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ON THE REGULARIZED TRACE OF  THE DIFFERANTIAL OPERATOR 
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SONLU BİR ARALIKTA VERİLMİŞ DİFERANSİYEL OPERATÖR DENKLEMİNİN DÜZENLİ İZİ 
ÜZERİNE  
 
 
ÖZET 
 
Bu çalışmada, sonlu bir aralıkta verilmiş sınırsız operatör katsayılı ikinci mertebeden diferansiyel operatörün 
düzenli izi için bir formül bulunmuştur. 
Anahtar Sözcükler: Hilbert uzayı, Kendine eş operator, çekirdek operatör 
 
ABSTRACT 
 
In this work; a formula for the regularized trace of second order differential operator, which is given in a finite 
interval and with unbounded operator coefficient, is found. 
Keywords: Hilbert space, Self-adjoints operator, Kernel operator  
 
 
1. INTRODUCTION 
 
Let H be a separable Hilbert space. We denote the inner product in H by ( )H. , .  and the norm in H 

by H . . The function f is strongly measurable belonging to H defined on [ ]π,0  and satisfies the 

condition  ∫ ∞<
π

0

2  )( dxxf H  The set of all funtions f is denoted by 

]),0[;(21 πHLH = . If the inner product of arbitrary two elements f and g of the space 1H  is 
defined as 

( ) ( )∫=
π

0
)(),(, dxxgxfgf H                                                                                                                        (1.1) 

then 1H  becomes a separable Hilbert space, [1].The norm  in the space 1H  is denoted by  . . 

)(H∞σ  denotes  the set of compact operators from H to H. If  )(HB ∞∈σ  then BB * is a non-

negative self-adjoint operator and )()*( 2/1 HBB ∞∈σ , [2]. Let the non-zero eigenvalues of the 
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operator 2/1)*( BB  be ksss ≥≥≥ ...21  )  k0 ( ∞≤≤ . Here, each eigenvalue is repeated 
according to multiplicity. The numbers of ksss ,...,, 21  are called s-numbers of the operator B. If  

∞<k  then ,...)2,1(j   0 ++== kks j  will be accepted. s-numbers of the operator B is also 

denoted by )(Bsk  (k=1,2,...). If B is a normal operator,  that is  B*B=BB* then )()( BBs kk λ=   

(k=1,2,...), [2].  
Here, )(),...,(),( 21 BBB kλλλ  are the non-zero eigenvalues of the operator B. 1σ  or )(1 Hσ  is the 
set of all the operators )(HB ∞∈σ  the s-numbers of which satisfy the condition 

∑ ∞<
∞

=1
)(

k
k Bs  .The set 1σ  is a separable Banach space [2] with respect to the norm  

∑=
∞

=1)( )(
1 k

kH BsB
σ

    1σ∈B                                                                                                                  (1.2) 

An operator is called a kernel operator if it belongs to )(1 Hσ . If the operator )(1 HA σ∈   and the 
operator HHB →:  is  linear and bounded then BAAB,  )(1 Hσ∈ and  

)()( 11 HH ABBA σσ ≤   ,  )()( 11 HH ABAB σσ ≤                                                                        (1.3) 

[2]. If )(1 HB σ∈  and { } Hek ⊂∞
1  is any orthonormal basis, the series ( )∑

∞

=1
,

k
Hkk eBe  is  convergent 

and the sum of the series ( )∑
∞

=1
,

k
Hkk eBe  does not depend on the choice of the basis { }∞

1ke  . The 

sum of the series ( )∑
∞

=1
,

k
Hkk eBe  is said to be matrix trace and  is denoted by trB. If )(, 1 HBA σ∈  

and βα ,  is any scalar then 

trBtrABAtr βαβα +=+ )(  , trAtrA =* , and   trB= ( )∑
=

)(

1

A

k
k B

υ
λ                                                          (1.4) 

In the last equality, each eigenvalue is added according to its own algebraic multiplicity 
number. )( Aυ denotes the sum of algebraic multiplicity of non-zero eigenvalues of the operator B, 

[2]. The sum of the series ( )∑
=

)(

1

A

k
k B

υ
λ  is said to be the spectral trace of the operator B.Recall that a 

self-adjoint operator is said to have purely-discrete spectrum if its spectrum consist of eigenvalues 
{ }∞

1iλ  of finite multiplicity and ∞=
∞→

nn
λlim . 

