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ABSTRACT 

 

In this paper, firstly it is proved ∗-Hermite-Hadamard-Fejer inequality in terms of  ∗-calculus. Secondly, some 
theorems are generalized by this calculi. Finally, it is obtained some corollaries depend on these theorems. 
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1. INTRODUCTION 

 

Definition 1 : Let 𝐼 interval in  ℝ  and 𝑓: 𝐼 → ℝ a function. For all 𝑥, 𝑦 ∈ 𝐼 and for 𝛼 ∈ [0,1]. 
Then 𝑓 function said to be convex function, if the following inequality holds.  
 

𝑓(𝛼𝑥 + (1 − 𝛼)𝑦) ≤ 𝛼𝑓(𝑥) + (1 − 𝛼)𝑓(𝑦)                                                                              (1.1) 
 

Definition 2 [17]: Let 𝑓: [𝑎, 𝑏] → ℝ be a ∗-convex function, 𝑔: [𝑎, 𝑏] → ℝ function is integrable 

on [𝑎, 𝑏], nonnegative and symmetric to (
𝑎+𝑏

2
). Then, for all 𝑥 ∈ ℝ 

 

𝑓(
𝑎+𝑏

2
) ∫ 𝑔(𝑥)𝑑𝑥 ≤

𝑏

𝑎 ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥 ≤
𝑏

𝑎

𝑓(𝑎)+𝑓(𝑏)

2
∫ 𝑔(𝑥)𝑑𝑥

𝑏

𝑎
  

 

Hermite-Hadamard-Fejer Inequality holds.  

The Non-Newtonian calculi were developed by Michael Grossman and Robert Katz, and it 

were written to nine books related to the Non-Newtonian calculi. Grossman and Katz published 

first book concerning with Non-Newtonian calculus at 1972 [1]. 

This calculi, which are mentioned above, are geometric calculus, bigeometric calculus, 

harmonic calculus, biharmonic calculus, quadratic calculus and biquadratic calculus. In the 

geometric calculus and the bigeometric calculus from within of these calculi, the derivative and 

integral are both multiplicative. The geometric derivative and the bigeometric derivative are 

closely related to the wellknown logarithmic derivative and elasticity, respectively. Also, the 

linear functions of classical calculus are the functions which having a constant derivative and 

besides the exponential functions in the geometric calculus are the functions which having a 
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constant derivative, the power functions in the bigeometric calculus are the functions which 

having a constant derivative. Among the Non-Newtonian calculi, geometric and bigeometric 

calculi have been o ften used. 

Since this calculi has emerged, it has become a seriously alternative to the classical analysis 

developed by Newton and Leibnitz. Just like the classical analysis, Non-Newtonian calculi have 

many varieties as a derivative, an integral, a natural average, a special class of functions having a 

constant derivative and two fundamental theorems which reveal that the derivative and integral 

are inversely related. However, the results of obtained by Non-Newtonian calculus has also 

significantly different from the classical analysis. For example, infinitely many Non-Newtonian 

calculi have a nonlinear derivative or integral. 

The Non-Newtonian calculi are useful mathematical tools in science, engineering and 

mathematics and provide a wide variety of possibilities, as a different perspective. Specific fields 

of application include: fractal theory, image analysis (e.g., in bio-medicine), growth/decay 

processes (e. g., in economic growth, bacterial growth and radioactive decay), finance (e.g., rates 

of return), the theory of elasticity in economics, marketing, the economics of climate change, 

atmospheric temperature, wave theory in physics, quantum physics and gauge theory, signal 

processing, information technology, pathogen counts in treated water, actuarial science, tumor 

therapy in medicine, materials science/engineering, demographics, differential equations etc. 

Recently, studies related with Non-Newtonian calculus have increased. Especially, these 

studies are emerging in the field of applied mathematics.[2]–[14]. 

 

2. BASIC DEFINITIONS 

 

Now we give a short brief of Non-Newtonian Calculus [1].  

 

2.1. Systems of Arithmetic 

 

Arithmetic is any system that satisfies the whole of the ordered field axiom whose domain is a 

subset of  ℝ. There are many types arithmetic, all of which are isomorphic, that is, structurally 

equivalent. 

A generator 𝛼 is a one-to-one function whose domain is ℝ and whose range is a subset ℝ𝛼 of 

ℝ where ℝ𝛼 = {𝛼(𝑥): 𝑥 ∈ 𝑅}. Each generator generates exactly one arithmetic, and conversely 

each 𝐼(𝑥) = 𝑥 arithmetic is generated by exactly one generator. If, for all 𝑥 ∈ ℝ, the identity 

function’s inverse is itself. In the special cases 𝛼 = 𝐼 and 𝛼 = 𝑒𝑥𝑝 , 𝛼 generates the classical and 

geometric arithmetic, respectively. 

 

2.1.1. 𝜶 -Arithmetics 

 

By 𝛼 -arithmetic, we mean the arithmetic whose domain is  ℝ and whose operations are 

defined as follows: for ℝ𝛼  and generator 𝛼,  
 

𝛼 − 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛, 𝑥+̇𝑦 = 𝛼{𝛼−1(𝑥) + 𝛼−1(𝑦)}, 
𝛼 − 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛, 𝑥−̇𝑦 = 𝛼{𝛼−1(𝑥) − 𝛼−1(𝑦)}, 

𝛼 − 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛, 𝑥 ×̇ 𝑦 = 𝛼{𝛼−1(𝑥) × 𝛼−1(𝑦)}, 

𝛼 − 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛, 𝑥/̇𝑦 = 𝛼{𝛼−1(𝑥)/𝛼−1(𝑦)}, 
𝛼 − 𝑜𝑟𝑑𝑒𝑟, 𝑥 <̇ 𝑦 ⟺ 𝛼−1(𝑥) < 𝛼−1(𝑦). 

 

As a generator, we choose exp function acting from ℝ into the set ℝ𝑒𝑥𝑝 = (0, ∞) as follows:  
 

𝛼: ℝ → ℝ𝑒𝑥𝑝  

xexyx =)(= .  
 

