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INTRODUCTION

In this paper, we consider the generalized reaction dif-
fusion equation with delay of the following type

a +cu(x,t) + du(x,t —7),t> 0,0 < x < 1,
at 0x? ax? (1) + du ) e
u(x,t) = e(x,t), -t <t <0, 0<x<m

u(0.t) = u(mt) = 0,t > -,

{ ulx,t) 0%u(x,t) 2%u(x, t — 1)

where a > 0 and b > 0 represent the diffusion coeffi-
cients ¢, d € Rand 7 > 0 is a delay constant. The generalized
reaction-diffusion equations with delay have attracted a sig-
nificant interest in the last several decades due to their fre-
quent occurrence in real life situations [1-7]. The governing
equation has been studied widely in the case where c=d =
0 [8-13] and b = ¢ = 0 [14-16]. Equation of the type (1) has
been considered equation [17,18]. A delay term could not
only make the numerical solutions difficult to be obtained
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In this paper, a cubic B -spline finite element method is constructed based on redefined cubic
B-spline basis functions for solving the generalized reaction-diffusion equations with delay.
The time discretization process is based on Crank-Nicolson method. Examples are worked
out to validate the theoretical convergence analysis. The numerical results given in graphs
and tables demonstrate that the present method approximates the exact solution very well.
The accurateness of the numerical scheme is confirmed by computing L, and L_ error norms.
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but also change the dynamical properties of a system [16].
This is the reason why such equations became the attention
of researchers in numerical analysis and simulations. The
accessibility of exact solutions, as well as efficient methods
to obtain numerical approximations of the required preci-
sion, are very important. However, few delay generalized
reaction-diffusion equations with a certain simple setting
permit an analytic solution. Hence, computing approximate
solutions essential are essential. Up to now, many of the
numerical methods available to approximate the diffusion
term are based on some classical numerical methods, for
example, finite difference method [19], compact finite dif-
ference method [20,21], discontinuous Galerkin methods[
22], spectral method [23], Haar Wavelet [24], variational
method [25], waveform relation method [26], and so on.
In [27], an analytical technique for the nonlinear
dynamic problem with delayed is solved. It is well known
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that the finite element method (FEM) can be easily
designed for high order accuracy in space by taking high-
er-order polynomial as the basis (shape) function. The
advantage of the FEM over the finite difference method is
its ability to deal with the modeling of complex geometries
and irregular shapes. The use of various degrees of B-spline
functions to obtain the numerical solutions of some PDEs
has been shown to provide easy and simple algorithms, for
instance, quadratic B-spline least-square method [28], qua-
dratic B -spline method [29,30], cubic B-spline finite ele-
ment method [31-37], quartic B spline method [38], quintic
B-spline finite element method [39,40], and so on. To the
best knowledge of the author, the redefined cubic B -spline
finite element method is not considered for finding the
approximate solution of delay PDEs. In this paper, we have
applied a redefined cubic B-spline FEM to find numerical
solutions of the reaction-diffusion with the delay of the type

(1). Our selection of redefined cubic B-spline basis
functions improves accuracy to fourth-order. The pro-
posed method give better convergence result than the lin-
ear 8 —method without increasing the computational cost.
Our best concern in this study is to formulate a numerical
scheme with a higher order of accuracy by using the rede-
fined cubic B-spline shape functions.

Notations: Denote ||. || and ||. || as the norm L, = L (Q)
and the sobolov space H" = H"(Q2) = W, () respectively, so
that the real valued v,

1
2
il = llvll.,: = (f Iv(x)lzdx)
Q

and for a positive integer r

ol = vl = (Z

isr

1
2)7

Let v(x), w(x)(x € Q) be real - valued funnctions.

v (x)
dxt

dv(x) ow(x)
ox  ox O

(v,w) 1=L v(x) w(x)dx, (Vv, Vw) = fn

and C denotes a positive not necessarily the same at dif-
ferent occurrances, which may depend on a, b, ¢, d and t
of (1) but

independent of h and At (the stepsizes in t - direction).
We denote u(t, x) by u or u(t).

Assumptions: In this paper, assume that u(t): = u(t, .
hu () =ult, ), w,(O):=u,lt:)u,lt)=u,lt:)E
Hol(Q), and att =nt(n =-1,0.1 ... .),the derivative of t is
denotes as the left derivative.

Cubic B-spline Finite Element Method
Let At = 7/(m + 1) be a given step size with m > 1, the
grid points t = nAt (n =0, 1, ... ) and be a given be the

approximation in S,” of u(t) at t = t = nAt. For positive
integer N, let {x;}}2; be a uniform partition on [0, 7] in the
x direction, such that x, = kh, where h = /(N + 1) is the

step size. Define the space

S, = {v: vectqomvly,  EePI<k<N+ 1}

where P, is the space ofNal} polynomial of degree < 3.
+

Extending the partition {x; }x2; using xk = kh, k = -3, 2.