Let us consider the differential expression in the space ) ],0[,(21 πHLH =  
)()('')(0 xAyxyyl +−=                                                                                                                            (1.5)                                         

Here, a densely defined operator HADA →)(: in the space H satisfies the conditions 

,* IAA ≥=       )(1 HA ∞
− ∈σ   , ( I  is identity operator in H)  

Let ......21 ≤≤≤≤ jγγγ  be the eigenvalues of the operator A and  ,...,...,, 21 jϕϕϕ  be the 
orthonormal eigenvectors corresponding to these eigenvalues. 
Moreover, 0D  denotes the set of the functions y(x) satisfying the conditions: 
(1) y(x) has  continuous derivative of the second order with respect to the norm in the space H in 
the interval [ ]π,0   
(2) Ay(x) is continuous with respect to the norm in the space H. 

E. Adıgüzelov, Ö. Bakşi                                                                                Sigma 2004/1 

PDF created with pdfFactory Pro trial version www.pdffactory.com

http://www.pdffactory.com


 49 

(3) 0)(')0(' == πyy  

Here 10 HD =  ( 0D  denoted by closure of 0D ) and the operator ′
0L = 10 HD →  , 

)(0
'

0 ylyL = is symmetric. The eigenvalues of '
0L  are  jk γ+2   (k=0,1,2,...; j=1,2,...) and the 

orthonormal eigenvectors corresponding to these eigenvalues are jk kxM ϕ.cos  (k=0,1,2,...; 
j=1,2,...) .Here,  

=kM









=

=

−

−

,...2,1;2

0;

1

1

kif

kif

π

π
                                                                                                          (1.6) 

As seen, the orthonormal eigenvectors system of the symmetric operator '
0L  is an 

orthonormal basis in the space 1H . 
Let Q(x) be an operator function satisfying the following conditions: 
(1) Q(x) has  weak derivative of the second order in the interval [ ]π,0  . The operator function 

)(xQ ′′  is weakly measurable,and for every [ ]π,0∈x , HHxQ i →:)()(    ( )2,1,0=i  
are self-adjoint compact operators. 

(2) The functions
)(

)(

1

)(
H

i xQ
σ

( )2,1,0=i  are bounded and measurable in the interval [ ]π,0 . 

(3) For every Hf ∈  ( ) 0,)(
0

=∫ dxffxQ H
π

.    

In this work,we find a formula for the eigenvalues of the operators 00 LL ′= and 
QLL += 0   and this formula is said to be regularized trace formula. 
The regularized trace formulas for scalar differential operators are studied in [3],[4],[5] 

and in many other works. The list of the works on the subjects is given in [6] and [7], but a small 
number of these works are on the regularized trace of differential operators with operator 
coefficient. 

In [8], the regularized trace of the Sturm-Lioville operator with bounded operator 
coefficient is calculated. In [9], a formula for the regularized trace of the difference of two Sturm-
Lioville operators which is given in half-axis with the bounded operator coefficient is found. In 
[10], a formula for the regularized trace of the Sturm-Liouville operator under Dirichlet boundary 
conditions with unbounded operator coefficient, is found. In [11], the regularized trace of a 
singular differential operator of second order with bounded operator coefficient is investigated. In 
[12] and [13], the formulas for the regularized traces of differential operators with bounded 
operator coefficient are found.  
 