It is obvious that 𝛼 arithmetic reduces to the geometric arithmetic as follows:  
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𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 − 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛, 𝑥+̇𝑦 = 𝑒{𝑙𝑛𝑥+𝑙𝑛𝑦} = 𝑥. 𝑦, 
 

𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 − 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛, 𝑥−̇𝑦 = 𝑒{𝑙𝑛𝑥−𝑙𝑛𝑦} = 𝑥/𝑦, 
 

𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 − 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛, 𝑥 ×̇ 𝑦 = 𝑒{𝑙𝑛𝑥×𝑙𝑛𝑦} = 𝑥𝑙𝑛𝑦 = 𝑦𝑙𝑛𝑥, 
 

𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 − 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛, 𝑥/̇𝑦 = 𝑒{𝑙𝑛𝑥/𝑙𝑛𝑦} = 𝑥
1

𝑙𝑛𝑦, 
 

𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 − 𝑜𝑟𝑑𝑒𝑟, 𝑥 <̇ 𝑦 ⟺ 𝑙𝑛(𝑥) < 𝑙𝑛(𝑦),, 
 

Definition 3 [1] Let 𝛼(𝑝) = 𝑝̇ for all 𝑝 ∈ ℤ . If 𝑦 ∈ ℝ𝛼   for,   𝑦+̇0̇ = 𝑦 and 𝑦 ×̇ 1̇ = 𝑦 , then 

according to  -addition 0̇(𝛼 − 𝑧𝑒𝑟𝑜)  and  1̇(𝛼 − 𝑜𝑛𝑒)  numbers are called identity and unit 

elements, respectively. 
 

Definition 4 [1] Let −̇ 𝑛̇ =  0̇ −̇ 𝑛̇ = 𝛼(−𝑛)  for all 𝑛 ∈ ℤ𝛼   . Set of  -integers is defined and 

denoted by ℤ𝛼    as can be seen in the figure below: 
 

 ℤ = {… . , −̇ 2̇, −̇ 1̇, 0,̇ 1̇, 2̇, … } 

    ={… . , 𝛼(−2), 𝛼(−1), 𝛼(0)𝛼(1), 𝛼(2), … } 

Namely,        ℤ𝛼 = {𝑛:̇  𝑛 = 𝛼(𝑛)̇ , 𝑛 ∈ ℤ} 

 

2.1.2. 𝛃-Arithmetics 

 

𝛽 generator is a one-to-one function whose domain is ℝ and whose range is a subset of ℝ𝛽    

of ℝ. We choose the function 𝛽 such that its basic algebraic operations are defined as follows:  
 

𝛽 − 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛, 𝑥+̇𝑦 = 𝛽{𝛽−1(𝑥) + 𝛽−1(𝑦)}, 
 

𝛽 − 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛, 𝑥−̇𝑦 = 𝛽{𝛽−1(𝑥) − 𝛽−1(𝑦)}, 
 

𝛽 − 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛, 𝑥 ×̇ 𝑦 = 𝛽{𝛽−1(𝑥) × 𝛽−1(𝑦)}, 
 

𝛽 − 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛, 𝑥/̇𝑦 = 𝛽{𝛽−1(𝑥)/𝛽−1(𝑦)}, 
 

𝛽 − 𝑜𝑟𝑑𝑒𝑟, 𝑥 <̇ 𝑦 ⟺ 𝛽−1(𝑥) < 𝛽−1(𝑦), 
 

for all𝑥, 𝑦 ∈ ℝ𝛽, where the non-Newtonian real field ℝ𝛽 = {𝛽(𝑥): 𝑥 ∈ ℝ}.  as in [8]. 

The 𝛽-positive real numbers, ℝ𝛽
+ denoted by , are the numbers x in ℝ such that 0̈ <̈ 𝑥; the 𝛽-

negative real numbers, denoted by ℝ𝛽
+ are those for which  𝑥 <̈ 0̈. The beta-zero 0̈ and the beta-

one 1̈, turn out to be 𝛽{0} and 𝛽{1}. Further,𝛽(−1) = −̈1̈. Thus the set of all 𝛽 -integers turns out 

to be the following:  
 

ℤ𝛽 = {… . , −̈ 2,̈ −̈1̈, 0̈ , 1,̈ 2̈ … } 

={… . , 𝛽(−2), 𝛽(−1), 𝛽(0), 𝛽(1), 𝛽(2), … }.  

 

2.2. *-Calculus(Star-Calculus) 

 

𝛼 and 𝛽 are arbitrarily selected generators and *-(star) is the ordered pair of arithmetics, that is 𝛼 -

arithmetics and 𝛽-arithmetics. Along this paper the following notations will be used. 
 

𝛼 − 𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐   𝛽 – 𝐴𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 

𝑅𝑒𝑎𝑙𝑚          𝐴              𝐵 

𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛        +̇             +̈ 

𝑆𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛      −̇             −̈ 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛    ×̇             ×̈ 

𝐷𝑖𝑣𝑖𝑠𝑖𝑜𝑛         /̇              /̈ 

𝑂𝑟𝑑𝑒𝑟          <̇             <̈ 
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It should be understood that all definition in 𝛼 -arithmetics apply equally to 𝛽 -arithmetics. 

In the ∗-Calculus, 𝛼-arithmetics is used on arguments and 𝛽-arithmetics is used on values: in 

particular, changes in arguments and values are measured by 𝛼-differences and 𝛽-differences, 

respectively. The operators of the ∗-calculus are applied only to functions with arguments in 𝐴 

and values in 𝐵.  Accordingly unless indicated or implied otherwise, all functions are assumed to 

be of that character. 
 

Remark 1 [1] We can choose 𝛼 and 𝛽 are identical, but if they are not? So, M. Grossman and R. 

Katz gave the definition of isomorphism about this problem. 
 

Definition 5 [1] The isomorphism from 𝛼 -arithmetic to 𝛽 -arithmetic is the unique function 
(iota) that possesses the following three properties. 
 

1)  is one-to-one, 

2)  is on ℝ𝛼 and onto ℝ𝛽, 

3)For any number u  and v  in ℝ𝛼   

𝚤(𝑢+̇𝑣) = 𝚤(𝑢)+̈𝚤(𝑣), 

𝚤(𝑢−̇𝑣) = 𝚤(𝑢)−̈𝚤(𝑣), 

𝚤(𝑢𝑥̇𝑣) = 𝚤(𝑢)𝑥̈𝚤(𝑣), 

𝚤(𝑢/̇𝑣) = 𝚤(𝑢)/̈𝚤(𝑣) and 

𝑢 <̇ 𝑖𝑓𝑓 𝚤(𝑢) <̈ 𝚤(𝑣) 
 

It turns out that  
 

)},({=)( 1 xx   
 

for every number and that  
 

𝚤(𝑛̇) = 𝑛̈ 
 

for every integer n . Since, for example,  
 

𝑢+̇𝑣 = 𝚤−1{𝚤(𝑢) +  ̈𝚤(𝑣)}, 
 

Definition 6 [23] (∗-limit) The ∗-limit of a function f at an element a in ℝα is, if it exist, the 

unique number b in ℝβ such that 
 

∗  lim𝑥→𝑎 = 𝑏 ⇔ 𝐹𝑜𝑟 𝑎𝑙𝑙 𝜀 >̈ 0̈: 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ ℝ𝛼 , |𝑥−̇𝑎|𝛼 <̇ 𝛿, |𝑓(𝑥)−̈𝑏|𝛽 <̈ 𝜀  
 

And is denoted by ∗ limx→a = b. 
 

