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ABSTRACT 

In this article, we study a plate equation with frictional damping, nonlinear source and time 
delay. Firstly, we establish the local existence by using the semigroup theory. Then, under 
suitable conditions, we prove the nonexistence of global solutions for positive initial energy. 
Time delays often appear in many practical problems such as thermal, economic phenome-
na, biological, chemical, physical, electrical engineering systems, mechanical applications and 
medicine.
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INTRODUCTION 

In this work, we deal with the following plate equation 
with time delay
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where p > 2, μ1 is a positive constant, μ2 is a real number, 
τ > 0 represents the time delay and the functions u0, u1, f0  
are the initial data to be specified later. v is the unit outward 
normal vector. 

Problems about the mathematical behavior of solutions 
for PDEs with time delay effects have become interesting 

for many authors mainly because time delays often appear 
in many practical problems such as thermal, economic 
phenomena, biological, chemical, physical, electrical engi-
neering systems, mechanical applications and medicine. 
Moreover, it is well known that delay effects may destroy 
the stabilizing properties of a well-behaved system. In the 
literature, there are several examples that illustrate how 
time delays destabilize some internal or boundary control 
system [6,7].

In 1986, Datko et al. [5] indicated that delay is a source of 
instability. In [12], Nicaise and Pignotti considered the fol-
lowing wave equation with a linear damping and delay term.

utt – ∆u + μ1ut(x,t) + μ2ut(x,t – τ) = 0. (2)

https://orcid.org/0000-0002-1863-2909
https://orcid.org/0000-0001-6587-4479


Sigma J Eng Nat Sci, Vol. 39, No. 5, Supp 22, ICOMAA 2021, pp. 23–32, December, 202124

PRELIMINARIES

In this part, we introduce some needed materials for 
the proof of our result. As usual, the notation ‖.‖p denotes 
Lp norm, and (.,.) is the L2 inner product. In particular, we 
write ‖.‖ instead of ‖.‖2.

Let Bp > 0 be the constant satisfying [1, 21] 

‖∇v‖p ≤ Bp‖∆v‖p, for v ∈ H0
2 (Ω.) (7)

Similar to the [12], we introduce the new function

z(x,ρ,t) = ut(x,t – τρ), x ∈ Ω, ρ ∈ (0,1), t > 0. 

Hence, we have

τzt(x,ρ,t) + zρ(x,ρ,t) = 0, x ∈ Ω, ρ ∈ (0,1), t > 0. 

Thus, the problem (1) transforms into:
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The energy functional related to the problem (8) is 
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Now, we give the technical lemmas as follows:

Lemma 1. The solution of (8) satisfies 
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for some C0 > 0.
Proof. We multiply the first equation in (8) by ut and 

integrating over Ω, and use integration by parts, to get

2 2

2
1 2

1 1 1
2 2

( ,1, )( .)

p
t p

t t

d u u u
dt p

u t dx u z x t dxµ µ
Ω Ω

 
+ ∆ − 

 

= − −∫ ∫
 (12)

They obtained some stability results in the case 0 < μ2 < 
μ1. In the absence of delay, Zuazua [27] looked into expo-
nentially for the equation (2).

In [8], Kafini and Messaoudi considered the wave equa-
tion with nonlinear source term and constant time delay as 
follows

utt – ∆u + μ1ut(x,t) + μ2ut(x,t – τ) = |u|p–2u. (3)

They established the local existence and blow up of 
 solution for positive initial energy of the equation (3).

In [11], Messaoudi studied the equation as follows

utt + ∆2u + |ut|m
–2ut = |u|p–2u, (4)

and obtained the existence results and obtained that, if 
m ≥ p, the solution is globally and blows up in finite time 
if m < p. Later, Chen and Zhou [4] extended this result. In 
the presence of the strong damping term (–∆ut), Polat and 
Pişkin [22] proved the global existence and decay of solu-
tions for the equation (4).

Xu et al. [23], studied the plate equation with nonlinear 
damping and source term as follows

utt + ∆2u + μ|ut|
q–2ut + au = |u|p–2u, (5)

with 2 < q < p, μ > 0,  and they proved the well- posedness, 
decay estimates and blow-up of solution at both subcriti-
cal (E(0) < d) and critical (E(0) = d) initial energy levels. 
Furthermore, when p > 2, q = 2 and μ > 0, they established 
that the solution blows up in finite time at the supercritical 
initial energy level (E(0) > d).

In [2], Al-Gharabli and Messaoudi concerned with the 
plate equation with logarithmic term as follows

utt + ∆2u + u + h(ut) = kuln|u|. (6)

They established the existence results by the Galerkin 
method and obtained the explicit and decay of solutions 
utilizing the multiplier method for the equation (6). In 
recent years, some other authors investigate hyperbolic type 
equations (see [3, 14–20, 24–26 ]).