2. SOME RELATIONS ABOUT THE EIGENVALUES AND RESOLVENTS  
 
In this section, we will prove that the operators 0L  and L  are self-adjoint  and we will find some 
relations about the eigenvalues and resolvents of the operators 0L  and L  . 
Theorem 2.1.  Every symmetric closed operator , the eigenvectors system of which is closed is 
self-adjoint. 
Proof . Let H be a separable Hilbert space. Let  HBDB →)(:  be a symmetric operator with 

HBD ⊂)( , { }∞
1ie   be an orthonormal system consisting of the eigenvectors of the operator B 
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and λ  also be an nonreal number. Since ( ) 1−− IB λ is a bounded closed operator , the linear 

manifold I) ()I) -(B (  -1 λλ −= BRD  is closed. That is, the linear manifold ) I ( λ−BR is a 
subspace of H. On the other hand , since the subspace I) ( λ−BR  contains the closed system 

{ }∞
1ie , then HI) ( =− λBR  similarly , ( )IBR λ− H=  

In this case, as well known, the operator B is self-adjoint. The Theorem 2.1 is proved. •  

Since the eigenvectors system of the symmetric operator ′
0L  is closed, according to the Theorem 

2.1. the operator 00 LL ′=   is self-adjoint and  since the bounded operator 11: HHQ →  is self-
adjoint , the operator QLL += 0  is also self-adjoint. 

The operators 0L  and L have purely-discrete spectrum. Let the eigenvalues of the 
operators 0L  and L be ......21 ≤≤≤≤ nµµµ  and ......21 ≤≤≤≤ nλλλ respectively. 
By using [14] , we can prove the following theorem:  
Theorem 2.2. If  αγ ajj ~   as ∞→j   that is  

1lim =
∞→ α

γ

aj
j

j
 , then as ∞→n   α

α

µλ +2
2

~, dnnn   (d>0) 

By using Theorem 2.2. , it is easily seen that the sequence }{ nµ  has a subsequence 
......

21
<<<<

mnnn µµµ   such that 














−≥−

++ α
α

α
α

µµ
2
2

2
2

0 mnk nkd
m

             ,...)2,1,( ++= mmm nnnk  

Let 1
0

0 )( −−= ILR λλ  and 1)( −−= ILR λλ  be the resolvents of the operators 0L  and L  

respectively. If 2>α  by  Theorem 2.2 , 0
λR   and  λR   are compact operators for nn λµλ ,≠   

(n=1,2,3...)  . In this case  

∑ 







−

−
−

=−=−
∞

=1

00 11)(
k kk

trRtrRRRtr
λµλλλλλλ                           (2.1) 

[2]. Let  )(2 1
1

+
− +=

mm nnmb µµ   . It easy to see that for the large value of m the inequalities 

 1+<<
mm nmn b µµ ,  1+<<

mm nmn b λλ are satisfied and the series   

∑ 







−

∞

=1

1
k k λλ

  ,  ∑ 







−

∞

=1

1
k k λµ

 

are uniform convergent on the circle mb=λ . Therefore by  (2.1) 

∫ −∑
=

−=−
= mb

dRRtr
mn

k ikk
λ

λλ λλ
π

µλ )(
1 2

1)( 0                                            (2.2) 

Lemma 2.1.   If   αγ jaj ⋅~    ,0( ∞<< a  )2 ∞<< α  as  ∞→j  then 

δ

σ
λ

−≤ 1
)(

0 .
11

mH
nconstR  








+
−

=
2
2

α
α

δ  on the circle mb=λ . 
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Proof .  For  { }∞
=∉ 1kkµλ   since 0

λR   is a normal operator then 

∑
−

=
∞

=1)(
0 1

11 k kH
R

λµσ
λ    

[2]. Since  mb=λ = )(2 1
1

+
− +

mm nn µµ  then  
 

∑
−−

∑ +
−+

≤∑
−

≤
∞

+= += +

∞

= 1 11 11)(
0

2
2

2
21

11 m mm

m

mm nk nnk

n

k knnk kH
R

µµµµµµµλσ
λ  

        ∑
−

+∑
−

≤
∞

+== + 11 1

22

m m

m

m nk nk

n

k kn µµµµ
                          (2.3) 

is obtained. By using the Theorem 2.2, we limit the sums on the right hand side of the inequality 
above: 

