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ABSTRACT  
Graph theory, which is used effectively in many fields from science to liberal arts, has very important place 

in our lives. As a result of this, the topological structure of the graphs is studied by many researchers. In this paper, we 
investigate the topological spaces generated by the graphs. The states of being an accumulation point and an interior 
point of a point in these spaces are examined. It is defined that relative topology on a subgraph of a graph. It is shown 
that this topology is different from the topology generated by this subgraph. Moreover, using the minimal adjacencies 
of vertices set of a graph, necessary and sufficient conditions for being 𝑇!-space, 𝑇"-space and Hausdorff space of the 
topological space generated from this graph are presented. This enables to examine whether the topological space is 
𝑇!, 𝑇" and Hausdorff without obtaining the topology generated from the graph.  
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1. INTRODUCTION  

Graph theory is a branch of mathematics that deals with graphs and all quantitative and qualitative objects, 
concepts and phenomena associated with graphs. Graphs are mathematical structures consist of vertices and edges. 
They are used to model binary relationships between objects in a particular collection. A graph consists of vertices 
representing objects and edges linking these vertices. Graph theory was firstly proposed by Euler in 1736 [4]. Recently, 
the theory has been successfully applied to areas in different disciplines [9,10,11]. Since the theory is based on 
relational combinations, it has essential role in representing combinatorial objects and mathematical combinations. 
Rough set theory is also based on relational combinations. Thus, it has been studied that the relationship between rough 
sets and graphs by some researchers [6]. In [8], authors have defined vertice-centered metric topology on vertices set 
of a connected undirected graph. They have studied some properties of this metric topologies. 

Applications of graph theory are used effectively to solutions of many problems in many fields. As a result of 
the widespread use of the theory, its topological structure has been a matter of curiosity. Some researchers have 
generated the topologies from graphs using various methods. In 2013, M. Amiri et. al. have created a topology using 
vertices of an undirected graph [2]. K. A. Abdu and A. Kılıçman have investigated the topologies generated from 
directed graphs in 2018 [1]. In 2020, H. K. Sarı and A. Kopuzlu have generated from simple undirected graphs without 
isolated vertices [7].  

In this paper, it is investigated fistly some topological notions such as accumulation point and interior point 
in the topological spaces generated from graphs by H. K. Sarı and A. Kopuzlu. Then relative topology on a subgraph 
of a graph is defined. It is shown that this relative topology is not same the topology generated from this subgraph. 
Finally, conditions of being 𝑇!, 𝑇" and Hausdorff space of the topological space generated from a graph is presented.  

This paper is organized as follows. Section 2 reviews some fundamental concepts related to topological spaces 
and graphs. In Section 3, we investigate some properties of the topological space generated from the simple undirected 
graphs without isolated vertices. The results obtained from the work are presented in Section 4.   
 

2. PRELIMINARIES 
               In this section, it is presented that some fundamental notions used in work. 
 

2.1. Topological Concepts 
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Definiton 2.1.1.[5] Let 𝑋	be a topological space. A point 𝑥 ∈ 𝑋 is called an accumulation point of a subset 𝐴 of 𝑋 iff 
every open set 𝑈 containing 𝑥 contains a point of 𝐴 different from 𝑥, That is, 

𝑈 open, 𝑥 ∈ 𝑈 implies (𝑈\{𝑥}) ∩ 𝐴 ≠ ∅. 
         The set of accumulation points of the subset 𝐴 is called derived set of 𝐴 and it is denoted by 𝐴′.  
Definition 2.1.2. [5] Let 𝐴 be a subset of a topological space 𝑋. A point 𝑥 ∈ 𝐴 is called an interior point of 𝐴 if 𝑥 
belong to an open set 𝑈 contained in 𝐴: 

𝑥 ∈ 𝑈 ⊆ 𝐴, where 𝑈 is open. 
Definition 2.1.3. [5] Let (𝑋, 𝜏) be a topological space and 𝐴 be a non-empty subset of 𝑋. The class 𝜏# of all intersections 
of 𝐴 with 𝜏-open subsets of 𝑋 is a topology on 𝐴. It is called the relative topology on 𝐴 and (𝐴, 𝜏#) is called a subspace 
of (𝑋, 𝜏). The class 𝜏# is defined as follow: 

