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Novel analytical and approximate-analytical methods for solving the nonlinear
fractional smoking mathematical model
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ABSTRACT

Smoking is globally a challenging issue that causes many fatal health problems. In this paper, anonlinear
fractional smoking mathematical model is proposed in the context of a modified form of the Caputo fractional-
order derivative. The analytical and approximate-analytical solutions are obtained for the proposed mathematical
model via the fractional differential transform method (FDTM) and Laplace Adomian-decomposition method
(LADM). The obtained solution is provided as a rapidly convergent series. Simulation results are provided in this
paper to compare the obtained solutions by FDTM, LADM, Runge Kutta (RK) method, and reduced differential
transforms method (RDTM) with the exact solution of the proposed problem. . By comparing both FDTM and
LADM solutions, the FDTM solution is closer to the exact solution than the LADM solution. All obtained solutions
have been analyzed and compared graphically to validate the effiency and applicability of all results.

Keywords: Mathematical Modelling; Fractional Calculus; Fractional Differential Transform Method
(FDTM); Laplace Adomian Decomposition Method (LADM); Smoking Mathematical Model.

INTRODUCTION

Smoking has a negative impact on both individualstand societies. [1, 5]. The smoking habit keeps
spreading between all people of different genders and ages [1, 5]. Controlling the spread of smoking habit has been
very challenging globally. A mathematical model that describes the smoking habit among various classifications
of smokers is needed to be further studied in‘orderto investigate this habit mathematically and provide some
suggested solutions to this issue with a goal to control the spread of this habit or at least minimize its negative
impact. This topic of research has attracted the interests of many researchers from various fields of science,
engineering, and medicine to conduct further research studies concerning the smoking mathematical model. [1, 2,
3, 4, 5, 6]. Fractional calculus has recently attracted the interests of mathematicians and researchers due to the
advantages of using fractional derivatives in modelling scientific and engineering phenomena. Fractional
derivatives can provide a better understanding for the physical system and its dynamics than using the integer-
order derivatives: Therefore, several research studies have been conducted on the mathematical analysis of
fractional derivatives, and on solving fractional differential equations using analytical or approximate-analytical
techniques. [7, &, 9, 10, 11, 12, 17, 18]. Some other notable studies about other proposed techniques for solving
integral and fuzzy integral equations such as fuzzy b-metric-like spaces for solving integral equation [19] and
control fuzzy metric spaces with the help of orthogonality for solving fuzzy integral equation [20], respectively.
Some novel fixed-point results of orthogonal neutrosophic metric spaces are provided in [21]. Two of the most
interesting approaches for solving these equations of fractional order are FDTM and LADM. On one hand, the
differential transform method was first created by Zhou [13] to obtain approximate-analytical solutions to ordinary
differential equations using Taylor series formulation. [15]. Then, Arikoglu and Ozkol in [14] developed this
approach by using the power series formulation for fractional-order differential equations (see [9] for more
background information about the applicability of this technique for solving the second-order wave equation). On
the other hand, the LADM is considered as a coupling Laplace transform method with Adomian decomposition
which can provide a great help in solving nonlinear differential equations analytically [8]. For more examples
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about this method, we refer to [8] where the proposed HIV infection of P*” T cells model is successfully solved
via the Laplace Adomian decomposition method. An extension of the LADM was proposed by Kaabar et al. [10]
to form a modified coupling method of double Laplace transform with Adomian decomposition to solve the
nonlinear fractional-order Schrodinger equation with second-order spatio-temporal dispersion. Ali et al. [15] has
applied LADM for the fractional-order immunology and AIDS model. Giinerhan et al. [16] has also applied LADM
for a fractional-order model of HIV infection. In this paper, the general form of the nonlinear fractional smoking
model is written as follows:

DEP(t) = a(1 — P(t)) — bP(t)M(t),
DEW(t) = —aW (t) + P(OW (t) — cW ()M(t),

DIM(t) = —(a+ M) + W (OM@) + fQ(L),
DIQ(®) = —(a+ QM) +d(1 —e)M(2),

DER(t) = —aR(t) + edM(b), (1)

with initial conditions are written in the following form:
P(0) =Py, W(0) =W,, M(0) =M, Q(0) =Qo R(O)=R,. 2

Let N(t) be the total population with respect to time which consists of 5 smokers’ classifications [1]: Potential
smokers, occasional (light) smokers, heavy smokers, temporary quitters, and permanently quitters are denoted by

P(t), W(t), M(t), Q(t), and R(t), respectively. Therefore, N(t) can be written as follows:
N(t) = P(t) + W) + M)+ Q(t) + R(¢).
Each parameter in (1) represents the following [1]:

a represents the natural death rate; b represents the connection index between potential and light smokers, ¢
represents the connection index between light and heavy smokers; d represents the smoking quitting index; e
represents the number of former smokers who quitted smoking permanently with a rate d; f represents the
connection index between temporary quitters who might go back to the smoking habit.

