 +
𝛿𝑁𝐸𝜇𝑃

02

𝜌𝑃 
−

𝜇𝑃
02

𝜌𝐸

𝜌𝑃
+

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0

𝜌𝑃
+

𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0

𝜌𝑃
−

𝜇𝑀𝜇𝑃
0𝜌𝐸

𝜌𝑃
−

𝜇𝑁𝜇𝑃
0𝜌𝐸

𝜌𝑃
+
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(𝛿𝑁𝐸𝜇𝑃
02

𝜌𝐸)

𝜌𝑃
2

(𝜇𝑁 + μ𝑃
0)(𝜇𝑀 + δEM) + (μ𝑃

0𝜇𝑁 + δEM𝜇𝑀)] [2𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0 + 𝛿𝐸𝑀𝜇𝑀𝜇𝑁  +

 𝛿𝐸𝑀𝜇𝑀𝜇𝑃
0  −  2𝛿𝑁𝐸𝜇𝑀𝜇𝑃

0  +  𝛿𝐸𝑀𝜇𝑁𝜇𝑃
0 −  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃  −  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃 +

𝛿𝑁𝐸𝜇𝑀𝜇𝑃
02

𝜌𝑃
+

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
02

𝜌𝑃
+

2𝛿𝑁𝐸𝜇𝑃
02

𝜌𝐸

𝜌𝑃
−

𝛿𝑁𝐸𝜇𝑃
03

𝜌𝐸

𝜌𝑃
2 − (𝜇𝑀𝜇𝑃

02
𝜌𝐸)/𝜌𝑃 − (𝜇𝑁𝜇𝑃

02
𝜌𝐸)/𝜌𝑃 + 𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃

0)/

𝜌𝑃  −  (𝜇𝑀𝜇𝑁𝜇𝑃
0𝜌𝐸)/𝜌𝑃  −  (𝛿𝑁𝐸𝜇𝑀𝜇𝑃

02
𝜌𝐸)/𝜌𝑃

2] − [2𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0 + 𝛿𝐸𝑀𝜇𝑀𝜇𝑁  +

 𝛿𝐸𝑀𝜇𝑀𝜇𝑃
0  −  2𝛿𝑁𝐸𝜇𝑀𝜇𝑃

0  +  𝛿𝐸𝑀𝜇𝑁𝜇𝑃
0 −  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃  −  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃 +

𝛿𝑁𝐸𝜇𝑀𝜇𝑃
02

𝜌𝑃
+

𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
02

𝜌𝑃
+

2𝛿𝑁𝐸𝜇𝑃
02

𝜌𝐸

𝜌𝑃
−

𝛿𝑁𝐸𝜇𝑃
03

𝜌𝐸

𝜌𝑃
2 − (𝜇𝑀𝜇𝑃

02
𝜌𝐸)/𝜌𝑃 − (𝜇𝑁𝜇𝑃

02
𝜌𝐸)/𝜌𝑃 +

(𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0)/𝜌𝑃  −  (𝜇𝑀𝜇𝑁𝜇𝑃

0𝜌𝐸)/𝜌𝑃  −  (𝛿𝑁𝐸𝜇𝑀𝜇𝑃
02

𝜌𝐸)/𝜌𝑃
2]

2

− [𝜇𝑀  +  𝜇𝑁  +  𝜇𝑃
0   −

 2𝜌𝑃 +
𝛿𝑁𝐸𝜇𝑃

0

𝜌𝑃
−

𝜇𝑃
0𝜌𝐸

𝜌𝑃
]
2

[− 2𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0 + 𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

0 −  2𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜌𝑃 −

 2𝜆𝜇𝑀𝜇𝑁𝜌𝑃 + 2𝜇𝑀𝜇𝑁𝜇𝑃
0𝜌𝐸 +

2𝛿𝑁𝐸𝜇𝑀𝜇𝑃
02

𝜌𝐸

𝜌𝑃
−

𝜇𝑀𝜇𝑁𝜇𝑃
02

𝜌𝐸

𝜌𝑃
−

𝛿𝑁𝐸𝜇𝑀𝜇𝑃
03

𝜌𝐸

𝜌𝑃
2 + (𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀𝜇𝑃

02
)/

𝜌𝑃] > 0.  