-1, N + 2, N + 2, N + 4.. As a basis for s,we choose the B
. N+1

-splines, {Q f}j=—1’ where

h=3fi(x —x-2), x € [x50,%54],
£(55),
£ (%) x € [x,%41),

h3fi(xjo2 — %), X € [Xj41,%542),

0, % € [Xj-2, %12, )

x € [x-1, %],

Qj(x) =

and let f1(x) =x*, f1(x) =1 + 3x + 3x* — 3x% We
want to construct a basis for the space

ST = {v:v € 53,v(0) = v(r) = 0}. 3)

—-N+1
The cubic B -spline {Q j}j:_ , can be redefined by

Qo= Qo —4Q_1, Q1=0:-0Q4,
Q;=0;, j =234 .., N—1.
Qv = Qn — 4Qn+1,Qn = Qus1 — 4Qusa. (4)

As the cubic B-spline @, the cubic Q; have support of at
least 4 subintervals. We want to find an approximation U"
€ S," such that

a(U™v) = l(v),v € S]. (5)

The application of Galerkin Crank - Nicolson method
to (1) leads to a numerical process of the following type

(5 o 222 ) ey g

) e (M) () <o 0 (6)

Where U"(.) = @(., t ) for—-m<n<0.
Let

N+1
Uni= ) (a
Jj=0 (7)

Using (7) and choosing x = Q_j; i=01,..,N+1.Then
(6) can be reduced to

1 —_ = — —_ b — —
30 2@ =)@, GEN = =5 ) (@ +a ) V@I GE) ~3 - (@™ + a0, TG )
= = =

vt
— —_— d — —
+5 /Zn(af +a )T, G + 5;(@'“ @G, T ) (8)
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Equation (8) can be written

1 T LS — b LT —
E;(a," —a) f T dx = {;(u;r ) f oW ) dx - E;(a;”m +ap) f W () dx

+ i:‘(up o) [ T i+ ;Nﬁ(a[n—m g [ BT ) dx )
Defining the following matrices
N+1 [ —
E=felry = [ @@ @ ax
{ ']}l.]=0 0 J (10)
D={d,} " = j TG dx
Wlij=o - Jy T (11)
Equation (9) is an (N + 2) x (N + 2) linear system
{Ef:%fi:i:%ffi);; = (D - %uAtE +%cAtD)a"" 7%bAtE(zl"”" Fanmely 4 %dAtD(a"’“‘ +anmely (12)

We can write the entries of the matrices E and D in (10)
and (11) as stiffness matrix

80 43 20 -1 0 . . . 0
43 104 —14 —24 -1 - :
20 —14 80 -15 —24 -1 -~ :
3 |-1 —24 -15 80 -15 -24 -1 :
E=— 0 =~ « . w0
10n| 1 —24 —15 80 —-15 -24 —1
: -1 —14 —15 80 —14 —20
: “ Z1 —24 —14 104 43
0 0 -1 -20 43 80
and the mass matrix
49 773 116 1 0 . . .. 0
773 2296 1190 120 1 :
116 1190 2416 1191 120 1 =
W1 120 1191 2416 1191 120 1 ;
D = —_— O . % % ., % ", ", O
140 : 1 120 1191 2416 1191 120 1
“ 1 120 1191 2416 1190 116
: ~ 1 120 1190 2296 773
0 0 1 116 773 496

with ¥" is the initial approximation of ®(tn) and

"= [ag, ay, e aygg 17

a
Convergence Analysis

We shall prove the optimal convergence order for the
numerical scheme.

Let u, and u be the solutions of (1). Then error can be
quantified by bounding the norm of the error

u, () — u(t) in terms of the mesh spacing h of the finite
element mesh.

Remark 1. Using polynomial with degrees p > 1 as basis
we expect an error bound of

llu, (&) —u@®) || < Ch**,

where C is a problem-dependent constant independent
of h and the constant p + 1 indicates the order of conver-

gence of the FEM, as the mesh spacing h decreases.

Theorem 2 Let u and U™ be the exact and approx-
imation solution of Eq.(1) respectively. Assume that
lu() — Ru@ll < Chlu@Il, , e(®) - R @I, <
Ch*llu,(B)]| ,—t<i<0,and ||p,(t) — ()|, < Ch*. then

U™ — u(t,)ll < C(h* + (AD)?), for any n = 1,2, ...
Proof .Denote
U™ —u(t,) = (U™ = Dyu(ty)) + (Dpult,) — u(t,)) = 0™ + p"
and p"(t) = p(t,) is bounded as in [26].

