Sigma J Eng & Nat Sci 10 (3), 2019, 301-307

sabma
O Publications Prepared for the Sigma Journal of Engineering and Natural Sciences o

2019 International Conference on Applied Analysis and Mathematical Modeling ’%‘dev(

Special Issue was published by reviewing extended papers

Research Article
NONEXISTENCE AND GROWTH OF SOLUTIONS FOR A PARABOLIC p-
LAPLACIAN SYSTEM

Erhan PiSKIN’, Fatma EKINCIi*?

!Dicle University, Department of Mathematics, DIYARBAKIR; ORCID: 0000-0001-6587-4479
“Dicle University, Department of Mathematics, DIYARBAKIR; ORCID: 0000-0002-9409-3054

Received: 19.04.2019 Revised: 10.06.2019 Accepted: 14.06.2019

ABSTRACT

In this paper, we investigate the initial boundary problem of a class of doubly nonlinear parabolic systems. We
prove a nonexistence of global solutions and exponential growth of solution with negative initial energy.
Keywords: Blow up, exponential growth, parabolic equation, multiple nonlinearities.

1. INTRODUCTION

In this work, we are interested in the blow up and growth of solutions of the following
parabolic system:
uy — div(|VulP~2vu) + |[u|9%u, = fi(u, v), x€EN, t>0,
v, — div(|[Vv|P~2VD) + |[v|97 %0, = £,(u, v), xX€EN, t>0,
u(x,t) =v(x,t) =0, X€EIM, t=0,
u(x,0) = upg(x), v(x,0)=wvy(x) X €N,
where p, g > 2 are real numbers and 2 is a bounded domain in R™ (n = 1) with smooth
boundary 002. f; (w,v) (i = 1,2) will be given later.
In the case of p = 2, Pang and Qiao [1] considered

{ut — Au+ |ul7%u, = f(u,v),

)

vy — Av + [v| %, = fo,(u, v), )

where g > 2. They studied the blow up properties of the problem (2) with negative and
positive initial energy.
Equation (2) without |u|92u, and |v|9~2v, term become the following problem

u —Au = fi(w,v),
{vt —Av = f,(u,v). 3)
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Problems like equation (3) not only is important from the theoretical viewpoint, but also is
much interest in applied science. It appears naturally in the models of physics, chemistry, biology,
ecology and so on (see [2-12]). In [13], the authors obtained the global existence solution, blow-
up in finite time solu tion, and asymptotic behavior of solution in subcritical energy level and
critical energy level, which are divided from potential well theory, respectively. Furthermore,
they showed the sufficient conditions of global well posedness with supercritical energy level by
combining with comparison principle and semigroup theory.

Recently, In [14] the author also investigated the problem (3). He studied global existence of
the solutions by combining the energy method with the Faedo-Galerkin's procedure. Moreover, he
discussed the asymptotic stability by using Nakao's technique. Finally he got blow up of solution
when initial energy is negative.

The remaining part of this paper is organized as follows: In the next section, we present some
notations and statement of assumptions. In section 3, the blow up of the solution is given. In
section 4, the growth of solution is given.

2. PRELIMINARIES

In this section, we shall give some assumptions for the proof of our results. Let [[. ||, ||, and

(w,v) = [, u(x¥)v(x) dx denote the usual L?(2) norm, LP (2) norm and inner product of
L? (2), respectively. Throughout this paper, C is used to point out general positive constants.
For the numbers m and q, we suppose that
2<q<m£2(n—__21) ifn>2,

n

2<q<m<+o ifn=12 “)

Regarding the functions f; (u, v), f,(u,v) € C* such that

o) 5 oy 2
and
{ko(lulm +vI™) < F(u,v) < ky(Jul™ + [v]™), .
ufy(u,v) + vfo(w,v) = (m+ 1DF (u,v)

where ky, kq are positive constants.
Combining arguments of [15,12,16], u(x, t), v(x, t) are called a solution of problem (1) on
0N x[0,T)if