Definition 7 [23] (∗-Differentiation) I f the following ∗-limit in (2.1) exist, we denote it by f ∗(a), 

call it the ∗-derivative of f at a and say that f is ∗-differentiable at a: 
 

∗  lim𝑥→𝑎(𝑓(𝑥)−̈𝑓(𝑎)/̈((𝑥)−̈(𝑎)) =   lim
𝑥→𝑎

𝛽 {
𝛽−1(𝑓(𝑥))−𝛽−1(𝑓(𝑎))

𝛼−1(𝑥)−𝛼−1((𝑎))
}                                            (2.1) 

=  lim
𝑥→𝑎

𝛽 {
𝛽−1(𝑓(𝑥))−𝛽−1(𝑓(𝑎))

𝑥−𝑎

𝑥−𝑎

𝛼−1(𝑥)−𝛼−1((𝑎))
} = 𝛽 {

(𝛽−1∘𝑓(𝑥))′(𝑎)

(𝛼−1)(𝑎)
} .   

 

Definition 8 [18] (∗-Integration) Let α and β be generators and r, s ∈ ℝα, 
 

𝑟 <̇ 𝑠. If 𝑓: 𝐼𝛼 ⊆ ℝ𝛼 → ℝ𝛽 be a ∗-continuous function, 

𝐼𝛼 ≔ [𝑟, 𝑠]𝜶 , then we say the followin equality ∗-integration of 𝑓  
 

∗  ∫ 𝑓(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏)𝑑𝑡 = 𝛽{∫ (𝛽−1 ∘ 𝑓)(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏)𝑑𝑡
𝑠

𝑟
}.

𝑠

𝑟
              (2.2) 

 

Definition 9 [22] (∗-convex function) Let 𝐼𝛼 be an interal ℝ𝛼. Then 𝑓: 𝐼𝛼 → ℝ𝛽 is said to be ∗-

convex if for all 𝑡 ∈ [0,1], 
 

𝑓(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏) <̈ 𝛽{𝑡} ×̈ 𝑓(𝑥)+̈𝛽{1 − 𝑡} ×̈ 𝑓(𝑦)                                                  (2.3) 
 

Hold. Therefore, by combining thiswith the genarators α and β, we deduce that 
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𝑓(𝛼{𝑡𝛼−1(𝑥) + (1 − 𝑡)𝛼−1(𝑦)}) <̈ 𝛽{𝑡𝛽−1(𝑓(𝑥)) + (1 − 𝑡)𝛽−1(𝑓(𝑦))}                              (2.4) 

 

3. MAIN RESULT 
 

Definition 10 Let α and β are any two generators and 𝑔: [̇𝑎, 𝑏]̇ ⊆ ℝ𝛼 → ℝ𝛽 be a function. Then 𝑔 

function is said to be ∗-symmetric to (
𝑎+̇𝑏

2
. ), if the following inequality holds. 

 

𝑔 (
𝑎×̇𝑏

𝑥
. ) = 𝑔 (

𝑎×̇𝑏

𝑎+̇𝑏−̇𝑥
. )  

 

Remark 2 Along this paper, we show ∗-integration as follow, 
 

∗  ∫ 𝑓(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏)𝑑𝛼𝑡 = 𝛽 {∫ (𝛽−1 ∘ 𝑓)(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏)𝑑𝑡
𝛼−1(𝑠)

𝛼−1(𝑟)
} .

𝑠

𝑟
  (3.1) 

 

Theorem 1 Let f: [̇a, b]̇ ⊆ ℝα → ℝβ be a ∗-convex function, a <̇ b, let g: [̇a, b]̇ ⊆ ℝα → ℝβ is a 

∗-nonnegative, ∗-integrable and ∗-symmetric to (
a+̇b

2
. ), and 

 

∗ ∫ (𝑓 ×̈ 𝑔)(𝑥)
𝑏

𝑎
𝑑𝛼𝑥 =∗ ∫ 𝑓(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ×̈∗ ∫ 𝑔(𝑥)

𝑏

𝑎
𝑑𝛼𝑥  

 

Then for all x ∈ ℝ, 
 

𝑓 (
𝑎+̇𝑏

2
. ) ×̈∗ ∫ (𝑔 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ≤̈ ∗ ∫ (𝑓 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ×̈   ∗ ∫ (𝑔 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ≤̈  

𝑓(𝑎)+̈𝑓(𝑏)

2̈
. .×̈∗

∫ (𝑔 ∘ 𝛼)(𝑥)
𝑏

𝑎
𝑑𝛼𝑥                                                                                                                        (3.2) 

 

The inequality holds. 
 

Proof. For all 𝑡 ∈ [0,1], we can write below equality. Firstly we prove the left hand of (3.2). 
 

𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏+̇𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎 = [𝛼(𝑡)+̇𝛼(1 − 𝑡)] ×̇ 𝑎+̇[𝛼(𝑡)+̇𝛼(1 −
𝑡)] ×̇ 𝑏 = [𝛼(𝑡)+̇𝛼(1 − 𝑡)] ×̇ (𝑎+̇𝑏)  

 

𝛼(𝑡)+̇𝛼(1 − 𝑡) = 𝛼{𝛼−1(𝛼(𝑡)) + 𝛼−1(𝛼(1 − 𝑡))} = 𝛼(1) = 1̇.  
 

Hence 
 

(𝑎+̇𝑏) ×̇ 𝛼(1) = 𝑎+̇𝑏 ⇒  𝑎+̇𝑏 = 𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏+̇𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎  
 

then from we get, 
 

𝑓 (
𝑎+̇𝑏

2
. ) = 𝑓 (

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏+̇𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎

2̇
)  

 

since 𝑓 is a ∗-convex function, we have  
 

𝑓(𝜆1 ×̇ 𝑎+̇𝜆2 ×̇ 𝑏) ≤̈ 𝜃1 ×̈ 𝑓(𝑎)+̈𝜃2 ×̈ 𝑓(𝑏).  

𝜆1, 𝜆2 ∈ [0,1]𝛼 ,  𝜃1, 𝜃2 ∈ [0,1]𝛽 ,   𝜆1+̇𝜆2 = 1̇ 𝑎𝑛𝑑 𝜃1+̈𝜃2 = 1̈.  
 

For 𝜆1 = 𝛼 (
1

2
) and  𝜃1 = 𝛽 (

1

2
). 