To our best knowledge, there is no research on the plate 
equation with frictional damping, nonlinear source and 
time delay. The aim of the present paper is to establish the 
sufficient conditions for the local existence and nonexis-
tence of global solutions to the plate equation with time 
delay.

The paper is organized as follows: In section 2, we give 
some materials that will be used later. In section 3, we estab-
lish the local existence by using the semigroup theory sim-
ilar to the work of Kafini and Messaoudi [8]. In section 4, 
we prove the nonexistence of global solutions for positive 
initial energy.



Sigma J Eng Nat Sci, Vol. 39, No. 5, Supp 22, ICOMAA 2021, pp. 23–32, December, 2021 25

where B is the constant of the Sobolev embedding 
H0

2(Ω) ↪ Lp(Ω).

Lemma 2. Let u be a solution of (8), with initial data, 
such that
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Then, there exists a constant β > α, so that
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Also, we multiply the second equation in (8) by (ξ/τ)z 
and integrate over Ω × (0,1), ξ > 0, to have
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By combining (12) and (13) and taking into consider-
ation (14), we obtain
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for t ∈ (0,T).
Utilizing Young’s inequality, we estimate
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Therefore, by (15), we get
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From (10), for some C0 > 0, we have
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from which (22) follows.
Similar to the work of [10] and by using Sobolev 

Embedding theorem, we have the following lemma:

Lemma 3. Assume that 2( 2)2 ,  5
4

np n
n
−

< ≤ ≥
−

 and |μ2| ≤ μ1 

hold. Then, there exists a positive constant C > 1 such that
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where

H(t) = E1 – E(t),  t ≥ 0. (28)
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Thus, since E(0) < E1, there exists β > α so that h(β) = 
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( )

1
1 222

0 0 0
0

,u f x d dxα ξ ρτ ρ
Ω

 
 = ∆ + −
  

∫ ∫

Then, from (23), we obtain

h(α0) < E(0) = h(β). 

As a result, α0 > β.
Establishing (21), we assume, by contradiction, there 

exists t0 > 0 such that 

( )

1
1 222

0 0
0

( ) , , .u t z x t d dxξ ρ ρ β
Ω

 
 ∆ + <
  

∫ ∫

From continuity of,

( )
1

22

0

, , ,u z x t d dxξ ρ ρ
Ω

∆ + ∫ ∫

choosing  t0 such that, we have

1
1 2

2 2
0 0

0

( ) ( , , ) .u t z x t d dxξ ρ ρ α
Ω

 
 + >
  

∫ ∫

By using (23), we conclude that

1
1 2

2 2
0 0 0

0

( ) ( ) ( , , )

( ) (0).

E t h u t z x t d dx

h E

ξ ρ ρ

β

Ω

 
  
  ≥ ∆ +
    
 

> =

∫ ∫

Since E(t) ≤ E(0), this is impossible, for all t ∈ [0,T). 
Therefore, (21) is established.

To prove (22), we exploit (18) and (21) to get
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Proof. For all Φ ∈ D(Ă), we obtain
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As u, ũ̃ ∈ H0
2 (Ω) utilizing Sobolev embedding 
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Hence, J is locally Lipschitz. Similar to the theorems in 
Komornik [9] (See also Pazy [13], we completed the proof.)

NONEXISTENCE OF SOLUTIONS

In this part, we prove the nonexistence of global solu-
tions for positive initial energy of the problem (8).
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From the mean value theorem, we obtain
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we estimate the last two terms as follows

2 2
2 2
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and 
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≤ +∫  (43)

Similar to [10], the estimates (42) and (43) remain valid 
even if δ is time dependent. Hence, taking δ such that

δ–2 = kH–σ(t), (44)

for large k to be specified later, we obtain
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By using the inequality ||u||2 ≤ C||u||p
2 and exploiting 

(38), we reach

( ) 2 2 .1 p
p

H t u C u
p

σ
σσ + 

≤  
 

(45)

Hence, (41) becomes 

( )

( ) ( )

�

( )

21
0

22
0

1
2

1 2

2

1
2

0

( ) 1
2

1 ( ,1, )
2

1
2

1
2

,

( )

( )

.