𝜏# = {𝐴 ∩ 𝑈:𝑈 ∈ 𝜏#}. 
Definition 2.1.4. [5] Given a topological space 𝑋. 

i) A topological space 𝑋 is called a 𝑇!-space iff it satisfies the following axiom: 
[T0] For any pair of distinct points in 𝑋, there exists an open set containing one of the points but not the other. 

ii) A topological space 𝑋 is called a 𝑇"-space iff it satisfies the following axiom: 
[T1] For any pair of distinct points 𝑥, 𝑦 ∈ 𝑋, there exists open sets 𝑈 and 𝑉 such that 𝑥 ∈ 𝑈, 𝑦 ∉ 𝑈 and 𝑦 ∈ 𝑉, 𝑥 ∉ 𝑉. 

iii) A topological space 𝑋 is called a Hausdorff space or 𝑇$-space  iff it satisfies the following axiom: 
[T2] Each pair of distinct points 𝑥, 𝑦 ∈ 𝑋 belong respectively to disjoint open sets. The other words, there exists open 
sets 𝑈 and 𝑉 such that 𝑥 ∈ 𝑈, 𝑦 ∈ 𝑉 and 𝑈 ∩ 𝑉 = ∅. 
Theorem 2.1.1. [5] Let ℬ be a class of subsets of a non-empty set 𝑋. Then ℬ is a base for some topology on 𝑋 iff it 
holds the following properties: 

i) 𝑋 = ⋃{𝐵:𝐵 ∈ ℬ}. 
ii) For any 𝐵", 𝐵$ ∈ ℬ, 𝐵" ∩ 𝐵$ is the union of elements of ℬ.  

 
2.2. Graph Theory 

Definition 2.2.1. [3] A graph	𝐺 is an ordered pair (𝑉	(𝐺), 𝐸(𝐺)) consisting of a set 𝑉	(𝐺) of vertices and a set 𝐸(𝐺), 
disjoint from 𝑉	(𝐺), of edges, together with an incidence function 𝜓% that associates with each edge of 𝐺 an unordered 
pair of (not necessarily distinct) vertices of 𝐺. If 𝑉 (and so 𝐸) is finite, 𝐺 is finite graph.  
        A graph whose edges set is directed is called a directed graph. Otherwise, the graph is an undirected graph. The 
graphs we will used in our study are undirected graphs.  
Definition 2.2.2. [3] A graph 𝐺′ is called a subgraph of a graph 𝐺 if 𝑉	(𝐺′) 	⊆ 	𝑉	(𝐺), 𝐸(𝐺′) 	⊆ 𝐸(𝐺) and 𝜓% is the 
restriction of 𝜓%&to 𝐸(𝐺′).  
Definition 2.2.3. [3] A loop is an edge with identical ends. If there exist two or more edge linking same pair of vertices, 
then these edges are called parallel edges. A simple graph is a graph that has no loops or parallel edges. 
Definition 2.2.4. [7] Given a graph 𝐺	 = 	 (𝑉, 𝐸). The set of vertices becoming adjacent to a vertice 𝑥 of 𝐺 is called 
adjacency of 𝑥 and it is denoted 𝐴%(𝑥). The minimal adjacency of 𝑥 is defined as follow: 

[𝑥]% = ⋂ 𝐴%(𝑣)'∈#!(*) . 
Theorem 2.2.1. [7] Let 𝐺	 = 	 (𝑉, 𝐸) be a simple undirected graph without isolated vertices. Then the class 𝛽% =
{[𝑥]%: 𝑥 ∈ 𝑉} is a base for a topology on 𝑉. 
Definition 2. 2.5. [7] Given a simple undirected graph 𝐺	 = 	 (𝑉, 𝐸) without isolated vertices. Then the topology 
generated by the class 𝛽% = {[𝑢]%: 𝑢 ∈ 𝑉} is called the topology generated from 𝐺. 
 