δ
δδδµµµµ

−−
++

+= +
=<

−+
≤

−
<∑

−
11

0
0

11
011 1 ])1[(

1
m

m

m

mm

m

nn

mn

k kn
nd

nd
n

nnd
nn

mm

m

m

          (2.4) 

  

∑ ∑
−

≤
−

∞

+=

∞

+= ++
−

1 1 11
1

0
11

m mmnk nk mnk nk
d

δδµµ  

                        ∑
−

+
−+

=
∞

+= ++
−

++ 2 11
1

011
0

1
])1[(

1

mnk mmm nk
d

nnd δδδδ
            (2.5) 

Moreover  

 ∫
−

≤∑
−

∞

+
++

∞

+= ++ 1 112 11
1

mm n mnk m nx
dx

nk δδδδ
 

and it is easily shown that δ
δ

δδ
δ +

−−
∞

+
++

≤∫
−

11

1
11

2

m
n m

n
nx

dx

m

. 

Considering the last two inequalities in (2.5) 

δδµµ

δ
δ

δδ 00

1

11
01

2
])1[(

11

2

dd
n

nnd
m

mmnk nkm m

≤+
−+

∑ ≤
−

+
−

++

∞

+=
                            (2.6) 

By  (2.3) , (2.4) and (2.6)  
δ

σ
λ δ

−⋅≤ 1

0)(
0 6

11
mH

n
d

R is found. Lemma 2.1 is proved  •. 

Lemma 2.2.   If   αγ jaj ⋅~   ,0( ∞<< a  )2 ∞<< α  as ∞→j   and Q is a bounded self 

adjoint operator from 1H  to 1H  then, mb=λ  and for the large values of  m δ
λ

−⋅≤ mnconstR  

Proof .  Since the eigenvalues of the kernel operator λR  are  { }∞=
−− 1
1)( kk λλ   then  

{ }1max −−= λλλ k
k

R                                      (2.7) 

For mb=λ  
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( ) knnnnkk mmmm
λµµµµλλλ 2

2
1

2
1

11 −+=+⋅−=− ++                                         (2.8) 

( )
mmmmmmmmm nnnnnnnknn λµµµλµµλµµ −+−=−+≥−+ +++ 222 111  

mnk ≤   and for the large values of m, since 
mnk λλ   〈  then   

knn mm
λµµ 21 −+ + c

mmmmmm nnnnnn −−>−−−≥ ++ µµλµµµ 11 2             (2.9) 

Here c is a constant. 1+≥ mnk   and for the large values of m, since 1+≥=
mnkk λλλ  then 

111 22 +++ −−≥−−
mmmmm nnnnnk µµλµµλ   

( )112 ++ −=
mm nn µλ

mm nn µµ −+ +1  

   111 2 +++ −−−≥
mmmm nnnn µλµµ  c

mm nn −−≥ + µµ 1         (2.10) 

On the other hand, since ( ) ∞=−+
∞→ mm nn

m
µµ 1lim  by  (2.8) , (2.9)  and (2.10)  

 ( )
mm nnk µµλλ −≥− +14

1   is found. By using the Theorem 2.2  

 [ ] δδδλλ mmmk n
d

nn
d

4
)1(

4
0110 >−+≥− ++     or    δλλ −−

<− mk n
d0

1 4
   

is obtained. By (2.7) and the last inequality δ
λ

−⋅≤ mn
d

R
0

4
 is found. Lemma is proved.• 

We will use the last two lemmas to prove the following theorem.  
 
3. THE FORMULA FOR THE REGULARIZED TRACE OF THE OPERATOR L 
 
This is a well known formula for the resolvents of the operators 0L  and L : 

00
λλλλ QRRRR −=  ))()(( 0LL ρρλ ∩∈ . 

