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ABSTRACT 

 

In this study, we obtained the Hermite-Hadamard integral inequality for MφA-P- function. Then we gave a 

new identity for MφA-P- function and using these identity, we obtained the theorems and the results. 
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1. INTRODUCTION 

 

Let :f I    be a convex function defined on the interval I  of real numbers and ,a b I  

with a b . The following inequality 
 

 
   1

  
2 2

b

a

f a f ba b
f f x dx

b a

  
  

 
                                                                    (1.1) 

 

holds. This double inequality is known in the literature as Hermite-Hadamard integral 

inequality for convex functions. Note that some of the classical inequalities for means can be 

derived from (1.1) for appropriate particular selections of the mapping 𝑓. Both inequalities hold in 

the reversed direction if 𝑓 is concave. For some results which generalize, improve and extend the 

inequalities (1.1) we refer the reader to the recent papers (see [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 

13]). 

In [7], Varosanec got the new convex class as follow:  
 

Definition 1 [7] Let  : 0,f J   , be a non-negative function, 0h . We say that 

 : 0,f I    is an h -convex function, or that f  belongs to the class  ,SX h I , if f  is non-

negative and for all ,x y I ,  0,1   we have  
 

          1 1f x y h f x h f y        .                                                            (1.2) 
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If inequality (1.2) is reversed, then f  is said to be h -concave, i.e.  ,f SV h I .  
 

Theorem 1 [7] Assume that the function : 0,f C X     is an h -convex function with 

0,1h L     . Let ,y x C  with y x  and assume that the mapping  1t f t x ty     , 0,1t      

is Lebesgue integrable on 0,1 
  . Then  

 

       

1 1

0 0

1
1

1 22
2

x y
f f t x ty dt f x f y h t dt

h

 
               

 
 

  .                                                    (1.3) 

 

In [5], Dragomir et.al. gave the new theorem for the Hermite-Hadamard inequality via P -

function as follow:  
 

Definition 2 [5] A function : 0,f I     is said to be P -function, if  
 

      1f tx t y f x f y                                                                        (1.4) 

for ,x y I  , 0,1t     .  
 

Theorem 2 Let  f P I , ,a b I , with a b  and 
1

,f L a b    . Then  

      
2

  2
2

b

a

a b
f f x dx f a f b

b a

 
   

 
  .                                                            (1.5) 

 

Both inequalities are the best possible.  

In [14], Ion, D. A. revealed the new identity for quasi-convex function as follow:  
 

Lemma 1 Assume ,a b   with a b  and : ,f a b     is a differentiable function on  ,a b

. If  1
,f L a b   then the following equality holds  

 

   
      

1

0

1
  1 2 1

2 2

b

a

f a f b b a
f x dx t f ta t b dt

b a

 
    

   .                                              (1.6) 

 

In this study, we have gotten the generalization of the (1.6) equation for M A p


 -function. 

We use the identity the theorems and corollary that is descent from previous study.  

 

2. MAIN RESULTS 
 

Definition 3 Let I  be a interval, : I   be a continuous and strictly monotonic function. 

:f I  is said to be M A p


 -function, if  
 

           1 1f t x t y f a f b                                                                          (2.1) 

 

for all ,x y I  ve 0,1t     . 
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Lemma 2 Let : 0,f I     be a differentiable function on 
0

I , : I   be a continuous 

and strictly monotonic function and 
0

,a b I  with 0 a b  . If   ,f L a b  , then we get  
 

   

   
   

1

2

b

a

f a f b
f x x dx

b a


 




                                                               (2.2) 

   
                 

1

1 1

0

1 2 1 1
2

b a
t t a t b f t a t b

 
      

 
      

 
 
 . 

 

Proof. Firstly we use partial integration method on the right of (2.2) equality as follow  
 

                 
1

1 1

0

1 2 1 1t t a t b f t a t b      
      

 

   
           

       
11

1 1

0
0

1 2 2
1 1

t
f t a t b f t a t b

b a b a
     

   
 


     

    

   

        
   2

2
b

a

f a f b
f x x dx

b a b a


   


 

 
 . 

 

If we compare both sides of the last equality with 
   

2

b a 
, the proof is completed.  