{u,v € C(0,T; W,"P () n ¢*(0,T; 12()), ©)
[ul92u,, |v|972v, € L?(2 x [0,T))
satisfying the initial condition u(x, 0) = uy(x), v(x,0) = vy(x) and
fot [, UvulP=2vuvw + ww + |ul9?u,w — fi(u, v)w] dx ds = 0, W)
fot J, IVvlP=2Vuvw + vw + [v]9 2w — fo(u, v)w] dx ds = 0 8)
forallw € C(0,T; W,"" (12)).
The energy functional associated with problem (1) is
E() = 1IVull} + 11Vwll} - f, F(uv)dx, ©)

where u, v € W,"? ().
Lemma 1 Suppose that (4) and (5) hold. E’(t) is noncreasing function t > 0 and
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E'(t) = —llull® = llvell® = [, lul"?u2dx — |, [v|7%v,? dx < 0. (10)
Proof. Multiplying Eq. (1), by u; and Eq. (1), by v, and integrating over (2, we obtain
Jy E'@dr = = [ [ Uuel? + ez + [y [, [ult=2u,2dxdr + [ [, [v]7?v,2dxdt],
E(®) = E0) = = [f; Uluell? + v l®dz + f, f,, [ult=2u,2dxdz + ; f, v]9?v,?dxdr]
for t>0.

3. BLOW UP OF SOLUTIONS

In this section, we deal with the blow up results of the solution for the problem (1).

Theorem Suppose that (4) holds, u,, vy € Wol"’(ﬂ) and u, v are local solution of the system (1)
and E(0) < 0. Then, the solution of the system (1) blows up in finite time.

Proof. We set

H(t) = —E(t). (12)
From (10) and (11), we have

H'(t) =—E'(t) = 0. (12)
Since E(0) < 0, we get

H(0) = —E(0) > 0. (13)
By the integrate (12), we get

0<H() <H(). (14)
By using (11) and (9)

H(©) = fy Fav)dx = = (Ivull} + [Vvll}) <o. (15)

Then, by using (5), we have

0<H(0) < H() < [, Flu,v)dx < ky(llullf + llvllzD. (16)
Then, we define

Y() = Ho(0) + llull® + Zllvll?, (17

where ¢ >0 small to be chosen later and 0 <o < (m—2)/m since 2 <m. By
differentiating (17) and by using (1) and (5), we get

P'(t) =1 -a)H  (OH'(t) + ¢ [, uudx +¢ fn vv.dx
= (1= o)H 7 (OH'(t) — ellVully — ellVvll}
+e(m+1) [, Fluv)dx —¢ [ [ul?uudx — € [, [v]7?vv,dx. (18)
In order to estimate the last terms in (18), we use the following Young's inequality
ab < §7'a? + 6b?,
so we have
S, 2w dx < IquTﬂutIquTﬂdx
<61t fn [u]9=2u,2dx + 6fﬂ [u]? dx.
In the same way, we get
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J, Wl 2vvdx < 871 [ [v]97%v2dx + 6 [, [v|? dx,
where § are constant depending on the time t and specified later. So, (18) becomes
P'(t) 2 (1= )H 7 (OH'(t) = ellVully — ellvvlly
+e(m + Dlull + lvliz) — es(lulld + l1viig)
&6t [, [ul97?uPdx — 671 [ |v|7%v 2 dx. (19)

From the definition H(t), it follows that

19l + 1901 = ~pHO) +p [ FGuv)dx,
Q

Y'Y= A —a)H (®H' @) + e(m+1—p)(lulllm + vl

—e8(llulld + llvllg) + epH(t)

—e671 fﬂ [u|9=%u2dx — 671 fn [v|92v,2dx. (20)

As the embedding L™ © L9 & [2,m > q > 2, we have
a
llullf < Cllullf, < clullz)m, 1)

a
lvllf < clivilf, < clvliz)m.

Since 0 < % < 1, now applying the following inequality

xls(x+1)g(1+§)(x+z),

which holds for all x>0, 0<1<1, z> 0, especially, taking x = |lulll, | = % z

H(0), we get

CQllullym < (1 +555) (lulf: + HO)),

Similarly

CAwligym < (1+575) (vl + H(O),

Then, from (16) and (21), we get
lullg + lvlld < c(lullf, + llvil,)
< Gl + llullR). (22)
Insert (22) into (20), it follows that
P'(t) 2 (1 - o)H 7 (OH' () + epH(0) + ec’ (lullim + llvII7)
—e671 fﬂ [u|972u,2dx — 671 fﬂ [v|92v,2dx, (23)
where we pick & small enough such that ¢’ =m+1—p— ;6 >0 and taking 671 =
kH™(t) (23) follows that

V') =21 —-0—ke)H?(OH'(t) + epH(t) + ec'(llullz + llvIT)
= BCH) + [lulliz + llvll7), (24)

where B = min{ep, ec'} and we pick e small enough such that 1 — o — ke > 0.
We now estimate ¥1i-+(t). From definition of ¥ (t)