3. THE SOME TOPOLOGICAL NOTION IN TOPOLOGICAL SPACES GENERATED BY SIMPLE 
UNDIRECTED GRAPHS 

Theorem 3.1. Let 𝐺 = (𝑉, 𝐸) be a simple undirected graph without isolated vertices, 𝜏% be the topology generated 
from the graph 𝐺 and 𝐴 ⊂ 𝑉. Then 𝑥 ∈ 𝑉 is an accumulation point of the subset 𝐴 if and only if ([𝑥]%\{𝑥}) ∩ 𝐴 ≠ ∅. 
Proof: The base of the topology generated from 𝐺 and the topology generated from 𝐺 are as follows, respectively: 

𝛽% = {[𝑥]%: 𝑥 ∈ 𝑉} 
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𝜏% = {𝑈 ⊆ 𝑉:𝑈 = ⋃ [𝑥]%'∈,"⊆, , 𝑉& ⊆ 𝑉}. 
        Let 𝑥 ∈ 𝑉 be an accumulation point of the subset 𝐴. Then, for every open set 𝑈 containing 𝑥, it is obtained that  

(𝑈\{𝑥}) ∩ 𝐴 ≠ ∅. 
Hence, it is seen that  

G(⋃ [𝑥]%'∈,"⊆, )\{𝑥}H ∩ 𝐴 ≠ ∅. 
Thus, it is obtained that  

([𝑥]%\{𝑥}) ∩ 𝐴 ≠ ∅. 
        Conversely, we assume that ([𝑥]%\{𝑥}) ∩ 𝐴 ≠ ∅, for 𝑥 ∈ 𝑉. Then, it is obtained that  

G(⋃ [𝑥]%'∈,"⊆, )\{𝑥}H ∩ 𝐴 ≠ ∅. 
Thus, for every 𝑥 ∈ 𝑈 ∈ 𝜏%, we have  

(𝑈\{𝑥}) ∩ 𝐴 ≠ ∅. 
Consequently, 𝑥 is an accumulation point of 𝐴.  
Theorem 3.2. Let 𝐺 = (𝑉, 𝐸) be a simple undirected graph without isolated vertices, 𝜏% be topology generated from 
the graph 𝐺 and 𝐴 ⊂ 𝑉. 𝑥 ∈ 𝐴 is an interior point if and only if [𝑥]% ⊆ 𝐴. 
Proof: The base of 𝜏% is in the form of: 

𝛽% = {[𝑥]%: 𝑥 ∈ 𝑉}. 
        Let 𝑥 ∈ 𝐴 be an interior point of 𝐴. Then, there exists an element 𝑈 of 𝜏% such that 𝑥 ∈ 𝑈 ⊆ 𝐴. Since 𝑈 =
⋃ [𝑥]%'∈,"⊆, , it is seen that 𝑥 ∈ ⋃ [𝑥]%'∈,"⊆, ⊆ 𝐴. Thus, it is obtained that 

[𝑥]% ⊆ 𝐴. 
        Conversely, let [𝑥]% ⊆ 𝐴. Since [𝑥]% ∈ 𝛽%, it is seen that[𝑥]% ∈ 𝜏%. Thus, it is obtained that 𝑥 ∈ [𝑥]% ⊆ 𝐴. Hence, 
it is said to 𝑥 ∈ 𝐴 is an interior point of 𝐴. 
         We shall consider the following example using above theorems which enables us to find the interior and 
derivative set of a subset of the topological space generated from a graph without founding the topology.  
Example 3.1. Given graph 𝐺 = (𝑉, 𝐸) in the Figure 2. Let us consider the topological space (𝑉, 𝜏%).  
 

 
Figure 2. The Graph 𝐺 

        The minimal adjacencies of vertices of 𝐺 are as follows: 
[𝑣"]% = {𝑣"}, [𝑣$]% = {𝑣$, 𝑣.}, [𝑣/]% = {𝑣/}, [𝑣0]% = {𝑣", 𝑣0}, [𝑣.]% = {𝑣.}. 