 

Appendix E: Calculation of 𝑸𝟏 for the characteristic equation of 𝑱𝟐 

 

 𝑄1 = 𝐷3𝐷2 − 𝐷1 = (𝜇𝑀 − 𝛿𝐸𝑀 + 𝜇𝑁  + 𝜇𝑃
0   −  2𝜌𝑃 +

𝛿𝐸𝑀𝜇𝑃

𝜇𝐸
) [2𝛿𝐸𝑀𝜌𝑃   + 𝜇𝑀𝜇𝑁 +

𝜇𝑀𝜇𝑃
0  + 𝜇𝑁𝜇𝑃

0  −  2𝜇𝑀𝜌𝑃 −  2𝜇𝑁𝜌𝑃  −  𝛿𝐸𝑀𝜇𝑀 − 𝛿𝐸𝑀𝜇𝑁  −  𝛿𝐸𝑀𝜇𝑃
0 −

𝛿𝐸𝑀
2 𝜇𝑃

𝜇𝐸
+

𝛿𝐸𝑀𝜇𝑀𝜇𝑃

𝜇𝐸
] − [− 𝛿𝐸𝑀𝜇𝑀𝜇𝑁  −  𝛿𝐸𝑀𝜇𝑀𝜇𝑃

0  − 𝛿𝐸𝑀𝜇𝑁𝜇𝑃
0 +  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃  +  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃 +

𝜇𝑀𝜇𝑁𝜇𝑃
0  −  2𝜇𝑀𝜇𝑁𝜌𝑃 −

𝛿𝐸𝑀
2 𝜇𝑀𝜇𝑃

𝜇𝐸
−

𝛿𝐸𝑀
2 𝜇𝑁𝜇𝑃

𝜇𝐸
+

𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

𝜇𝐸 
] < 0.  

 

Appendix F: Calculation of 𝑸𝟐 for the characteristic equation of 𝑱𝟐 

 

 𝑄2 = 𝐷3𝐷2𝐷1 − 𝐷1
2 − 𝐷3

2𝐷0 = (𝜇𝑀 − 𝛿𝐸𝑀 + 𝜇𝑁  + 𝜇𝑃
0   −  2𝜌𝑃 +

𝛿𝐸𝑀𝜇𝑃

𝜇𝐸
) [2𝛿𝐸𝑀𝜌𝑃   +

𝜇𝑀𝜇𝑁 + 𝜇𝑀𝜇𝑃
0  + 𝜇𝑁𝜇𝑃

0  −  2𝜇𝑀𝜌𝑃 −  2𝜇𝑁𝜌𝑃  −  𝛿𝐸𝑀𝜇𝑀 − 𝛿𝐸𝑀𝜇𝑁  −  𝛿𝐸𝑀𝜇𝑃
0 −

𝛿𝐸𝑀
2 𝜇𝑃

𝜇𝐸
+

𝛿𝐸𝑀𝜇𝑀𝜇𝑃

𝜇𝐸
] [− 𝛿𝐸𝑀𝜇𝑀𝜇𝑁  −  𝛿𝐸𝑀𝜇𝑀𝜇𝑃

0  − 𝛿𝐸𝑀𝜇𝑁𝜇𝑃
0 +  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃  +  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃 +

𝜇𝑀𝜇𝑁𝜇𝑃
0  −  2𝜇𝑀𝜇𝑁𝜌𝑃 −

𝛿𝐸𝑀
2 𝜇𝑀𝜇𝑃

𝜇𝐸
−

𝛿𝐸𝑀
2 𝜇𝑁𝜇𝑃

𝜇𝐸
+

𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

𝜇𝐸 
] − [− 𝛿𝐸𝑀𝜇𝑀𝜇𝑁  −

 𝛿𝐸𝑀𝜇𝑀𝜇𝑃
0  − 𝛿𝐸𝑀𝜇𝑁𝜇𝑃

0 +  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃  +  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃 + 𝜇𝑀𝜇𝑁𝜇𝑃
0  −  2𝜇𝑀𝜇𝑁𝜌𝑃 −