While there are many methods for selving nonlinear models, our proposed nonlinear fractional smoking
mathematical model inthe context of a modified version of Caputo fractional derivative have not been investigated
using the FDTM and LADM. Our numerical experiments and simulation make our study unique in comparison to
many other related studies.

This paper. is constructed as follows: In Section 2, some fundamental fractional calculus definitions and
propetties are introduced. In Section 3, the proposed smoking mathematical model will be solved using FDTM
and LADM. In‘Section 4, all obtained results are compared and analyzed. In section 5, we conclude our research
study.

2. BASIC DEFINITIONS
In this section, some basic fractional calculus definitions and properties are introduced which will be

applied later.

DEFINITION 1. A real function f(x), x > 0 is said to be in the space Cu» UER if there exists a real number P >
p such that f(x) = xPf; (x) where f; (x)€eC[0, ©). Clearly, we have the following: C, < Cz if u < .

DEFINITION 2. A function f(x), x > 0 is said to be in the space C;", meNU{0} if f™ € C,.
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DEFINITION 3. The Riemann-Liouville fractional integral operator of the order « > 0 of a function, f € C

—1 is defined as follows:

“F)) = f (=D @D x > a

(@)
UJaH () = f(x). (€)

All the properties of the operator J* are mentioned in [36] in which we will discuss only important properties as

follows:

ForfeCﬂ, u=-1L,apf =0andy > -1

a. UYEN@ = U N, )
b. JYEH) = N (%), (5)
c. Jix¥ = F(F;Z—:i)l)x‘”y. (6)

There are some advantages of using Riemann-Liouville fractional derivative over other fractional
derivatives due to the fact that this type of fractional derivative can be efficiently applied in modelling scientific
phenomena. A modified form of Caputo fractional operator, denoted by D¢, will be used in this research work.

3. METHODOLOGY
In this section, the proposed smoking mathematical model will be solved using the FDTM and LADM.
3.1. FRACTIONAL DIFFERENTIAL TRANSFORM METHOD

The fractional differential transform method (FDTM) is semi-numerical and analytical approach, and it

is considered as a traditional differential transformed'method reform. The differential transformation, s(x), can

be expressed as follows:

5, (%) =H(p;€—+1{(Dx¢; ) s(x)} , (7)

X=X()

The differential transform inverse of § A (k) 1S written as

s(x)= 28, (K)(x—x)™ =D7's,, (k), (®)

By substituting Eq. (7) into Eq. (8), the following is obtaind:

® k
Z { DY s(x)} (x—x9)" =),
- ((pk+1) ( ) —— )

Assume that S, (k) is the fractional differential transform of s(x). The approximate function S(k) is written as:

_ ;S“’ (K)(r—0)%" (10)
=0

The above equation (Eq. (10)) represents the differential transformation that is resulted from using Taylor

series expansion where the derivatives’ symbolic evaluation is not applicable for this technique. In addition, by
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applying the iterative procedure, comparative derivatives have been obtained. The orginal function is represented
by a lower case letter, while the transformed function is represented by an upper case letter. According to Eq. (9)
and Eq. (10), it is obvious to prove that the transformed functions have the basic mathematical values as mentioned
in Table 2.

Table 1. The fractional differential transform method operations.

Given Function Transformed Function
w(x) =d(x) L b(x) W (k)= D, (k)% B, (k)
w(x) = cb(x) W(k)=cB, (k)
w(x) = g(cx) W(k)=c'Q,(k)
k
W) = g5 Wik = 2
c c
w(x) =D} ’q(x) _T(pk+mp+1)
W (k) F((pk+1) O, (k +m)
W(X) =x" _ P 1 k=m
W (k)= & (k<m) {O o
— xX+c ec
wx)=e (k) = .