        Given the subset 𝑈 = {𝑣$, 𝑣/, 𝑣0} ⊆ 𝑉. Let us investigate accumulation points of 𝑈. Since ([𝑣"]%\{𝑣"}) ∩ 𝑈 = ∅, 
𝑣" is not an accumulation point of 𝑈. Similarly, when the points of  𝑣$, 𝑣/, 𝑣0, 𝑣. is considered, it is seen that they are 
not accumulation points of 𝑈. Consequently, derivative set of 𝑈 is found as follow: 

𝑈& = ∅. 
        Let us now investigate interior points of 𝑈. Since [𝑣$]% ⊈ 𝑈, 𝑣$ is not an interior point of 𝑈. Since [𝑣/]% ⊆ 𝑈, 
𝑣/ is an interior point of 𝑈. Since [𝑣0]% ⊈ 𝑈, 𝑣0 is not an interior point of 𝑈. Consequently, the set of interior points 
of 𝑈 is found as follow: 

𝑈1 = {𝑣/}. 
 
Theorem 3.3. Given a simple undirected graph 𝐺 = (𝑉, 𝐸) without isolated vertices. Let 𝐺& = (𝑉&, 𝐸&) be a subgraph 
of 𝐺, where 𝑉′ ⊆ 𝑉 and 𝐸′ ⊆ 𝐸. Then the class (𝛽%)%& = {𝑉& ∩ [𝑥]%:	[𝑥]% ∈ 𝛽%} is a base for a topology on 𝑉′. 
Proof: Firstly, we shall show that ⋃ (𝑉& ∩ [𝑥]%) = 𝑉′'∈, . It is known that  
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⋃ (𝑉& ∩ [𝑥]%) = 𝑉′'∈, ∩ (⋃ [𝑥]%'∈, ). 
Since 𝛽% is a base for the topology 𝜏%, it is obtained that ⋃ [𝑥]%'∈, = 𝑉, for every 𝑥 ∈ 𝑉. Thus, we have that  

⋃ (𝑉& ∩ [𝑥]%) = 𝑉′'∈, ∩ (⋃ [𝑥]%'∈, ) = 𝑉& ∩ 𝑉 = 𝑉′. 
       Secondly, we shall show that (𝑉& ∩ [𝑥]%) ∩ (𝑉& ∩ [𝑦]%) is the union of elements of (𝛽%)%&, for any 𝑉& ∩ [𝑥]% , 𝑉′ ∩
[𝑦]% ∈ (𝛽%)%&. It is known that 

(𝑉& ∩ [𝑥]%) ∩ (𝑉& ∩ [𝑦]%) = 𝑉′ ∩ ([𝑥]% ∩ [𝑦]%). 
Since 𝛽% is a base for the topology 𝜏%, there exist some 𝑧 ∈ 𝑉 such that [𝑥]% ∩ [𝑦]% = ⋃ [𝑧]%2∈, . Thus, it is obtained 
that  

(𝑉& ∩ [𝑥]%) ∩ (𝑉& ∩ [𝑦]%) = 𝑉′ ∩ ([𝑥]% ∩ [𝑦]%) 
																																													= 𝑉& ∩ (⋃ [𝑧]%2∈, )  
																																														= ⋃ (𝑉& ∩ [𝑧]%)2∈, . 

Consequently, (𝛽%)%& is a base for a topology on 𝑉′. 
Definition 3.1. Let 𝐺 = (𝑉, 𝐸) be a simple undirected graph without isolated vertices and 𝐺& = (𝑉&, 𝐸&) be a subgraph 
of 𝐺. Then the topology generated by (𝛽%)%& is called relative topology on 𝐺′. It is denoted (𝜏%)%&. 
Example 3.2. Given the graph 𝐺 = (𝑉, 𝐸) and the subgraph 𝐺& = (𝑉&, 𝐸&) of 𝐺 in Figure 1. We shall find the relative 
topology (𝜏%)%&on 𝑉′.  
 

 
Figure 1. The Graph 𝐺 and The Subgraph 𝐺′ 

        The base of the topology 𝜏% generated from the graph 𝐺 in the form of: 
𝛽% = {	{𝑢", 𝑢/, 𝑢0}, {𝑢$, 𝑢.}, {𝑢0}, {𝑢.}, {𝑢3}	}. 