 

𝑓 (
𝑎+̇𝑏

2
. ) ≤̈

𝑓(𝑎)+̈𝑓(𝑏)

2̈
..                                                                                                                 (3.3) 

 

hence if we take  
 

𝛼 = 𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏                                                                                                       (3.4) 
 

and  
 

𝑏 = 𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎                                                                                                       (3.5) 
 

then from (3.3), (3.4) and (3.5) we can write 
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𝑓 (
𝑎+̇𝑏

2
. ) = 𝑓 (

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏+̇𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎

2̇
)  

≤̈
𝑓(𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏)+̈𝑓(𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 )

2̈
..                                                                                 (3.6) 

 

If we multiply both sides of (3.6) by 
 

𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)  
 

and then if we take ∗-integration of (3.6) with respect to 𝑡over [̇0̇1̇]̇, we obtain  
 

∗  ∫ 𝑓 (
𝑎+̇𝑏

2
. ) ×̈

1̇

0̇
𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝛼𝑡   

≤̈∗ ∫ [
𝑓(𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏)

2̈
. .×̈ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝛼𝑡]

1̇

0̇
   

+̈ ∗ ∫ [
𝑓(𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎)

2̈
. .×̈ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝛼𝑡]

1̇

0̇
   

⇒  𝑓 (
𝑎+̇𝑏

2
. ) ×̈  ∫ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝛼𝑡̈1̇

0̇
  

≤̈∗ ∫
𝑓(𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏)

2̈
. . 𝑑𝛼𝑡 ×̈

1̇

0̇ ∫ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝛼𝑡
1̇

0̇
  

+̈ ∗ ∫
𝑓(𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎)

2̈
. . 𝑑𝛼𝑡 ×̈

1̇

0̇ ∫ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝛼𝑡
1̇

0̇
  

 

We can write below inequality due to properties of 𝛽 generator and (3.1) 
 

𝛽 {𝛽−1 (𝑓 (
𝑎+̇𝑏

2
. )) 𝛽−1 (𝛽 {∫ (𝛽−1 ∘ 𝑔)(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝑡

1

0
})}  

≤̈ 𝛽 (
1

2
) ×̈ [𝛽 {𝛽−1 (𝛽 {∫ (𝛽−1 ∘ 𝑓)(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏)𝑑𝑡

1

0
}) ×

(𝛽 {∫ (𝛽−1 ∘ 𝑔)(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝑡
1

0
})}]  

+̈𝛽 (
1

2
) ×̈ [𝛽 {𝛽−1 (𝛽 {∫ (𝛽−1 ∘ 𝑓)(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝑡

1

0
}) ×

(𝛽 {∫ (𝛽−1 ∘ 𝑔)(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)𝑑𝑡
1

0
})}]  

 

𝛽 {𝛽−1 (𝑓 (
𝑎+̇𝑏

2
. )) 𝛽−1 (𝛽 {∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑡𝛼−1(𝑏) + (1 − 𝑡)𝛼−1(𝑎))𝑑𝑡

1

0
})}  

≤̈ 𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1 ∘ 𝑓 ∘ 𝛼)(𝑡𝛼−1(𝑎) + (1 − 𝑡)𝛼−1(𝑏))𝑑𝑡 × ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑡𝛼−1(𝑏) +

1

0

1

0

(1 − 𝑡)𝛼−1(𝑎))𝑑𝑡}]  

+̈𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1 ∘ 𝑓 ∘ 𝛼)(𝑡𝛼−1(𝑏) + (1 − 𝑡)𝛼−1(𝑎))𝑑𝑡 × ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑡𝛼−1(𝑏) +

1

0

1

0

(1 − 𝑡)𝛼−1(𝑎))𝑑𝑡}]                                                                                                                    (3.7) 
 

If we take 𝑥 = 𝑡𝛼−1(𝑏) + (1 − 𝑡)𝛼−1(𝑎) (3.7) inequality becomes as follows 
 

𝛽 {𝛽−1 (𝑓 (
𝑎+̇𝑏

2
. )) ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑥)

𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)
}  

≤̈ 𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1 ∘ 𝑓 ∘ 𝛼)(𝑡𝛼−1(𝑎) + (1 − 𝑡)𝛼−1(𝑏))𝑑𝑡 ×

1

0

∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑥)
𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)
}]   

+̈𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1 ∘ 𝑓 ∘ 𝛼)

𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)
𝑑𝑡 × ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑥)

𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)
}]  

 

Since 𝑔 function be ∗-symmetric to (
𝑎+̇𝑏

2
. ), we have  

 

𝛽 {𝛽−1 (𝑓 (
𝑎+̇𝑏

2
. )) ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑥)

𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)
}   

≤̈ 𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1 ∘ 𝑓 ∘ 𝛼)

𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)
𝑑𝑡 × ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑥)

𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)
}]  

+̈𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1 ∘ 𝑓 ∘ 𝛼)

𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)
𝑑𝑡 × ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)(𝑥)

𝑑𝑥

𝛼−1(𝑏)−𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)

𝛼−1(𝑏)

𝛼−1(𝑎)
}]  
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and  
 

𝑓 (
𝑎+̇𝑏

2
. ) ×̈∗ ∫ (𝑔 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ≤̈ ∗ ∫ (𝑓 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ×̈   ∗ ∫ (𝑔 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥.                       (3.8) 

 

So the left hand of (3.2) proof completes. Now we prove the second part. Since, 𝑓 is a ∗-

convex function we can write 
 

𝑓(𝜆1 ×̇ 𝑎+̇𝜆2 ×̇ 𝑏) ≤̈ 𝜃1 ×̈ 𝑓(𝑎)+̈𝜃2 ×̈ 𝑓(𝑏).                                                                             (3.9) 
 

and 
 

𝑓(𝜆1 ×̇ 𝑏+̇𝜆2 ×̇ 𝑎) ≤̈ 𝜃1 ×̈ 𝑓(𝑏)+̈𝜃2 ×̈ 𝑓(𝑎).                                                                           (3.10) 
  

If we add (3.9) and (3.10), we get 
 

𝑓(𝜆1 ×̇ 𝑎+̇𝜆2 ×̇ 𝑏)+̈𝑓(𝜆1 ×̇ 𝑏+̇𝜆2 ×̇ 𝑎) ≤̈ 𝑓(𝑎)+̈𝑓(𝑏).                                                           (3.11) 
 

If we take 𝜆1 = 𝛼(𝑡) and  𝜆2 = 𝛼(1 − 𝑡) in (3.11) we get 
 

𝑓(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏)+̈𝑓(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎) ≤̈ 𝑓(𝑎)+̈𝑓(𝑏)                               (3.12) 
 

and multiplying both sides of (3.12) by 
 

𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)  
 

𝑓(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏) ×̈ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)  
 

+̈𝑓(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎) ×̈ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)  

≤̈ [𝑓(𝑎)+̈𝑓(𝑏)] ×̈ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎).                                                                       (3.13) 
 

and then if we take ∗-integrating of (3.13) with respect to 𝑡 over [̇0̇, 1̇]̇ we get,  
 

∗ ∫ 𝑓(𝛼(𝑡) ×̇ 𝑎+̇𝛼(1 − 𝑡) ×̇ 𝑏) ×̈ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)
1̇

0̇
𝑑𝛼𝑡  

+̈ ∗ ∫ 𝑓(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎) ×̈ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)
1̇

0̇
𝑑𝛼𝑡  

≤̈ ∗ ∫ [𝑓(𝑎)+̈𝑓(𝑏)] ×̈ 𝑔(𝛼(𝑡) ×̇ 𝑏+̇𝛼(1 − 𝑡) ×̇ 𝑎)
1̇

0̇
𝑑𝛼𝑡  

 

Hence we can write following inequality. 
 