 

Theorem 3 Let : 0,f I     be differentiable on 
0

I  and 
0

,a b I  with a b , 

: I   be a continuous and strictly monotonic function such that    1 0 0: I I 


   is 

continuously differentiable, ,f L a b      and f ′ is M A p


  - function, we have  
 

   

   
   

1

2

b

a

f a f b
f x x dx

b a


 




                                                                     (2.3) 

   
        1 22

b a
A t A t f a f b

 
        

 

where  
 

            

1
2

1

1
0

1 2 1A t t t a t b dt   
    ,                                                            (2.4) 

 

            
1

1

2
1

2

2 1 1A t t t a t b dt   
    .                                                            (2.5) 

 

Proof. Firstly we take absolute value on both sides of the equality and then use the f   is 

M A p


 -function, we get  
 

   

   
   

1

2

b

a

f a f b
f x x dx

b a


 




                                                               (2.6) 
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1

1 1

0

1 2 1 1
2

b a
t t a t b f t a t b dt

 
      

        
 
 
  

   
                  

1
2

1 1

0

1 2 1 1
2

b a
t t a t b f t a t b dt

 
      

       

  

                  
1

2
1 1

0

2 1 1 1t t a t b f t a t b dt      


       


  

   
                          

1 1
2 2

1 1

0 0

1 2 1 2 1 1
2

b a
t t a t b dt t t a t b dt f a f b

 
      

               
  
   

 

This proof is completed.  
 

Corollary 1 i. If we take  x mx n    to (2.3), we get  
 

   
     

1
  

2

b

a

b af a f b
f x dx f a f b

ab a

         .                                               (2.7) 

 

ii. If we take   lnx x   to (2.3), we get  
 

            1 2

ln ln1
  

2ln ln

b

a

b a
f ab f x dx B t B t f a f b

b a

           

 

where  
 

   

1
2

1

1
0

1 2 t tB t t a b dt  , 

   

1

1

2
1

2

2 1 t tB t t a b dt  . 

 

iii. If we take   1
x x


  to (2.3), we get  

 

 
        1 22

2
   

2

b

a

b af xab ab
f dx C t C t f a f b

aba b b a x

                

 

where  
 

   
 

  

1
2 2

1 2
0

1 2
1

ab
C t t dt

tb t a
 

 
 , 

   
 

  

1 2

2 2
1

2

2 1
1

ab
C t t dt

tb t a
 

 
 . 
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Theorem 4 Let : 0,f I     be differentiable on 
0

I  and 
0

,a b I  with a b , 

: I   be a continuous and strictly monotonic function such that    1 0 0: I I 


  is 

continuously differentiable functions. If 
q

f  , 1q  , 
1 1

1
p q
   is M A p


 -function on ,a b 

   

then we get  
 

   

   
   

1

2

b

a

f a f b
f x x dx

b a


 




                                                               (2.8) 
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1 1 21 1
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q q qqq
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where  
 

        

1
2

1

1
0

1

q

D t a t b dt   
   , 

        
1

1

2
1

2

1

q

D t a t b dt   
   . 

 

Proof. By using Hölder inequality on (2.6) inequality, we get  
 

   

   
   

1

2

b

a

f a f b
f x x dx

b a
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1 1

0 0
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1 1

1 1

1 1

1 1
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2 1 1 1

p qq
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t dt t a t b f t a t b dt      


    
             
        

  . 

 

Since 
q

f  , 1q  , is M A p


 -function, we have  
 

   

   
   

1

2

b

a

f a f b
f x x dx

b a


 




                                                               (2.9) 

   

 
                      

1 1
1 112

1 1
11 1

10
2

1 1

2 1

q qq q
q q q

p p

b a
t a t b dt t a t b dt f a f b

p

 
      



 
                      
         

  . 

 

This completed is proof.  
 

Corollary 2  i. If we take  x mx n    to (2.8), we obtain  
 

   
 

 
   

1

1

1
  

2
4 1

b
q q q

qa

b af a f b
f x dx f a f b

b a
p

       


                                             (2.10) 
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ii. If we take   lnx x   to (2.8), we obtain  
 

   

 

        
11 1

1 1 2
11

ln ln1
  

ln ln
2 1

b
q q qq q

pa
p

b a
f ab f x dx B t B t f a f b

b a
p



 
      
   



  

 

where  
 

 

1

2

1

1
0

q tqtE a b dt


  , 

 
1

1

2
1

2

q tqtE a b dt


  . 

 

iii. If we take   1
x x


 , to (2.8), we obtain  

 

 

 

        
11 1

1 1 22 11

2
   

2 1

b
q q qq q
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b af xab ab
f dx F t F t f a f b

a b b a x
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where  
 

   

  

1

2 2

1 2
0 1

q

ab
F t dt

tb t a
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1 2
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1

2

1
q

ab
F t dt
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 . 

 

Theorem 5 Let : 0,f I     be differentiable on 
0

I  and 
0

,a b I  with a b , 

: I   be a continuous and strictly monotonic function such that    1 0 0: I I 


  is 

continuously differentiable functions. If 
q

f  , 1q  , is M A p


 -function on ,a b 
   then we get  

 

   

   
   

1

2

b

a

f a f b
f x x dx

b a


 




                                                             (2.11) 
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where  
 

          

1
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1
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1 2 1

q
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1

1

2
1

2

2 1 1

q

G t t a t b dt   
    . 