𝛿𝐸𝑀
2 𝜇𝑀𝜇𝑃

𝜇𝐸
−

𝛿𝐸𝑀
2 𝜇𝑁𝜇𝑃

𝜇𝐸
+

𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

𝜇𝐸 
]
2

−

[𝜇𝑀 − 𝛿𝐸𝑀 + 𝜇𝑁  + 𝜇𝑃
0   −  2𝜌𝑃 +

𝛿𝐸𝑀𝜇𝑃

𝜇𝐸
]
2
[2𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜌𝑃 −

𝛿𝐸𝑀
2 𝜇𝑀𝜇𝑁𝜇𝑃

𝜇𝐸
− 𝛿𝐸𝑀𝜇𝑀𝜇𝑁𝜇𝑃

0] <

0.  
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Appendix G: Calculation of 𝑸𝟏 for the characteristic equation of 𝑱𝟑 

 

 𝑄1 = 𝐸3𝐸2 − 𝐸1 = (𝛿𝐸𝑀  + 𝜇𝑀  + 𝜇𝑁  +  𝜇𝑃
0   −  2𝜌𝑃∗  +  2𝐸∗𝜇𝐸  +  𝐸∗𝜇𝑃  +  𝑃∗𝛿𝑁𝐸  

−  𝑃∗𝜌𝐸)[− 2𝛿𝐸𝑀𝜌𝑃∗  + 𝜇𝑀𝜇𝑁  + 𝜇𝑀𝜇𝑃
0 + 𝜆2𝜇𝑁𝜇𝑃

0 −  2𝜇𝑀𝜌𝑃

−  2𝜇𝑁𝜌𝑃  +  𝛿𝐸𝑀𝜇𝑀  + 𝛿𝐸𝑀𝜇𝑁 + 𝛿𝐸𝑀𝜇𝑃
0 +  + 𝐸∗𝛿𝐸𝑀𝜇𝑃  +  𝑃∗𝛿𝑁𝐸

+  2𝐸∗𝜇𝐸𝜇𝑀 +  2𝐸∗𝜇𝐸𝜇𝑁  +  2𝐸∗𝜇𝐸𝜇𝑃
0 + 𝐸∗𝜇𝑀𝜇𝑃 + 𝐸∗𝜇𝑁𝜇𝑃

+ 𝑃∗𝛿𝑁𝐸𝜇𝑀  +  𝑃∗𝛿𝑁𝐸𝜇𝑃
0 −  4𝐸∗𝜇𝐸𝜌𝑃  −  2𝑃∗𝛿𝑁𝐸𝜌𝑃 − 𝑃∗𝜇𝑀𝜌𝐸  

−  𝑃∗𝜇𝑁𝜌𝐸 − 𝑃∗𝜇𝑃
0𝜌𝐸  +  2𝑃∗𝜌𝐸𝜌𝑃 +  2𝐸∗2𝜇𝐸𝜇𝑃 − 𝑃∗2𝛿𝑁𝐸𝜌𝐸

+  2𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸 + 𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝑃  +  𝑁∗𝑃∗𝛿𝑁𝐸𝜇𝑃]

− [𝛿𝐸𝑀𝜇𝑀𝜇𝑁 + 𝛿𝐸𝑀𝜇𝑀𝜇𝑃
0 + 𝛿𝐸𝑀𝜇𝑁𝜇𝑃

0  −  2𝛿𝐸𝑀𝜇𝑀𝜌𝑃 −  2𝛿𝐸𝑀𝜇𝑁𝜌𝑃  

+ 𝜇𝑀𝜇𝑁𝜇𝑃
0  −  2𝜇𝑀𝜇𝑁𝜌𝑃   +  𝐸∗𝛿𝐸𝑀𝜇𝑀𝜇𝑃 + 𝐸∗𝛿𝐸𝑀𝜇𝑁𝜇𝑃   

+ 𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑀  + 𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃
0  −  2𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜌𝑃   +  2𝐸∗𝜇𝐸𝜇𝑀𝜇𝑁  