(

,

)

2

t

p
p

p
tp

k
L t C H t u

k
C H t z x t

kpH t C u
p

pc u u

p z x t d dx

σ

σ

σ
σ

µ
σ ε

µ
σ ε

ε µ µ

ε ε

ξε ρ ρ

−

−

−
+

Ω

 ′ ≥ − − 
 
 

+ − − 
 
   + − +  
   

 + + + 
 

+ ∫ ∫

 (46)

Therefore, 
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By taking a derivative of L(t) and utilizing (8) and (18), 
we obtain
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By exploiting (37), we have
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and (22), to get

( )

( )

2 2 2
0

1
2

0

1 2

( ) 1 ( ,1, ) 2

2 ( ) , ,

( ,1, ) ,

( ) t t

p
p

t

L t C H t u z x t u

H t c u z x t d dx

uu dx uz x t dx

σσ ε

ε ε εξ ρ ρ

εµ εµ

−

Ω

Ω

Ω

 ′ ≥ − + +  

+ + +

+ +

∫

∫

∫

∫

�  (41)

where, thanks to (29), c̃ > 0.
Reminding Young’s inequality
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and from Young’s inequality
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By Lemma 4, taking θ = 2(1 – σ) which satisfies 
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As a result, we obtain
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By combining (49) and (52), we conclude that
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where Λ is a positive constant depending only on γ and 
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Since, from (39), s = 2 + σp ≤ p, then Lemma 4 satisfies
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For  large enough and for any ε > 0, (47) becomes
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where γ > 0. Then, choosing ε small enough, such that
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As a result, we conclude that

L(t) ≥ L(0) > 0, t ≥ 0. 

Now, we get, from Hölder’s inequality
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Thus, L(t) blows up in time
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Hence, the proof is completed.

CONCLUSION

In recent years, there has been published much work 
concerning the wave equations (Kirchhoff, Petrovsky, 
Bessel,... etc.) with different state of delay time (constant 
delay, time-varying delay,... etc.). However, to the best of 
our knowledge, there were no local existence and nonex-
istence of global solutions for the plate equation with time 
delay. Firstly, we have been obtained the local existence by 
using the semigroup theory. Later, we have been proved the 
nonexistence of global solutions for positive initial energy.

ACKNOWLEDGEMENT

The authors are grateful to DUBAP (ZGEF.20.009) for 
research funds.

AUTHORSHIP CONTRIBUTIONS

Authors equally contributed to this work.

DATA AVAILABILITY STATEMENT

The authors confirm that the data that supports the 
findings of this study are available within the article. Raw 
data that support the finding of this study are available from 
the corresponding author, upon reasonable request.

CONFLICT OF INTEREST

The author declared no potential conflicts of interest 
with respect to the research, authorship, and/or publication 
of this article.

ETHICS

There are no ethical issues with the publication of this 
manuscript.

REFERENCES

[1] Adams RA, Fournier JJF. Sobolev Spaces. Cambridge: 
Academic Press; 2003.

[2] Al-Gharabli MM, Messaoudi SA. Existence and a
general decay result for a plate equation with non-
linear damping and a logarithmic source term. J
Evol Equ 2018;18:105−125. [CrossRef]



Sigma J Eng Nat Sci, Vol. 39, No. 5, Supp 22, ICOMAA 2021, pp. 23–32, December, 202132

higher-order kirchhoff-type equation with delay 
term. J Funct Spaces 2021;2021:4414545. [CrossRef]

[25] Yüksekkaya H, Pişkin E, Boulaaras SM, Cherif BB,
Zubair SA. Existence, nonexistence, and stability of
solutions for a delayed plate equation with the log-
arithmic source. Adv Math Phys 2021;2021:1−11.
[CrossRef]

[26] Yüksekkaya H, Pişkin E. Nonexistence of solutions
for a logarithmic m-Laplacian type equation with
delay term. Konuralp J Math 2021;9:238−244.

[27] Zuazua E. Exponential decay for the semi-linear
wave equation with locally disributed damping.
Commun Part Diff Eq 1990;15:205−235. [CrossRef]

system with distributed delay terms. Menemui Mat 
2021;43:26−38.

[20] Pişkin E, Yüksekkaya H. Decay of solutions for a non-
linear Petrovsky equation with delay term and vari-
able exponents. Aligarh Bull Maths 2020;39:63−78.

[21] Pişkin E. Sobolev Spaces. Eskişehir: Seçkin
Publishing; 2017. (in Turkish).

[22] Pişkin E, Polat N. On the decay of solutions for
a nonlinear Petrovsky equation. Math Sci Lett
2013;3:43−47. [CrossRef]

[23] Xu RZ, Wang XC, Yang YB, Chen SH. Global solu-
tions and finite time blow-up for fourth order
nonlinear damped wave equation. J Math Phys
2018;59:061503. [CrossRef]

[24] Yüksekkaya H, Pişkin E, Boulaaras SM, Cherif BB.
Existence, decay and blow-up of solutions for a


	PutConferenceHere
	_GoBack
	_GoBack