 

Proof. We use with the power mean inequality on (2.6) and the 
q

f  , 1q  , is M A p


 -

function then we get  
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b

a

f a f b
f x x dx
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Corollary 3  i. If we take  x mx n    to (2.11), we obtain  
 

     

1

1
3

1
  

2
2

b
q q q

qa

b aa b
f f x dx f a f b

b a 

                                                               (2.12) 

 

ii. If we take   lnx x   to (2.11), we obtain  
 

            
11 1

2 1 2
3

ln ln1
  

ln ln
2

b
q q qq q

pa

b a
f ab f x dx H t H t f a f b
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1

2
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1
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2
1
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iii. If we take   1
x x


 , to (2.11), we obtain  

 

Some Integral Inequalities for the New Convex   …    /   Sigma J Eng & Nat Sci 9 (3), 305-312, 2018 



312 

 

 
        

1

2 1 22 3

2
   

2

b
q q q

pa

b af xab ab
f dx K t K t f a f b

a b b a x
ab



                

 

where  
 

   

  

1

2 2

1 2
0 1

q

ab
F t dt

tb t a


 
  

   

  

1 2

2 2
1

2

1
q

ab
F t dt

tb t a


 
 . 

 

REFERENCES 
 

[1] Sarikaya, M. Z., Set, E., Özdemir, M. E., (2010) On some new inequalities of Hadamard 

type involving ℎ-convex functions, Acta Math. Univ. Comenianae Vol. LXXIX, 2, pp. 

265-272. 

[2]  Bombardelli M. and Varošanec S., (2009) Properties of h-convex functions related to the 

Hermite-Hadamard-Fejer inequalities, Comput. Math. Appl., 58(9), pp. 1869-1877. 

[3]  Breckner W. W., (1978) Stetigkeitsaussagen fÂ¨ur eine Klasse verallgemeinerter 

konvexer funktionen in topologischen linearen Raumen, Pupl. Inst. Math., 23, pp. 1320. 

[4]  Burai P. and Házy A., (2011) On approximately h-convex functions, Journal of Convex 

Analysis, 18(2). 

[5]  Dragomir S. S., Pečarić J. and Persson L. E., (1995) Some inequalities of Hadamard type, 

Soochow J. Math. 21, pp. 335241. 

[6]  Sarikaya M. Z., Saglam A. and Yıldırım H., (2008) On some Hadamard type inequalities 

for ℎ-convex functions, Jour. Math. Ineq., 2(3), pp. 335-341. 

[7]  Varošanec S., (2007) On h-convexity, J. Math. Anal. Appl., 326, pp. 303-311. 

[8]  Barani A, Barani S., (2012) Hermite-Hadamard type inequalities for functions when a 

power of the absolute value of the first derivative is P-convex, Bull. Aust. Math. Soc., 

86(1), pp. 129-134. 

[9]  İşcan, İ, (2014) Some new general integral inequalities for h -convex and h -concave 

functions,. Adv. Pure Appl. Math., 5(1) pp. 21-29. 

[10]  Turhan, S., İşcan, İ, (2017) New Hermite-Hadamard-Fejer type inequalities for 

harmonically P-functions, Karaelmas Fen ve Math. Derg., 7(1), pp. 253-258. 

[11]  Turhan, S., İşcan, İ, Kunt, M., Hermite-Hadamard type inequalities for M A


-convex 

functions, https://www.researchgate.net/publication/314976995,  

 DOI: 10.13140/RG.2.2.14526.28486. 

[12]  Turhan, S., İşcan, İ, Kunt, On Hermite-Hadamard type inequalities with respect to the 

generalization of some types of 𝑠-convexity, 

https://www.researchgate.net/publication/315011588,  

 DOI: 10.13140/RG.2.2.18248.72969. 

[13]  Pearce, C. E. M. and Rubinov, A. M., (1999) P-functions, Quasi-convex Functions, and 

Hadamard type Inequalities, Journal of Mathematical Analysis and Applications, 240, pp. 

92-104. 

[14]  Ion, D. A., (2007) Some estimates on the Hermite-Hadamard inequality through quasi-

convex functions, Annals of University of Craiova, Math. Comp. Sci. Ser., Vol 34, pp. 

8287. 

S. Maden, A.K. Demirel, S. Turhan, İ. İşcan  / Sigma J Eng & Nat Sci 9 (3), 305-312, 2018 

https://www.researchgate.net/publication/314976995
https://www.researchgate.net/publication/315011588