By applying FDTM to the proposed smoking mathematical model, and by using with both Table 1 and

the Eq. (10), a system of equations is obtained as follows:

k
' +ak)
Pallerl)= et | a8 -ak (1) — b ; (DM, (k — z)l ,
k k
I'(1 k
Wk +1)= % —aW, () + ) P OW, e = 1) < ) W (DM (k - l)l .
=0 =0
k
I'(1 k
Ma(k+1): ﬁ _aMa(k) - dMa(k) + CZ Wa(l)Ma(k - l) +an(k)l )
=0
I'(1 k
QulH)= Tt I [-aQa(K) — FQu (kM () = deM W)
Ryl )= 0 X8 1k (k) +edM, (R,

I'atk+1)+1)
(11)

with the following initial conditions:

Pa(o) = PO! Wa(o) = WO! Ma(o) = MO! Qa(o) = QO! Ra(o) = RO .
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From Eq. (11) and the above initail conditions, the numerical approximate values of P(t), W (t), M(t), Q(t) and
R(t) for k = 1,2,3,... can be obtained for various values of «, and the numerical comparisons are shown in the
comparison of results and discussion section.

By using the inverse reduced differential transform of P, (k), W, (k), M, (k), Q,(k) and R, (k), we get the
following solution:

p(t) = Z P, (K) ke = P, (0) + P, (1)¢% + P, (2)t2% + P, (3)£3% + -

k=0

w(t) = Z W, (K)EE® = W, (0) + W, (1)£% + W, (2)£2% + W, (3)£3% + --

k=0

m(t) = Z M, (K)EK® = M (0) + M, (1)t® + M (2)£2% + M (3) 3% 4

k=0

q(t) = X0 Qu )tk = Qo (0) + Qo (1)t* 4+ Qg (2)t2%4Q, (3)t3* + ==

r(t) = Yoo R (K)t*® = R (0) + R (1)t* + R (2)t2% + R, (3)t3% + --- (12)

3.2. THE LAPLACE ADOMIAN DECOMPOSITION METHOD
In this section, we will illustrate the basic steps for LADM. We discuss the following important definitions
or our research study:
DEFINITION 3.1 [8] A function f on 0 < t < oo.s exponentially bounded of order o € R if satisfies || f(t) I<
Me“t, for some real constant M > 0.
DEFINITION 3.2 [7,8, 17] The Caputo fractional derivative is defined as follows:
m
LD?f(D} = LD} - ) s7*1f®(0),
(13)

where m = o + 1, and [«] represents the integer part of 0. As a result, the following useful formula is obtained:

r(o+1)

Lt) =G, OF€ R*. (14)

The last-mentioned definitions can be used in this section to discuss the general procedures for solving the
proposed:mathematical model (1). First of all, the Laplace transform is applied to both lift-hand and right-hand
sides of Eq. (1) in the following form:

a* a
L (ﬁp) =2~ al(P) - bL(PM),

L d—;w) = —aL(W) + bL(PW) — cL(WM),

i

U
8]

a

M) = —aL(M) — dL(M) + cL(WM) + FL(Q),

QU
~

I~
& Q Q.
]

Q) = —aL(@) - fL(Q) +dL(M) — deL(M),

a

i

Then, by applying the formula (13) to Eq. (15), we reach the following:

R) = —alL(R) + edL(M).

tﬂ!

QU

(15)
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sL(P) — s*1P(0) = % — aL(P) — bL(PM),

STL(W) — s W (0) = —aL(W) + bL(PW) — cL(WM),
SZL(M) — s*"tM(0) = —aL(M) — dL(M) + cL(WM) + FL(Q),
s“L(Q) —s*71Q(0) = —aL(Q) — fL(Q) + dL(M) — deL(M),
s%L(R) — s®"1R(0) = —aL(R) + edL(M).

(16)
By applying the initial conditions, the following result is obtained:
P, b
L) =24+2 _ Ly -2 reem),
S Sa+1 s@ s@
W, b
L(W) = —° - %L(W) +Z LPW) — %L(WM),
LM)==- —L(M) ——L(M) + L(WM) + L(Q)
L) = TO - S—,ZL(Q) - S—,ZL(Q) + S—,ZL(M) - S—,ZL(M).
R d
L(R)=—=— %L(R) + —zL(M).
s s s
17)

By using this method, the solution is obtained as an infinite series. To apply the Adomian decomposition

method, let the values of A = PM,E = MW and B = PW. The solution is expressed as an infinite series in the

following form:

P:ZPn, W:Zm" M:ZM"’ Q:ZQ”’ R:ZR”'
n=0 n=0 n=0 n=0 n=0

(18)

We decompose the two nonlinear parts, named A and C, in the following form:

A=2An, E=ZEn, B=ZBn.
n=0 n=0 n=0

Here, 4,,, E,, and B,, can be computed using the convolution operation as

n n
A, = ! il Z ip, Z ‘M
n_r(n‘l'l)dr]n n i' n-M; )
=0 =0

=0

E, = ! il i ‘M i W,
n - I—-(n + 1) dnn ' n-M; n-wi; )
=0 n=0

i=0

B, = ! " i iPi w,
" I'(n+1)dn"|« UL ]
n=0

i=0 i=0

(19)

(20)
Substituting Eq. (18) and Eq. (19) into Eq. (17), we obtain the following result:

(Br)-2eme (5 ) 2 (5

n=0 n=0 n=0

()5 )l 54(2)

n=0 n=0 n=0




(o0}

Sigma Journal of Engineering and Natural Sciences, Technical Note, Vol. , No., pp. , March,
> )

(g ) mge Je(2 Jre(Z)o2
(Zo)-2-5e (G )-wlZe el 54(2m)
(5220 2 (5)

By matching both left-hand and right-hand sides of Eq. (21), we get the following iterative algorithm:

’
’

21

P W, M Q R

LP) =7, LW == LM)==", LQ)=7 LR)=""
a a b

L(P) = Sa+i S_“L(PO) - S_aL(AO)'

LW,) = S LOWp) + o L(By) L),

LMy) =~ L(g) - dL<M0)+ LD L 160y,

L) = ~ 1@ ~ L1000 + 5 Lty - S vty

a de

L(R) = —S—aL(RO) + S—aL(MO),
a b

L(Pn) = _S_QL(Pn—l) _S_QL(An—l):

L) = LW+ LB — L),

LM =~ L, — 2 ‘ LMy ) + L) + L1000,

d
L0 = Sob(0nt) ~ L1 Q) + S LM ~ S 10,y

de
LR == gL (Ryy) + 2 L(My ).
(22)
Taking inverse transform of (22) we have:
Py = Poo, Wo = Woo, My = My, Qo = Qoo Ry = Ry,
t(l
'a+1)
[24

'a+1)

a

'a+1)

a

I'a+1)

P, =[a — aPy, — bA,]

W, = [—aW,, + bBy — E,]

M, = [-M, — dMy, + cEq + fQqo]

Q1 = [—aQyo — f Qoo + dMyo — deM,]

R, = [—aRy, + deMyy] —— (23)

r(a+1)’
The remaining terms can be obtained similarly. Then, the solution is obtained in the form of infinite series as

follows:
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LGE i”" W(e) = iw,-, M) = iM,-, o® =io,-,
j=0 j=0 j=0 j=0

R(®) = ikj.
j=0

The solution in Eq. (24) gives the results for the state variables for the SITR model of Eq. (1), and those results

(24)

shall be illustrated in the next section.
4. COMPARISON OF RESULTS AND DISCUSSION

In this section, the results for solving model (1) are investigated for various values of a to'prove the
effectiveness and validity of the proposed algorithm. The values of the parameters that have been used in numerical
simulations are summarized in Table 2.

It is noticeable that FDTM and LADM are effective in producing approximate solutions of the proposed
mathematical model. Numerical simulation of P(t), W (t), M(t), Q(t) and R(t) are.shown in Figs. 1-10 over a
interval of 0 <t < 1 for different values of « = 1,0.8,0.5, and all results'have been compared with the exact
solution for the studied problem. The values of the parameters that have been used in numerical simulations are
summarized in Table 2. Figs. 11-12 show the responses of the model investigated in this work at o= 1. In Figs. 13-
17, we compared the obtained result from FDTM and LADM with the results from using other techniques such as
Runge Kutta (RK) method and reduced differential transforms method (RDTM) [1] with the same values of the
parameters that are shown in Table 2.

According to our comparative results, FDTM provides more reliable solutions than LADM. We conclude
that the FDTM solution is closer to the exact solution than LADM solution. Therefore, our proposed technique is
reliable and efficient. Numerical experiments have been conducted using the applied methods for various values

of a which have successfully provided good results for the studied problem.

Table 2: Parameters values defined in Eq. (1).