𝛽{𝐴. 𝐵}+̈𝛽{𝐶. 𝐷} ≤̈ 𝛽 {𝛽−1{𝑓(𝑎)+̈𝑓(𝑏)} ×  ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)
1

0
(𝑡𝛼−1(𝑏) + (1 − 𝑡)𝛼−1(𝑎))𝑑𝑡}           

                                                                                                                                                   (3.14) 
 

where 
 

𝐴 ≔ ∫ (𝛽−1 ∘ 𝑓 ∘ 𝛼)
1

0
(𝑡𝛼−1(𝑎) + (1 − 𝑡)𝛼−1(𝑏))𝑑𝑡  

𝐵 ≔ ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)
1

0
(𝑡𝛼−1(𝑏) + (1 − 𝑡)𝛼−1(𝑎))𝑑𝑡  

𝐶 ≔ ∫ (𝛽−1 ∘ 𝑓 ∘ 𝛼)
1

0
(𝑡𝛼−1(𝑏) + (1 − 𝑡)𝛼−1(𝑎))𝑑𝑡  

𝐷 ≔  ∫ (𝛽−1 ∘ 𝑔 ∘ 𝛼)
1

0
(𝑡𝛼−1(𝑏) + (1 − 𝑡)𝛼−1(𝑎))𝑑𝑡  

 

If we choose 𝑥 = 𝑡𝛼−1(𝑏) + (1 − 𝑡)𝛼−1(𝑎) in (3.14) inequality becomes as follows 
 

∗ ∫ (𝑓 ∘ 𝛼)(𝑥)
𝑏

𝑎
𝑑𝛼𝑥 ×̈∗ ∫ (𝑔 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ≤̈

𝑓(𝑎)+̈𝑓(𝑏)

2̈
. .×̈∗ ∫ (𝑔 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥                       (3.15) 

 

The following inequality holds from (3.8) and (3.15). Thus proof of second part of theorem 

completes. Consequently we obtain desired result. 
 

𝑓 (
𝑎+̇𝑏

2
. ) ×̈∗ ∫ (𝑔 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ≤̈ ∗ ∫ (𝑓 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ×̈   ∗ ∫ (𝑔 ∘ 𝛼)(𝑥)

𝑏

𝑎
𝑑𝛼𝑥 ≤̈  

𝑓(𝑎)+̈𝑓(𝑏)

2̈
. .×̈∗

∫ (𝑔 ∘ 𝛼)(𝑥)
𝑏

𝑎
𝑑𝛼𝑥  

 

Definition 11 We say the (3.2) inequality ∗-Hermite-Hadamard-Fejer inequality. 
 

Corollary 1 If we choose 𝛼 = 𝛽 = 𝐼 in (3.2) 
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𝑓 (
𝑎+𝑏

2
) ∫ 𝑔(𝑥)𝑑𝑥 ≤ ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥 ≤

𝑏

𝑎

𝑏

𝑎

𝑓(𝑎)+𝑓(𝑏)

2
∫ 𝑔(𝑥)𝑑𝑥.

𝑏

𝑎
  

 

Corollary 2  If we choose 𝛽 = 𝛼 in (3.2) 
 

𝑓 (
𝑎+̇𝑏

2̇
. ) ×̇ ∫ 𝑔(𝑥)𝑑𝑥𝑏

𝑎
  ≤̇ ∫ [𝑓(𝑥) ×̇ 𝑔(𝑥)]𝑑𝑥𝑏

𝑎
  

 ≤̇
𝑓(𝑎)+𝑓(̇ 𝑏)

2̇
.×̇ ∫ 𝑔(𝑥)𝑑𝑥.

𝑏

𝑎
  

 

Corollary 3  If we choose 𝛽 = 𝛼 = 𝑒𝑥𝑝 in (3.2) 
 

𝑙𝑛 (𝑓(𝑒
ln(𝑎𝑏)

2 )) ∫ 𝑙𝑛𝑔(𝑥)𝑑𝑥
ln 𝑏

ln 𝑎
  ≤ ∫ ln (𝑓𝑔)(𝑥)𝑑𝑥

ln 𝑏

ln 𝑎
≤

ln (𝑓(𝑎)+𝑓(𝑏))

2
 ∫ 𝑙𝑛𝑔(𝑥)𝑑𝑥.

ln 𝑏

ln 𝑎
  

 

Corollary 4  If  we choose 𝛽 = 𝛼 = 𝑒𝑥𝑝 in (3.2)  
 

ln (𝑓 (
𝑎+𝑏

2
)) ∫ 𝑙𝑛𝑔(𝑥)𝑑𝑥

ln 𝑏

ln 𝑎
  ≤ ∫ ln (𝑓𝑔)(𝑥)𝑑𝑥

𝑏

𝑎 ∫ 𝑙𝑛𝑔(𝑥)𝑑𝑥
𝑏

𝑎
                     ≤

ln 𝑓(𝑎)+𝑙𝑛𝑓(𝑏)

2
 ∫ 𝑙𝑛𝑔(𝑥)𝑑𝑥.

𝑏

𝑎
  

 

Corollary 5  If  we choose 𝛽 = 𝐼, 𝛼 = 𝑒𝑥𝑝 in (3.2) 
 

(𝑓 (𝑒
ln(𝑎𝑏)

2 )) ∫ 𝑔(𝑒𝑥)𝑑𝑥
ln 𝑏

ln 𝑎
  ≤ ∫ 𝑓(𝑒𝑥)𝑔(𝑒𝑥)𝑑𝑥

ln 𝑏

ln 𝑎
  

≤
𝑓(𝑎)+𝑓(𝑏)

2
 ∫ 𝑔(𝑒𝑥)𝑑𝑥.

𝑙𝑛𝑏

𝑙𝑛𝑎
  

 

Theorem 2 Let𝐼𝛼 ≔ [𝑎, 𝑏]𝛼 , 𝑎 <̇ 𝑏and 𝑓: 𝐼𝛼 ⊆ ℝ𝛼\{0}̇ → ℝ𝛽be a∗-harmonically convex 

function. Then we get below the inequality,  
 

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ≤̇

𝜄(𝑎)×̈𝜄(𝑏)

𝜄(𝑏)−̈𝜄(𝑎)
. .×̈∗ ∫

(𝑓𝑜𝛼)(𝑥)

𝑥2̈ . . 𝑑𝛼
𝑏

𝑎
𝑥 ≤̈

𝑓(𝑎)+̈𝑓(𝑏)

2̈
..                                                 (3.16) 

 

Proof.  Since  𝑓 is ∗- harmonically convex function, for all 𝑢, 𝑣 ∈ 𝐼𝛼 and 𝑡 ∈ [0,1] 
 

𝑓 (
𝑢×̇𝑣

𝛼(𝑡)×̇𝑢+̇𝛼(1−𝑡)×̇𝑣 
. ) . ≤̈ 𝜃1 ×̈ 𝑓(𝑣)+̈𝜃2 ×̈ 𝑓(𝑢)  

 

where, 𝜃1, 𝜃2 ∈ [0,1]𝛽,  𝜃1+̈𝜃2 = 1̈  and  𝛼(𝑡)+̇𝛼(1 − 𝑡) = 1̈  

For 𝛼(𝑡) = 𝛼 (
1

2
)  and  𝜃 = 𝛽 (

1

2
) we can write the inequality.  