Thus, the base of the relative topology on 𝐺′ is found as follow: 
(𝛽%)%& = {	{𝑢"}, {𝑢$, 𝑢.}, {𝑢.}, {𝑢3}	}. 

Hence, the relative topology (𝜏%)%& is in the form of: 
(𝜏%)%& = K𝑉&, ∅, {𝑢"}, {𝑢.}, {𝑢3}, {𝑢", 𝑢.}, {𝑢", 𝑢3}, {𝑢$, 𝑢.}, {𝑢., 𝑢3}, {𝑢", 𝑢$, 𝑢.}, {𝑢$, 𝑢., 𝑢3}, {𝑢", 𝑢., 𝑢3}L. 

        Now, we investigate topology generated from the subgraph 𝐺′ of 𝐺. The base of 𝜏%& is as follow: 
𝛽%& = K{𝑢"}, {𝑢$, 𝑢.}, {𝑢.}, {𝑢", 𝑢3}L. 

Then 𝜏%& is in the form of: 
𝜏%& = {𝑉&, ∅, {𝑢"}, {𝑢.}, {𝑢", 𝑢3}, {𝑢$, 𝑢.}, {𝑢", 𝑢.}, {𝑢", 𝑢$, 𝑢.}, {𝑢", 𝑢., 𝑢3}}. 

It is clearly seen that (𝜏%)%& is different from 𝜏%&. 
        As seen above example, the relative topology on the subgraph 𝐺′ of 𝐺 is not same the topology generated from 
the subgraph 𝐺′ of 𝐺. 
Theorem 3.4. Let 𝐺 = (𝑉, 𝐸) be a simple undirected graph without isolated vertices and 𝜏% be the topology generated 
from 𝐺. The topological space (𝑉, 𝜏%) is a 𝑇!-space if and only if for each pair 𝑥, 𝑦 of distinct points of 𝑉, it is satisfied 
that 𝑦 ∉ [𝑥]% or 𝑥 ∉ [𝑦]%. 
Proof: Suppose (𝑉, 𝜏%) is a 𝑇!-space and 𝑥, 𝑦 ∈ 𝑉. Then there exists an open set 𝑈"such that 𝑥 ∈ 𝑈", 𝑦 ∉ 𝑈" or an open 
set 𝑈$ such that 𝑦 ∈ 𝑈$, 𝑥 ∉ 𝑈$. Since [𝑥]% ∈ 𝛽%, it is seen that 𝑥 ∈ [𝑥]% ⊆ 𝑈". Similarly, it is seen that 𝑦 ∈ [𝑦]% ⊆
𝑈$. Accordingly, we obtain that 

𝑦 ∉ [𝑥]% or 𝑥 ∉ [𝑦]%. 
        Conversely, suppose 𝑦 ∉ [𝑥]% or 𝑥 ∉ [𝑦]%, for each pair 𝑥, 𝑦 of distinct points of 𝑉. Then there exists the open 
set [𝑥]% such that 𝑥 ∈ [𝑥]% , 𝑦 ∉ [𝑥]% or the open set [𝑦]% such that 𝑦 ∈ [𝑦]% , 𝑥 ∉ [𝑦]%. Thus, (𝑉, 𝜏%) is a 𝑇!-space.  
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Theorem 3.5. Let 𝐺 = (𝑉, 𝐸) be a simple undirected graph without isolated vertices and 𝜏% be the topology generated 
from 𝐺. The topological space (𝑉, 𝜏%) is a 𝑇"-space if and only if for each pair 𝑥, 𝑦 of distinct points of 𝑉, it is satisfied 
that 𝑦 ∉ [𝑥]% and 𝑥 ∉ [𝑦]%. 
Proof: Suppose that (𝑉, 𝜏%) is a 𝑇"-space. Let 𝑥, 𝑦 ∈ 𝑉. Then there exist open sets 𝑈" and 𝑈$ such that 𝑥 ∈ 𝑈", 𝑦 ∉ 𝑈" 
and 𝑦 ∈ 𝑈$, 𝑥 ∉ 𝑈$. Since [𝑥]% ∈ 𝛽%, it is seen that 𝑥 ∈ [𝑥]% ⊆ 𝑈". Similarly, it is seen that 𝑦 ∈ [𝑦]% ⊆ 𝑈$. 
Accordingly, we obtain that 