+  2𝐸∗𝜇𝐸𝜇𝑀𝜇𝑃
0 +  2𝐸∗𝜇𝐸𝜇𝑁𝜇𝑃

0 + 𝐸∗𝜇𝑀𝜇𝑁𝜇𝑃  + 𝑃∗𝛿𝑁𝐸𝜇𝑀𝜇𝑃
0  

−  4𝐸∗𝜇𝐸𝜇𝑀𝜌𝑃  −  4𝐸∗𝜇𝐸𝜇𝑁𝜌𝑃  −  2𝑃∗𝛿𝑁𝐸𝜇𝑀𝜌𝑃 − 𝑃∗𝜇𝑀𝜇𝑁𝜌𝐸  
− 𝑃∗𝜇𝑀𝜇𝑃

0𝜌𝐸  −  𝑃∗𝜇𝑁𝜇𝑃
0𝜌𝐸   +  2𝑃∗𝜇𝑀𝜌𝐸𝜌𝑃  +  2𝑃∗𝜇𝑁𝜌𝐸𝜌𝑃  

+  2𝐸∗2𝜇𝐸𝜇𝑀𝜇𝑃  +  2𝐸∗2𝜇𝐸𝜇𝑁𝜇𝑃  −  𝑃∗2𝛿𝑁𝐸𝜇𝑀𝜌𝐸  −  𝑃∗2𝛿𝑁𝐸𝜇𝑃
0𝜌𝐸  

+  2𝑃∗2𝛿𝑁𝐸𝜌𝐸𝜌𝑃  + 𝐸∗𝑃∗𝛿𝐸𝑀𝛿𝑁𝐸𝜇𝑃  +  2𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑀  
+  2𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑃

0 + 𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝑀𝜇𝑃  −  4𝐸∗𝑃∗𝛿𝑁𝐸𝜇𝐸𝜌𝑃   

+  𝑁∗𝑃∗𝛿𝑁𝐸𝜇𝑀𝜇𝑃  +  𝑁∗𝑃∗𝛿𝑁𝐸𝜇𝑁𝜇𝑃   +  2𝐸∗2𝑃∗𝛿𝑁𝐸𝜇𝐸𝜇𝑃] < 0. 
 

Appendix H: Computation of the Variational Matrix  

 

Let 
 

 𝑓1 = −𝜇𝑁𝑁 − 𝛿𝑁𝐸𝑃𝑁, 
𝑓2 = 𝛿𝑁𝐸𝑃𝑁 + 𝜌𝐸𝑃𝐸 − 𝜇𝐸𝐸2 − 𝛿𝐸𝑀𝐸, 

𝑓3 = −𝜇𝑀𝑀 + 𝛿𝐸𝑀𝐸, 
𝑓4 = 𝜌𝑃𝑃2 − 𝜇𝑃𝐸𝑃 − 𝜇𝑃

0𝑃. 
 

Hence, the general variational matrix is given as 
 

 

𝑉 =

(

 
 
 
 
 
 

𝜕𝑓1
𝜕𝑁

𝜕𝑓1
𝜕𝐸

𝜕𝑓1
𝜕𝑀

𝜕𝑓1
𝜕𝑃

𝜕𝑓2
𝜕𝑁

𝜕𝑓2
𝜕𝐸

𝜕𝑓2
𝜕𝑀

𝜕𝑓2
𝜕𝑃

𝜕𝑓3
𝜕𝑁
𝜕𝑓4
𝜕𝑁

𝜕𝑓3
𝜕𝐸
𝜕𝑓4
𝜕𝐸

𝜕𝑓3
𝜕𝑀
𝜕𝑓4
𝜕𝑀

𝜕𝑓3
𝜕𝑃
𝜕𝑓4
𝜕𝑃)