 

𝑓 (
𝑎(2)×̇𝑢×̇𝑣

𝑢+̇𝑣
. ) ≤̈

𝑓(𝑢)+̈𝑓(𝑢)

2̈
..                                                                                                       (3.17) 

 

in other words if we choose,  
 

𝑢 =
𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
.  

 

and 
 

𝑣 =
𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
.  

 

then we have in (3.17),  
 

𝑓 (
𝑎(2)×̇𝑢×̇𝑣

𝑢+̇𝑣
. ) = 𝑓 (

𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ≤̈  𝛽 (

1

2
) ×̈ [𝑓 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. )  

                              +̈𝑓 (
𝑎×̇ 𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. )].                                                                                 (3.18) 

 

if we take the * -integrate of (3.18) 
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∗ ∫ 𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. )

1̇

0̇
𝑑𝛼𝑡  

              ≤̈ ∗ ∫ 𝛽 (
1

2
)

1̇

0̇
×̈ 𝑓 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. ) 𝑑𝛼𝑡  

             +̈∗  ∫ 𝛽 (
1

2
)

1̇

0̇
×̈ 𝑓(

𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. )𝑑𝛼𝑡  

⇒∗ ∫ 𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. )

1̇

0̇
𝑑𝛼𝑡  

           ≤̈∗  𝛽 (
1

2
) ×̈∗ ∫ (𝑓𝑜𝛼)

1̇

0̇
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑎)+(1−𝑡)𝛼−1(𝑏)
. ) 𝑑𝛼𝑡  

             +̈∗  𝛽 (
1

2
) ×̈∗ ∫ (𝑓𝑜𝛼)

1̇

0̇
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎) 
. ) 𝑑𝛼𝑡  

 

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. )  

                   ≤̈  𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1𝑜𝑓𝑜𝛼)

1̇

0̇
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑎)+(1−𝑡)𝛼−1(𝑏)
) 𝑑𝑡}]  

               +̈𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1𝑜𝑓𝑜𝛼)

1̇

0̇
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
) 𝑑𝑡}]                                               (3.19) 

 

if we rewritte (3.19) for  
 

𝑥 =
𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
  

 

then we get  
  

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ≤̇

𝜄(𝑎)×̈𝜄(𝑏)

𝜄(𝑏)−̈𝜄(𝑎)
. .×̈∗ ∫

(𝑓𝑜𝛼)(𝑥)

𝑥2̈
. . 𝑑𝛼

𝑏

𝑎
𝑥  

 

and then we write 𝑢 = 𝑎 and 𝑣 = 𝑏 in (3.17) 
 

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ≤̇

𝜄(𝑎)×̈𝜄(𝑏)

𝜄(𝑏)−̈𝜄(𝑎)
. .×̈∗ ∫

(𝑓𝑜𝛼)(𝑥)

𝑥2̈ . . 𝑑𝛼
𝑏

𝑎
𝑥 ≤̈

𝑓(𝑎)+̈𝑓(𝑏)

2̈
..  

 

inequality holds. So the proof is completes. 
 

Corollary 6 [19] If  we choose  𝛼 = 𝛽 =I in (3.16) 
 

𝑓 (
2𝑎𝑏

𝑎+𝑏
) ≤

𝑎𝑏

𝑎−𝑏
∫

𝑓(𝑥)

𝑥2
𝑑

𝑏

𝑎
𝑥 ≤

𝑓(𝑎)+𝑓(𝑏)

2̈
  

 

Corollary 7  If  we choose 𝛼 = 𝛽 =exp in (3.16) 
 

𝑙𝑛(𝑓 (𝑒
2𝑙𝑛𝑎𝑙𝑛𝑏

𝑙𝑛𝑎+𝑙𝑛𝑏))   ≤
𝑙𝑛𝑎𝑙𝑛𝑏

𝑙𝑛𝑏−𝑙𝑛𝑎
∫

𝑙𝑛𝑓(𝑥)

𝑒2𝑙𝑛𝑥
𝑑𝑥

ln 𝑏

𝑙𝑛𝑏
≤

ln (𝑓(𝑎)𝑓(𝑏))

2
  

 

Corollary 8  If  we choose 𝛽 = 𝛼 in (3.16) 
  

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ≤̇

𝑎×̇𝑏

𝑏−𝑎̇
. 𝑥̇ ∫ [

𝑓(𝑥)

𝑥2̇ ]𝑑𝑥𝑏

𝑎
≤̇

𝑓(𝑎)+̇𝑓(𝑏)

2̇
.  

 

Corollary 9  If  we choose  𝛼 = 𝐼, 𝛽 = 𝑒𝑥𝑝 in (3.16) 
  

ln (𝑓 (
2𝑎𝑏

𝑎+𝑏
))   ≤ ln (𝑒

𝑎𝑏

𝑏−𝑎 ∫
ln 𝑓(𝑥)

exlnx
𝑑𝑥)

𝑏

𝑎
≤

ln (𝑓(𝑎)𝑓(𝑏))

2
 .  

 

Corollary 10  If  we choose 𝛼 = 𝑒𝑥𝑝, 𝛽 = 𝐼 in (3.16) 
 

𝑓 (𝑒
2𝑙𝑛𝑎𝑙𝑛𝑏

𝑙𝑛𝑎+𝑙𝑛𝑏) ≤
𝑙𝑛𝑎𝑙𝑛𝑏

𝑙𝑛𝑎−𝑙𝑛𝑏
∫

𝑓(𝑒𝑥)

e2lnx
𝑑𝑥

𝑏

𝑎
≤

𝑓(𝑎)+𝑓(𝑏)

2
 .  