𝑦 ∉ [𝑥]% and 𝑥 ∉ [𝑦]%. 
        Conversely, suppose 𝑦 ∉ [𝑥]% and 𝑥 ∉ [𝑦]%, for each pair 𝑥, 𝑦 of distinct points of 𝑉. Then there exist open sets 
[𝑥]% and [𝑦]% such that 𝑥 ∈ [𝑥]% , 𝑦 ∉ [𝑥]% and 𝑦 ∈ [𝑦]% , 𝑥 ∉ [𝑦]%. Thus, (𝑉, 𝜏%) is a 𝑇"-space.  
Theorem 3.6. Let 𝐺 = (𝑉, 𝐸) be a simple undirected graph without isolated vertices and 𝜏% be the topology generated 
from 𝐺. The topological space (𝑉, 𝜏%) is a Hausdorff space if and only if [𝑥]% ∩ [𝑦]% = ∅, for each pair 𝑥, 𝑦 of distinct 
points of 𝑉. 
Proof: Let (𝑉, 𝜏%) be a Hausdorff space and 𝑥, 𝑦 ∈ 𝑉. Then there exist open sets 𝑈" and 𝑈$ such that 𝑥 ∈ 𝑈", 𝑦 ∈ 𝑈$ 
and 𝑈" ∩ 𝑈$ = ∅, for each pair of 𝑥, 𝑦 of distinct points of 𝑉. Since [𝑥]% ∈ 𝛽%, it is seen that 𝑥 ∈ [𝑥]% ⊆ 𝑈". Similarly, 
it is seen that 𝑦 ∈ [𝑦]% ⊆ 𝑈$. Accordingly, we obtain that 

[𝑥]% ∩ [𝑦]% = ∅. 
        Conversely, suppose [𝑥]% ∩ [𝑦]% = ∅, for each pair 𝑥, 𝑦 of distinct points of 𝑉. Then, since there exist open sets 
[𝑥]% and [𝑦]% such that 𝑥 ∈ [𝑥]%, 𝑦 ∈ [𝑦]% and [𝑥]% ∩ [𝑦]% = ∅, (𝑉, 𝜏%) is a Hausdorff space.  
        In following example, we shall examine whether the topology generated from a simple undirected graph is a 𝑇!, 
𝑇" and Hausdorff space using above theorems.  
Example 3.3. Let us examine whether the topological space (𝑉, 𝜏%) generated from the graph 𝐺 given in Figure 2 is 
𝑇!, 𝑇" and Hausdorff space. 
        Since it is obtained that 𝑣4 ∉ M𝑣5N% or 𝑣5 ∉ [𝑣4]%, for each pair of 𝑣4 , 𝑣5 of distinct points of 𝑉, 𝑉 is a 𝑇!-space. But 

𝑉 is not a 𝑇"-space, sance 𝑣" ∈ [𝑣0]%, for 𝑣", 𝑣0 ∈ 𝑉. Moreover, [𝑣4]% ∩ M𝑣5N% ≠ ∅, some 𝑣4 , 𝑣5 ∈ 𝑉. Hence, 𝑉 as not a 
Hausdorff space. 
 

4. CONCLUSION 
        In this paper, the topological space generated from simple undirected graphs without isolated vertices is studied. 
It is presented necessary and sufficient condition for a point in this graph to be an accumulation point and an interior 
point. Thus, when a simple undirected graph 𝐺 = (𝑉, 𝐸) and a subset of 𝑉 are given, interior of this subset and its 
derivative set can be easily found without needing to obtain the topology generated from this graph. Relative topology 
on a subgraph of a graph is defined. It is shown that this relative topology is not the topology generated from this 
subgraph. Moreover, conditions to be 𝑇!, 𝑇" and Hausdorff space for the topological space generated from a graph is 
given by using the minimal adjacencies of vertices set of this graph.   
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