 
 
 
 
 
 

(𝑁∗,𝐸∗,𝑀∗,𝑃∗)

 

 

where (𝑁∗, 𝐸∗, 𝑀∗, 𝑃∗) is the equilibrium point for 𝑓1 = 𝑓2 = 𝑓3 = 𝑓4 = 0. Then the general 

variational matrix for the model (1)-(4) is given by 
 

 

𝑉 = [

−𝜇𝑁 − 𝛿𝑁𝐸𝑃∗

𝛿𝑁𝐸𝑃∗

0
0

0
−𝛿𝐸𝑀 − 2𝜇𝐸𝐸∗ + 𝜌𝐸𝑃∗

𝛿𝐸𝑀

−𝜇𝑃𝑃∗

0
0

−𝜇𝑀

0

−𝛿𝑁𝐸𝑁∗

𝛿𝑁𝐸𝑁∗ + 𝜌𝐸𝐸∗

0
−𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸∗

]. 

 

Note that a different variational matrix can also be given for the system. 
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Appendix I: Calculation of the Lozinskii Measure of the Matrix 𝑩.  

 

The Lozinskii measure of 𝐵 is given as 
 

𝜇(𝐵) ≤ 𝑚𝑎𝑥{𝑔1, 𝑔2}  (12) 
 

for 𝑔1 = 𝜇(𝐵11) + ‖𝐵12‖ and 𝑔2 = 𝜇(𝐵22) + ‖𝐵21‖. Thus, we obtain 
 

 𝜇(𝐵11) = −𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃, 
‖𝐵12‖ = 𝛿𝑁𝐸𝑁, 
‖𝐵12‖ = ‖𝐵12‖ = 𝛿𝑁𝐸𝑁. 

 

Then, 
 

𝑔1 = −𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃 + 𝛿𝑁𝐸𝑁, 
𝑔2 = 𝛿𝑁𝐸𝑁 + 𝜇(𝐵22 = 𝐶). 

(13) 

(14) 
 

 [𝐵22]5×5 can be denoted as 𝐵22 = 𝐶′ = [
𝐶11 𝐶12

𝐶21 𝐶22
], where 

 

 𝐶11 = [𝑎22] = [−𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝜇𝑀], 
𝐶12 = [0 0 0 𝛿𝑁𝐸𝑁], 
𝐶21 = [0 𝛿𝑁𝐸𝑃 0 0]𝑇 , 

𝐶22 = (

𝑎33 0 0 0
0 𝑎44 0 −𝛿𝑁𝐸𝑁 − 𝜌𝐸𝐸

𝛿𝑁𝐸𝑃 0 𝑏55 0

0 𝜇𝑃𝑃 𝛿𝐸𝑀 𝑏66

). 

 

Hence, 
 

 𝜇(𝐶′) ≤ 𝑚𝑎𝑥{𝑔3, 𝑔4} (15) 
 

is obtained for 
 

𝑔3 = 𝜇(𝐶11) + ‖𝐶12‖ = −𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝜇𝑀 + 𝛿𝑁𝐸𝑁, (16) 

𝑔4 = 𝛿𝑁𝐸𝑃 + 𝜇(𝐶22). (17) 
 

[𝐶22]4×4 is partitioned to calculate 𝜇(𝐶22) 
 

 
𝐶22 = 𝐷′ = [

𝐷11 𝐷12

𝐷21 𝐷22
]  

𝐷11 = [𝑎33] = [−𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝜇𝑃
0 + 2𝜌𝑃 − 𝜇𝑃𝐸], 

𝐷12 = [0 0 0], 
𝐷21 = [0 𝛿𝑁𝐸𝑃 0]𝑇 , 

 

and 
 

 

 𝐷22 = (

𝑎44 0 −𝛿𝑁𝐸𝑁 − 𝜌𝐸𝐸

0 𝑏55 0

𝜇𝑃𝑃 𝛿𝐸𝑀 𝑏66

). 