By using the last formula and (2.2) , it can be shown that 

∑
=

∑
=

+=−
mn

k

p

j
p

mDmjDkk
1 1

)()( µλ                             (3.1) 

Here  
( ) [ ] λ

π λ
λ dQRtr

ij
D

mb

j
j

mj ∫
−

=
=

)(
2

1 0                                                 (3.2)          

( ) [ ] λλ
π λ

λλ dQRRtr
i

D
mb

p
p

p
m ∫ ⋅

−
=

=

+10)( )(
2
1

                           (3.3) 

Theorem 3.1.  If  αγ jaj ⋅~   ,0( ∞<< a  )2 ∞<< α  as ∞→j ,  and the operator function 
Q(x) satisfies the conditions (1) and (2)  then 
 0lim =

∞→
mj

m
D  ( )2≥j  

Proof. According to the formula (3.2)  

( )
λ

π
λ

π λ
λ σ

λ
λ

λ dQRQR
j

dQRtr
j

D
j

b Hb

j
mj

mm

1000

112
1)(

2
1 −

==
∫≤∫≤  
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     mjD  
( )

λ
π λ

λ σ
λ dQRRQ

j
j

b H
m

100

112
1 −

=
∫ ⋅≤   

        
( )

λ
π λ

λ σ
λ dRRQ

j
j

b H

j

m

100

112
1 −

=
∫ ⋅≤

( )
λλ

λ σ
λ dRRconst

j

b H
m

100

11

−

=
∫≤           (3.4) 

Since  0
λλ RR =   for 0≡Q according to  Lemma 2.2    

δ
λ

−⋅≤ mnconstR0                                  (3.5) 

By using Lemma 2.1 and the inequalities  (3.4) , (3.5)  
 j

mn
j

m
b

mmj nconstdnnconstD
m

m

δδ

λ

δ µλ −−−

=

− ⋅⋅≤⋅⋅∫≤ 1)1(1      

is obtained. Since δµ +⋅≤ 1
mn nconst

m
,   then   )1(2 −−⋅≤ j

mmj nconstD δ  is found. As seen; if 

22 1 +



≥ −δj  then 

 0lim =
∞→

mj
m

D                                                                                    (3.6) 

It is necessary to show that the equality above is satisfied for  j=2,3,..., 12 1 +



 −δ  to 

complete the proof . Let us show for  j=2 . 2mD  satisfies the following inequality 

( ) ( ) ( )
11

,,
1 1

1
2 Hkj

n

k nj Hjkjkm QQD
m

m

ϕϕϕϕµµ∑ ∑ −=
=

∞

+=

−  . Therefore 

( ) ( )∑











∑−≤

∞

+=

∞

=

−

1 1

2
1

2
1

,
m

mnj k Hkjnjm QD ϕϕµµ             (3.7) 

Since { }∞
=1kkϕ  is an orthonormal basis in the space 1H  and the equality   

 ( )∑ =−
∞

+=

−

∞→ 1

1 0lim
m

mnj
nj

n
µµ                (3.8) 

is satisfied, by (3.7) and (3.8)  0lim 2 =
∞→

m
n

D  is obtained. • 

Theorem 3.2.  If  αγ jaj ⋅~    ,0( ∞<< a  )2 ∞<< α as  ∞→j  and   Q(x) satisfies the 
conditions (1), (2), (3) then the formula in the form  

 ( ) [ ]∑ +=−
=∞→

mn

k
kk

m
trQtrQ

1
)()0(

4
1lim πµλ   

is satisfied for the regularized trace of the operator L. 
Proof. According to the formula (3.2)  

λ
π λ

λ dQRtr
i

D
mb

m )(
2
1 0

1 ∫−=
=

                                (3.9) 

Since the orthonormal eigenvectors system { }∞Ψ 1)(xp  according to the eigenvalues 

{ }∞
1pµ  of the operator 0L   is an orthonormal basis of the space 1H  then 

∑ ΨΨ=
∞

=1

00
1

),()(
p

HppQRQRtr λλ  . If  the equality above is written into the equality (3.9), 
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 ( ) ( ) pppp ILR Ψ−=Ψ⋅−=Ψ −− 11
0