 

Theorem 3 Let 𝐼𝛼 ≔ [𝑎, 𝑏]𝛼, 𝑎 <̇ 𝑏and 𝑓: 𝐼𝛼 ⊆ ℝ𝛼\{0}̇ → ℝ𝛽 be a ∗- harmonically convex 

function. w: 𝐼𝛼 ⊆ ℝ𝛼\{0}̇ → ℝ𝛽 be a function is ∗-nonnegative, ∗-integrable and -symmetric to  

(
𝑎+𝑏

2
). Then we get below the inequality,  
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𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ×̈∗ ∫

(𝑤𝑜𝛼)(𝑥)

𝑥2̇  . . 𝑑𝛼𝑥
𝑏

𝑎
≤̈∗ ∫

(𝑓𝑜𝛼)(𝑥)

𝑥2̇  . . 𝑑𝛼𝑥
𝑏

𝑎
  

≤̈∗ ∫
(𝑤𝑜𝛼)(𝑥)

𝑥2̇
 . . 𝑑𝛼𝑥

𝑏

𝑎
  

                  ≤̇
𝑓(𝑎)+̇𝑓(𝑏)

2̇
.×̈∗ ∫

(𝑤𝑜𝛼)(𝑥)

𝑥2̇
 . . 𝑑𝛼    

𝑏

𝑎
                                                                             (3.20) 

 

Proof. Since 𝑓 is ∗- harmonically convex function we can write 

 

𝑓 (
𝑎(2)×̇𝑢×̇𝑣

𝑢+̇𝑣
. ) ≤̈

𝑓(𝑢)+̈𝑓(𝑣)

2̈
..                                                                                                       (3.21) 

 

in other words if we choose  
 

𝑢 =
𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
.  

 

and 
 

𝑣 =
𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
.  

 

then we have in (3.21), 
 

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ≤̈  𝛽 (

1

2
) ×̈ [𝑓 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
)]  

                        +̈𝑓(
𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
. )]                                                                                        (3.22) 

 

multiplying both sides of (3.22) by  
 

𝑤 (
𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
. ),  

 

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ×̈  𝑤 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
. )                                                                                   (3.23) 

≤̇ 𝛽 (
1

2
) ×̈ [(𝑓 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. )  

×̇ 𝑤 (
𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. )]   

+̇𝛽 (
1

2
) ×̈ [𝑓 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
. )   

×̇ 𝑤 (
𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
. )]  

 

and then if we take ∗-integrating of (3.23) with respect to 𝑡 over [0,1]𝛼 we obtain,  
 

∗ ∫ 𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ×̈  𝑤 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
. ) 𝑑𝛼𝑡

1̇

0̇
  

≤̇ 𝛽 (
1

2
) ×̈ [∗ ∫ 𝑓 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. )

1̇

0̇
  

×̇ 𝑤 (
𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. ) 𝑑𝛼𝑡]  

+̇𝛽 (
1

2
) ×̈ [∗ ∫ 𝑓 (

𝑎×̇𝑏

𝛼(𝑡)×̇𝑏+̇𝛼(1−𝑡)×̇𝑎 
. )

1̇

0̇
  

×̇ 𝑤 (
𝑎×̇𝑏

𝛼(𝑡)×̇𝑎+̇𝛼(1−𝑡)×̇𝑏 
. ) 𝑑𝛼𝑡]  

 

⟹ 𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ×̈∗ ∫ (𝑤𝑜𝛼)

1̇

0̇
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑎)+(1−𝑡)𝛼−1(𝑏) 
. ) 𝑑𝛼𝑡  

≤̈ 𝛽 (
1

2
) ×̈ [∫ (𝑓𝑜𝛼)

1̇

0̇
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
. ) 𝑑𝛼𝑡  

 
×

̈ ∗ ∫  (𝑤𝑜𝛼)
1̇

0̇  
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎) 
. ) 𝑑𝛼𝑡]  

 

+̈  𝛽 (
1

2
) ×̈ [∗ ∫ (𝑓𝑜𝛼)

1̇

0̇
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
. ) 𝑑𝛼𝑡  
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×̈  ∫ (𝑤𝑜𝛼)
1̇

0̇  
 (

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎) 
. ) 𝑑𝛼𝑡]  

 

we can write below inequality due to properties of 𝛽 generator and (3.1) 
 

𝛽{𝛽−1 (𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. )) ∫ (𝛽−1𝑜𝑓𝑜𝛼)

1

0
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
) 𝑑𝑡}  

         ≤̈  𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1𝑜𝑓𝑜𝛼)

1

0
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑎)+(1−𝑡)𝛼−1(𝑏)
) 𝑑𝑡 ×

∫ (𝛽−1𝑜𝑤𝑜𝛼)
1

0
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
) 𝑑𝑡}]  

         +̈𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1𝑜𝑓𝑜𝛼)

1̇

0̇
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
) 𝑑 ×

 ∫ (𝛽−1𝑜𝑤𝑜𝛼)
1

0
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
) 𝑑𝑡}]                                                                                 (3.24) 

 

Where if we change the variable in (3.24) 
 

𝑥 =
𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑏)+(1−𝑡)𝛼−1(𝑎)
  

 

inequality becomes as follows  
 

𝛽{𝛽−1 (𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. )) ∫ (𝛽−1𝑜𝑤𝑜𝛼)

1

0
(

𝛼−1(𝑎)𝛼−1(𝑏)

[𝛼−1(𝑏)−𝛼−1(𝑎)]𝑥2) 𝑑𝑡}  

≤̈  𝛽 (
1

2
) ×̈ [𝛽 {∫ (𝛽−1𝑜𝑓𝑜𝛼)

1

0
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑎)+(1−𝑡)𝛼−1(𝑏)
) 𝑑𝑡 × ∫ (𝛽−1𝑜𝑤𝑜𝛼)

1

0
(

𝛼−1(𝑎)𝛼−1(𝑏)

[𝛼−1(𝑏)−𝛼−1(𝑎)]𝑥2
) 𝑑𝑡}]  

+̈𝛽 (
1

2
) ×̈ [𝛽{(∫ (𝛽−1𝑜𝑓𝑜𝛼)

𝛼−1(𝑏)

𝛼−1(𝑎)
(

𝛼−1(𝑎)𝛼−1(𝑏)

[𝛼−1(𝑏)−𝛼−1(𝑎)]𝑥2) 𝑑𝑡)  

× (∫ (𝛽−1𝑜𝑤𝑜𝛼)
𝛼−1(𝑏)

𝛼−1(𝑎)
(

𝛼−1(𝑎)𝛼−1(𝑏)

[𝛼−1(𝑏)−𝛼−1(𝑎)]𝑥2) 𝑑𝑡)}].  
 