 

If we denote 
 

𝜇(𝐷) ≤ 𝑚𝑎𝑥{𝑔5, 𝑔6} (18) 
 

for 𝑔5 = 𝜇(𝐷11) + ‖𝐷12‖ and 𝑔6 = 𝜇(𝐷22) + ‖𝐷21‖, we have 𝜇(𝐷11) = −𝜇𝑁 − 𝛿𝑁𝐸𝑃 −
𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸, ‖𝐷12‖ = 0 and ‖𝐷21‖ = 𝛿𝑁𝐸𝑃. 

Let 𝐷22 = 𝐸 = [
𝐸11 𝐸12

𝐸21 𝐸22
], then 

 

𝑔5 = −𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝜇𝑃
0 + 2𝜌𝑃 − 𝜇𝑃𝐸, (19) 

𝑔6 = 𝛿𝑁𝐸𝑃 + 𝜇(𝐷22 = 𝐸). (20) 
 

and 
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 𝐸11 = [𝑎44] = [−𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃 − 𝜇𝑀], 
𝐸12 = [0 −𝛿𝑁𝐸𝑁 − 𝜌𝐸𝐸], 

𝐸21 = [0 𝜇𝑃𝑃]𝑇 , 

𝐸22 = [
𝑏55 0
𝛿𝐸𝑀 𝑏66

]. 
 

Once again, the Lozinskii measure of 𝐸 is defined as 
 

𝜇(𝐸) ≤ 𝑚𝑎𝑥{𝑔7, 𝑔8}, (21) 
 

where 𝑔7 =  𝜇(𝐸11) + ‖𝐸12‖, 𝑔8 = 𝜇(𝐸22) + ‖𝐸21‖, 𝜇(𝐸11) = −𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃 −
𝜇𝑀, ‖𝐸12‖ =  −𝛿𝑁𝐸𝑁 − 𝜌𝐸𝐸, ‖𝐸21‖ = 𝜇𝑃𝑃 and 𝜇(𝐸22) = 𝑚𝑎𝑥[𝑏55 + 𝛿𝐸𝑀, 𝑏66] = −𝜇𝑃

0 + 2𝜌𝑃 −

𝜇𝑃𝐸 +
𝐸

𝐸

̇
−

�̇�

𝑀
+ 𝑚𝑎𝑥{−2𝜇𝐸𝐸 + 𝜌𝐸𝑃,−𝜇𝑀}. Therefore, 

 

𝑔7 = −𝛿𝐸𝑀 − 2𝜇𝐸𝐸 + 𝜌𝐸𝑃 − 𝜇𝑀 − 𝛿𝑁𝐸𝑁 − 𝜌𝐸𝐸, (22) 

𝑔8 = 𝜇𝑃𝑃 − 𝜇𝑃
0 + 2𝜌𝑃 − 𝜇𝑃𝐸 +

𝐸

𝐸

̇
−

�̇�

𝑀
+ 𝑚𝑎𝑥{−2𝜇𝐸𝐸 + 𝜌𝐸𝑃,−𝜇𝑀}. (23) 

 

Using (22) and (23), (21) becomes 
 

𝜇(𝐸) ≤ 𝜇𝑃𝑃 − 𝜇𝑃
0 + 2𝜌𝑃 − 𝜇𝑃𝐸 +

𝐸

𝐸

̇
−

�̇�

𝑀
+ 𝑚𝑎𝑥{−2𝜇𝐸𝐸 + 𝜌𝐸𝑃,−𝜇𝑀}. (24) 

 

(20) and (24) give, 
 

 
𝑔6 ≤ 𝛿𝑁𝐸𝑃 + 𝜇𝑃𝑃 − 𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸 +
𝐸

𝐸

̇
−

�̇�

𝑀
+ 𝑚𝑎𝑥{−2𝜇𝐸𝐸 + 𝜌𝐸𝑃,−𝜇𝑀}. (25) 