= _ (pi-o g 24 ¢ 2ﬁ
wia(e) = (H*0(0) + 3 ull? + S Ivl|?) . (25)
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As the embedding L™ < L2, m > 2, we have
wiss(t) < C(H@ + lully =7 + vl 7). (26)
Now, by the inequality x! < (x + 1) < (1 +§) (x+z)forx =|lull}l=2/m(1-0)<1,
since o < (m —2)/m, z = H(0), we get
llull7 < (luligh?/ma-o
1
< (14 555) (lull + H(®)
< Cllull. (27)
In the same way, we get
il =% < Cliviig. (28)
Therefore, (26) becomes that
1
Yi-o(t) < CCH®) + llulliR + vliFD. (29)
By associatining of (24) and (29) we reach

1
P(t) = §¥-a(8), (30)
where & > 0 is a constant. A simple integration (30) from 0 to t yields that

Yi-o(t) = o';“:
¥ To(0) 2%
which implies that the solution blows up in a finite time T*, with
T* < 1-o
T 0)

4. EXPONENTIAL GROWTH OF SOLUTIONS

In this section, we state and prove exponential growth result.

Theorem Suppose that (4) holds, ug, vy € 1/1/01‘7"((2) and E(0) < 0. Then, the solution of the
system (1) grows exponentially.

Proof. Let us define the functional
®(t) = H(®) + = lull? + = lIvll?, (31)
where H(t) = —E(t). By differentiating (31) and using Eq.(1), we get
Q'(t)=H'(t)+¢ (fﬂ uugdx + [, vvtdx)
= [luell® + vl = ellVully — ellVolly + e(m + 1) [ [ufy(w,v) + vfo(w,v)]dx
+f!2 [ul1=?u2dx + [, [v|97?v 2dx — sfn |ul92uu,dx — sfﬂ |v|92vv,dx
= [luell? + llvell? = ellVullh — ellVolly + e(m + 1) [, F(u,v)dx
+ [, uli2u?dx + [, [v|97%v2dx — e [ Jul"?uudx
—¢e [, | ?vvdx. (32)

In order to estimate the last two terms in the right-hand side of (32), we use the following
Young's inequality,

ab < 6 'a? + 6b?,

305



E. Piskin, F. Ekinci | Sigma J Eng & Nat Sci 10 (3), 301-307, 2019

S0 we have
a2 a2
S, Wl uwedx < [, lul 2 uglul = dx
<871, luli?uPdx + 6 [, [ul? dx.
Similarly,
fn |v|92vv,dx < 671 fn |v|92v,2dx + 5fn [v]? dx.
Then, (32) becomes
@' (6) = llull? + llvell? = ellVully — ellvvlly + etm + DUl + lvliz)
—e8(llullg + lvlld) + (1 — &6 [, [ul92u?dx
+(1—e871) [, Iv|9%v 2dx. (33)
By using follows equality that
=lIvully = Ivvlly = pH(®) = p [, F(u,v)dx.
Hence, (33) becomes
@'(t) = epH(O) + lluell® + llvell? + e(m + 1 — p)(lullz + vl
—e8(llullg + lvlld) + (1 —e67) [, ul92u,?dx
+(1-e87) [, Iv|9?v 2 dx. (34)
Then, from (22) we obtain
') = epH(®) + llucll® + llvell® + eay (lullF + vl
+(1—-e671) fn [u|9?u2dx + (1 — 67 1) fn [v|9—2v,2dx,
where 6 small enough such that a; = m + 1 — p — §C; > 0 and taking € and § small enough
suchthat 1 — 51 > 0, then
@'(t) 2 CHE) + lluell® + lvell? + i + lvliF). (35)
On the other hand, by definition of @(t) and Poincare’s inequality, we get
D) = H(e) + 5 llull? +Z [lv]l?
< CH) + IVull® + IVvll?).
Now, we estimate
IVull® < Clvull

= c(Ivul)
< (1+55) (Ivull} + H©)
< ¢ (Ivully + H(®))- (36)
Similarly,
Ivoli2 < ¢ (I9wll} + H(®))-
So we have

o(t) < C(H®) + IVully + IVull}).
From definition of H(t), we get
@(t) < CH@) + |lull + vl
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< CEH® + ulli + 1R + el + llvell?). @7

From (35) and (37), we arrive at
'(t) = rd(t), (38)
where r is a positive constant.

Integration of (38) over (0, t) gives us

@(t) = ®(0) exp(rt).

From (37) and (16), we get

o(t) <H@® < llulz + IvIiE

Consequently, we show that the solution in the L,,,-norm growths exponentially.
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