0 λµλλ  and   1+<<
mm nmn b µµ  

are considered, then ( ) ( ) λλµ
π λ

dQ
i

D
mb Hpp

p
pm ∫












ΨΨ∑ −−=

=

∞

=

−

1
,

2
1

1

1
1  

( ) ∫ −
⋅∑ ΨΨ=

=

∞

= mb pp Hpp
d

i
Q

λ µλ
λ

π2
1,

1 1
 ( )∑ ΨΨ=

=

mn

p HppQ
1 1

,                                            (3.10) 

is obtained. Since the orthonormal eigenvectors according to the eigenvalues jk γ+2     

(k=0,1,2,...;j=1,2,...) of  the operator 0L  are jk kxM ϕ.cos  (k=0,1,2,...;j=1,2,...) respectively then  

pp jpkp xkMx ϕ.cos)( =Ψ   (p=1,2,...)   Therefore by (3.10)   

( )∑ ∫=
=

m

pppp

n

p Hjpkjpkm dxxkMxkMxQD
1 0

1 cos,cos)(
π

ϕϕ  

        ( )( )∑ ∫ +=
=

m

ppp

n

p Hjjpk dxxQxkM
1 0

2 ,)(2cos1
2
1 π

ϕϕ  

is found.Q(x) satisfies the condition (3) and 12 −= πkM (k=1,2,...) is considered,by the last 
relation  

dxxQxkD Hjj
n

p
pm pp

m
),)((2cos1

1 0
1 ϕϕ

π

π
∑ ∫=
=

                            (3.11) 

is found. If the operator function  Q(x) satisfies the conditions (1)  and  (2), the multiple series  

( )∑ ∑ ∫
∞

=

∞

=1 10
2cos,)(

k j Hjj kxdxxQ
π

ϕϕ   is absolute convergent. In this case as known  

 ∑ ∫
=∞→

m

pp

n

p
Hjjp

m
dxxQxk

1 0
),)((2coslim

π
ϕϕ ( )∑ ∑ ∫=

∞

=

∞

=1 1 0
2cos,)(

k j Hjj kxdxxQ
π

ϕϕ  

By (3.11) and the last equality  

( )∑ ∑ ∫=
∞

=

∞

=∞→ 1 10
1 2cos,)(1lim

k j Hjjm
m

kxdxxQD
π

ϕϕ
π

             

                ( )∑






∑ 







∫=

∞

=

∞

=1 1 0
0.coscos,)(2

4
1

j k Hjj kkxdxxQ
π

ϕϕ
π

 

                                    ( )






∑ 







∫+

∞

=
πϕϕ

π

π
kkxdxxQ

k Hjj coscos,)(2
1 0

 

is found. If  we consider that Q(x) satisfies the condition (3) , the sums according to k on the right 
hand side of the last relation are the values at the point 0 and π of the Fourier series of the 
function  
( )

HjjxQ ϕϕ ,)(  having second order derivative according to the functions { }∞
=0cos kkx  in the 

interval [ ]π,0   respectively. Therefore  

 ( ) ( )[ ]∑ +=
∞

=∞→ 1
1 ,)(,)0(

4
1lim

j HjjHjjm
m

QQD ϕϕπϕϕ  

or 
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[ ])()0(
4
1lim 1 πtrQtrQDm

m
+=

∞→
                             (3.12) 

similar to the proof of the equality (3.6) the formula 

0lim )( =
∞→

p
m m

D     







−
+

〉
2

)2(3
α
αp                        

 (3.13) 
can be proved. By the formulas (3.1) , (3.12) , (3.13) and Theorem 3.1   

 ( ) [ ])()0(
4
1lim

1
πµλ trQtrQ

mn

k
kk

m
+=∑ −

=∞→
 

is obtained. The Theorem is proved.  
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