 

Hence, 
 

𝐸

𝐸

̇
=

𝛿𝑁𝐸𝑃𝑁

𝐸
+ 𝜌𝐸𝑃 − 𝜇𝐸𝐸 − 𝛿𝐸𝑀, (26) 

�̇�

𝑀
= −𝜇𝑀 +

𝛿𝐸𝑀𝐸

𝑀
. (27) 

 

Using, (25) and (27) we obtain 
 

𝑔6 ≤
𝐸

𝐸

̇
+ 𝜇𝑀 −

𝛿𝐸𝑀𝐸

𝑀
+ 𝛿𝑁𝐸𝑃 + 𝜇𝑃𝑃 − 𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸 + 𝑚𝑎𝑥{−2𝜇𝐸𝐸 + 𝜌𝐸𝑃,−𝜇𝑀}. (28) 

 

(19) and (26) give 
 

𝑔5 =
𝐸

𝐸

̇
− 𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸 −
𝛿𝑁𝐸𝑃𝑁

𝐸
− 𝜌𝐸𝑃 + 𝜇𝐸𝐸 + 𝛿𝐸𝑀 . (29) 

 

(18), (28) and (29) give 
 

𝜇(𝐷) ≤
𝐸

𝐸

̇
+ 𝜇𝑀 −

𝛿𝐸𝑀𝐸

𝑀
+ 𝛿𝑁𝐸𝑃 + 𝜇𝑃𝑃 − 𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸

+ 𝑚𝑎𝑥{−2𝜇𝐸𝐸 + 𝜌𝐸𝑃,−𝜇𝑀}. 
(30) 

 

(17) and (30) give, 
 

𝑔4 ≤
𝐸

𝐸

̇
+ 𝜇𝑀 −

𝛿𝐸𝑀𝐸

𝑀
+ 2𝛿𝑁𝐸𝑃 + 𝜇𝑃𝑃 − 𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸 + 𝑚𝑎𝑥{−2𝜇𝐸𝐸 + 𝜌𝐸𝑃,−𝜇𝑀} (31) 

 

(16), (17) and (31) give 
 

𝜇(𝐶′) ≤
𝐸

𝐸

̇
+ 𝜇𝑀 −

𝛿𝐸𝑀𝐸

𝑀
+ 2𝛿𝑁𝐸𝑃 + 𝜇𝑃𝑃 − 𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸

+ 𝑚𝑎𝑥{−2𝜇𝐸𝐸 + 𝜌𝐸𝑃,−𝜇𝑀} 
(32) 

 

(14) and (32) give 
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𝑔2 ≤
𝐸

𝐸

̇
+ 𝛿𝑁𝐸𝑁 + 𝜇𝑀 −

𝛿𝐸𝑀𝐸

𝑀
+ 2𝛿𝑁𝐸𝑃 + 𝜇𝑃𝑃 − 𝜇𝑃

0 + 2𝜌𝑃 − 𝜇𝑃𝐸 + 𝑚𝑎𝑥{−2𝜇𝐸𝐸 +

𝜌𝐸𝑃,−𝜇𝑀}. 
(33) 

 

Using (13) and (26) 
 

𝑔1 =
𝐸

𝐸

̇
−

𝛿𝑁𝐸𝑃𝑁

𝐸
− 𝜇𝑁 − 𝛿𝑁𝐸𝑃 − 𝜇𝐸𝐸 + 𝛿𝑁𝐸𝑁 (34) 

 

Hence, we get 
 

 
𝜇(𝐵) ≤

𝐸

𝐸

̇
− 𝑏  

 

for sufficiently large 𝑡, where 
 

𝑏 =
𝛿𝑁𝐸𝑃𝑁

𝐸
+ 𝜇𝑁 + 𝛿𝑁𝐸𝑃 + 𝜇𝐸𝐸 − 𝛿𝑁𝐸𝑁 (35) 

∎ 
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