Parameters Values
P(0) 0.603
W(0) 0.24
M(0) 0.10628
Q(0) 0.0326
R(0) 0.01811

a 0.04
b 0.23
c 0.3
d 0.2
e 0.4
f 0.25
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0.6050 |- .
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I 0.6035 - ]
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0.0 02 0.4 06 0.8 1.0 g 08 04 06 08 1.0
() (V)
Figure 1. (I) Exact solution for P(t), (II) Approximate solution by using LADM with a = 1, (III)
Approximate solution with ¢ = 0.8, (IV) Approximate solution with = 0.5 for0 < t < 1.
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06050
0.6045
0.6040 -
0.6035 -

0.6030 |-

0.0

0.2 0.4 0.6 0.8 1.0

(1)

0.6050 -

0.6045

0.6040 -
0.6035 -

0.6030 -

(V)

Figure 2. (I) Exact solution for P(t) , (II) Approximate solution by using FDTM with @ = 1, (III) Approximate

solution with & = 0.8, (IV) Approximate solution with @ = 0.5 for 0 < t < 1.
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0.4}

0.2

0.0,

(IV)

Figure 3. (I) Exact solution for W(t), (II) Approximate solution by using LADM with ¢ = 1, (III)

Approximate solution with ¢ = 0.8, (IV) Approximate solution with¢ = 0.5 for0 < t < 1.
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()

Figure 4. (I) Exact solution for W (t), (II) Approximate solution by using FDTM with a = 1, (III) Approximate
solution with & = 0.8, (IV) Approximate solution witha = 0.5 for0 < t < 1.
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Figure 5. (I) Exact solution for M(t), (II) Approximate solution by using LADM with @ = 1, (IlI) Approximate
solution with & = 0.8, (IV) Approximate solution with @ = 0.5 for 0 < _t=< 1.
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Figure 6. (I) Exact solution for M(t), (II) Approximate solution by using FDTM with & = 1, (III) Approximate
solution with & = 0.8, (IV) Approximate solution witha = 0.5 for0 < t < 1.
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Figure 7. (I) Exact solution for Q(t), (II) Approximate solution by using LADM with ¢ = 1, (III) Approximate
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solution with & = 0.8, (IV) Approximate solution witha = 0.5 for0 < t < 1.
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Figure 8. (I) Exact solution for Q(t), (II) Approximate solution by using FDTM with a = 1, (IIl) Approximate

solution with & = 0.8, (IV) Approximate solution witha = 0.5 for0 < t < 1.
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Figure 9. (I) Exact solution for R(t), (II) Approximate solution by using LADM with @ = 1, (III) Approximate
solution with & = 0.8, (IV) Approximate solution witha = 0.5 for0 < t < 1.
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Figure 10. (I) Exact solution for R(t), (II) Approximate.solution by using FDTM with a = 1, (III)
Approximate solution with ¢ = 0.8, (IV) Approximate solution with¢ = 0.5 for0 < t < 1.

Figure 11. The relation between P(t), W (t), M(t), Q(t) and R(t) by using FDTM at ¢ = 1.
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Figure 12. The relation between P(t), W (t), M(t), Q(t) and R(t) by using LADM ata = 1.
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Figure 13. The solution of P(t) obtained by FDTM (star), LADM(Triangle), RK method (Square), and
RDTM(Circle) for a = 1.
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Figure 14. The solution of W (t) obtained by FDTM (star), LADM(Triangle), RK method (Square), and
RDTM(Circle) for o = 1.
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Figure 15. The solution of M(t) obtained by FDTM (star), LADM(Triangle), RK method (Square),
and RDTM(Circle) fora = 1.
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Figure 16. The solution of Q(t) obtained by FDTM (star), LADM(Triangle), RK method (Square), and
RDTM(Circle) fora = 1.
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Figure 17. The solution of R(t) obtained by FDTM (star), LADM(Triangle), RK method (Square), and
RDTM(Circle) for o = 1.

5. CONCLUSION

In this research work, the proposed nonlinear fractional smoking mathematical model in the context of a
modified version of Caputo fractional derivative has been successfully solved using two different approaches: the
fractional differential transform method and Laplace Adomian decomposition method. All obtained results have
been analyzed and compared for various cases. Finally, all results prove the validity and efficiency of those
methods in solving nonlinear fractional differential equations. Our results and methods in this work can be further
extended or generalized in solving other interesting nonlinear models arising from some phenomena in physics
and engineering. In addition, our results can also be applied for models formulated using other fractional

derivatives.
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