Since 𝑤 function be ∗-symmetric according to (
𝑎+𝑏

2
), we have 

 

𝛽{𝛽−1 (𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. )) ∫ (𝛽−1𝑜𝑤𝑜𝛼)

𝛼−1(𝑏)

𝛼−1(𝑎)
(

𝛼−1(𝑎)𝛼−1(𝑏)

[𝛼−1(𝑏)−𝛼−1(𝑎)]𝑥2) 𝑑𝑥}  

≤̈  𝛽 (
1

2
) ×̈ [𝛽 {(∫ (𝛽−1𝑜𝑓𝑜𝛼)

𝛼−1(𝑏)

𝛼−1(𝑎)
(

𝛼−1(𝑎)𝛼−1(𝑏)

𝑡𝛼−1(𝑎)+(1−𝑡)𝛼−1(𝑏)
) 𝑑𝑥) ×

(∫ (𝛽−1𝑜𝑤𝑜𝛼)
𝛼−1(𝑏)

𝛼−1(𝑎)

𝛼−1(𝑎)𝛼−1(𝑏)

[𝛼−1(𝑏)−𝛼−1(𝑎)]𝑥2)𝑑𝑥}]    

 +̈𝛽 (
1

2
) ×̈ [𝛽{(∫ (𝛽−1𝑜𝑓𝑜𝛼)

𝛼−1(𝑏)̇

𝛼−1(𝑎)

𝛼−1(𝑎)𝛼−1(𝑏)

[𝛼−1(𝑏)−𝛼−1(𝑎)]𝑥2
𝑑𝑥)  

× (∫ (𝛽−1𝑜𝑤𝑜𝛼)
𝛼−1(𝑏)

𝛼−1(𝑎)
(

𝛼−1(𝑎)𝛼−1(𝑏)

[𝛼−1(𝑏)−𝛼−1(𝑎)]𝑥2
) 𝑑𝑥)}].  

 

Hence we obtain  
 

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ×̈∗ ∫

(𝑤𝑜𝛼)(𝑥)

𝑥2̈
. . 𝑑𝛼

𝑏

𝑎
𝑥  

≤̈∗ ∫
(𝑓𝑜𝛼)(𝑥)

𝑥2̈
. . 𝑑𝛼

𝑏

𝑎
𝑥 ×̈∗ ∫

(𝑤𝑜𝛼)(𝑥)

𝑥2̈
. . 𝑑𝛼

𝑏

𝑎
𝑥  

 

and then we write 𝑢 = 𝑎 and 𝑣 = 𝑏 in (3.21) 
 

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ×̈∗ ∫

(𝑤𝑜𝛼)(𝑥)

𝑥2̈ . . 𝑑𝛼
𝑏

𝑎
𝑥  

≤̈∗ ∫
(𝑓𝑜𝛼)(𝑥)

𝑥2̈ . . 𝑑𝛼
𝑏

𝑎
𝑥 ×̈∗ ∫

(𝑤𝑜𝛼)(𝑥)

𝑥2̈ . . 𝑑𝛼
𝑏

𝑎
𝑥  

≤̈
𝑓(𝑎)+̈𝑓(𝑏)

2̈
. .×̈∗ ∫

(𝑤𝑜𝛼)(𝑥)

𝑥2̇  . . 𝑑𝛼𝑥
𝑏

𝑎
  

 

inequality holds. So the proof is completes.  
 

Corollary 11 [20] If  we choose 𝛼 = 𝛽 = 𝐼 in (3.20) 
 

𝑓 (
2𝑎𝑏

𝑎+𝑏
) ∫

𝑤(𝑥)

𝑥2 𝑑
𝑏

𝑎
𝑥 ≤ ∫

𝑓(𝑥)𝑤(𝑥)

𝑥2 𝑑
𝑏

𝑎
𝑥 ≤

𝑓(𝑎)+𝑓(𝑏)

2
∫

𝑤(𝑥)

𝑥2  𝑑𝑥
𝑏

𝑎
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Corollary 12  If  we choose choose 𝛽 = 𝛼 in (3.20) 
 

𝑓 (
𝑎(2)×̇𝑎×̇𝑏

𝑎+̇𝑏
. ) ×̇ ∫ [

𝑤(𝑥)

𝑥2̇
. ]𝑑𝑥𝑏

𝑎
≤ ∫ [

𝑓(𝑥)×̈𝑤(𝑥)

𝑥2̇
. ]𝑑𝑥𝑏

𝑎 ∫
𝑓(𝑥)𝑤(𝑥)

𝑥2
𝑑

𝑏

𝑎
𝑥 ≤

𝑓(𝑎)+̈𝑓(𝑏)

2̈
.×̇ ∫ [

𝑤(𝑥)

𝑥2̇
. ]𝑑𝑥𝑏

𝑎
  

 

Corollary 13  If  we choose  𝛼 = 𝐼, 𝛽 =exp in (3.20) 
 

𝑙𝑛(𝑓 (𝑒
2𝑙𝑛𝑎𝑙𝑛𝑏

𝑙𝑛𝑎+𝑙𝑛𝑏) ∫
𝑙𝑛𝑤(𝑥)

𝑒2𝑙𝑛𝑥
𝑑𝑥

ln 𝑏

𝑙𝑛𝑏
)   ≤

𝑙𝑛𝑎𝑙𝑛𝑏

𝑙𝑛𝑏−𝑙𝑛𝑎
∫

𝑙𝑛𝑓(𝑥)𝑙𝑛𝑤(𝑥)

𝑒2𝑙𝑛𝑥
𝑑𝑥

ln 𝑏

𝑙𝑛𝑏
  

≤
ln (𝑓(𝑎)𝑓(𝑏))

2
 ∫

𝑙𝑛𝑤(𝑥)

𝑒2𝑙𝑛𝑥
𝑑𝑥

ln 𝑏

𝑙𝑛𝑏
  

 

Corollary 14  If  we choose 𝛼 = exp, 𝛽 = 𝐼 in (3.20) 
 

ln [𝑓 (
2𝑎𝑏

𝑎+𝑏
) ∫

𝑙𝑛𝑤(𝑥)

𝑥2 𝑑𝑥
ln 𝑏

𝑙𝑛𝑏
]  ≤ ∫

𝑙𝑛𝑤(𝑥)𝑙𝑛𝑓(𝑥)

𝑥2 𝑑𝑥
ln 𝑏

𝑙𝑛𝑏
  

≤
ln (𝑓(𝑎)𝑓(𝑏))

2
 ∫

𝑙𝑛𝑤(𝑥)

𝑥2
𝑑𝑥

ln 𝑏

𝑙𝑛𝑏
  

 

Corollary 15  If we choose 𝛼 = exp, 𝛽 = 𝐼 in (3.20)  
 

𝑙𝑛(𝑓 (𝑒
2𝑙𝑛𝑎𝑙𝑛𝑏

𝑙𝑛𝑎+𝑙𝑛𝑏) ∫
𝑤(𝑒𝑥)

𝑥2
𝑑𝑥

ln 𝑏

𝑙𝑛𝑏
)   ≤ ∫

𝑓(𝑒𝑥)𝑤(𝑒𝑥)

𝑥2
𝑑𝑥

ln 𝑏

𝑙𝑛𝑏
  

≤
𝑓(𝑎)+𝑓(𝑏)

2
 ∫

𝑤(𝑒𝑥)

𝑥2 𝑑𝑥
ln 𝑏

𝑙𝑛𝑏
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