Vo + Vet venm 4 venomt " + 6"t
X|+a 2 ,Vx|+b 2 Vx| —c¢ T,){

gn — gn-1
( At

—d (B ) = - v xSt (15)
where
wn = Dhu(tn) B Dhu(tn—l) _ ut(tn) + ut(tn—l)
At 2
- - u(tn) + ue(tp-1)
= (D, — Ddu(t,) + (au(tn) - % =W+ W
. on+omt
Choosing ¥ = —,—, gives
6" — 6" gn 4ot 6m+6m 1| (Ven ™+ Ven ol ven 4 Vg 6" +6m" g 4ot
(=)o ] e (=) ()
gnfm_'_gﬂ*Mf] gn+gnf1 971+9n71
TR ey

By using Schwartz inequalty

om+om 1

2 1
9n7m+gn7m7] 2
— |

on — 9"*1 on + gnfl
( )+

At 2
sc(

2 2

6" + 6"t
— +lwn

N gn-m 4 gn-m-1 on 4 gn-1
2

)

1 1

So

om +om 1|

l16™11? + At

1

9n—m+9n-m—1”2+At ”9n-m+9n-m—1"2
Il Il

2 Il

Heuen-l”z

—_—
SC(”H" I +At” > ”1+At

+ (At)Z\IW"IP)-

Without loss of generality ,assume that n € ((k — 1)m,
km], k € N.Then,

gn-m 4 gn-m-12 2
I+ + @O IW™? ).
1

|9n—m + gnfmfl|
At
2

2z

ll6™12 < c(uen-luz +At”

< cUlemHIZ + N1em ™2 + Atflon 2™ 4 6n 2 m1E + (AD2(IWTIZ + IW12)

k-1 k-1
<..<C <z”9n—im—1”2 + At [Jonim 4 gn—km—llli + (02 Z”Wn—imllz)

i=0 =0

Therefore,
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k-1 k-1
"971"2 < C(Z”enimlnz + At ||9n7km + enfkmflni + (At)z Z”Wnim”2>

=0 i=0

By the assumption of the theorem and using the discrete
Gronwall inequality (see [42])

”911”2 < C(Heollz +At”9n—km + 9n—km—1”i + (At)z Zi_(:—()lllwn—imuz) (16)

We write

tn
Wit = (D, = Dou(ty) = (A" | (Dp — Duy(t)dt

th-1

So

Ln—im~

: . 2
o g wr=m|” < B (S ertlu©llade)” < CR* (17

Further,

ue(t;) + ue(ti—1)

lacws] = .

t;
u(t) — ultioy) — At < cary? f lteee (0 lldt

tia

So that

k-1

k_l tﬂ—lm 2
@ep Y wr=im|* <cant Y ( f ||um(t)||dt) < co*,
=1

i=1 \tim-1

(18)

U™ —u(t)ll < C(h* + (A)?),

which together with Eq. (17) and Eq. (18) and the
assumption of the theorem

Numerical Simulation

We carry out numerical experiments to illustrate the
theoretical results. To evaluate errors, L, and Leo norms are
applied as follows:

n=0

N+1
Ly = llu(t)— U™l = jh Z [u(tn) =UM?. Lo = llu(ty) = UMl = Max|u(t,) — U"|

Order of convergence is denoted by

log (Error (N)/Error (2N)
log (2-75)

Order (r) =

Example 1 We consider the following equation:
JuCxt) _ dPulxt) b Pu(xt-1)
at T ox? dx?

t>00<x<m

u(x,t) =sin(x),-t<t<00<x<m
u(0,t) = p(m,t) =0,t = —1

+ cu(x, t) + du(x, t — 1)

(19)

We set the parametersa =2, b = 0.5,c=1,d = 0.5,
7= 1and T = 2 and solve problem Eq.(19) on [0, ] X
[0,2] with different temporal and spatial step sizes (At = 7/
(m+ 1), h=mn/(N + 1)). The exact solution is u(x. t) =
exp(—t)sin(x).

Numerical errors and the corresponding orders are
listed in Table 1 - 5. There is a noticeable decrease in both
error norms when mesh sizes decrease. These results con-
firm that the numerical method is convergent. The results
in Tables 3, 4 and 5 show that our result is more accurate
than in comparison with those obtained by [18]. In Figure
1 and 5, the graph of approximation solutions for example
1 and 2 at different times respectively are given. In figures 2
and 6, the approximation and exact solution are drawn on
the same coordinate axis. Approximation and exact solu-
tion are depicted in Figures 3, 4,7, and 8. It can be observed
that the graphs are similar.

Table 1. Error norms and convergence orders for T = 2,7 = 1(At = Ax?)

N L Order L, Order
7 7.8685E-04 - 8.5506E-04 -

14 6.4117E-05 3.9887 6.9156E-05 4.006
28 4.4172E-06 4.0580 4.7832E-06 4.0520
56 2.7781E-07 4.0937 3.0115E-07 4.0921
112 1.7472E-08 4.0424 1.8946E-8 4.0419

Table 2. Error norms and convergence orders for T = 2, T = 1(At = Ax?)

N L, Order L Order
10 2.3378E-04 - 2.5206E-04 -

20 1.6027E-05 4.1447 1.7332E-05 4.1340
40 1.0649E-06 4.0539 1.1530E-06 4.0508
80 6.7117E-8 4.0585 7.2770E-8 4.0577
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1 1
—— T=15 —— T=0.75
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=1 u
0.8 —
L e,
0T E il v L“t.\ J
o6t e . o8} / W, ]
—_ r T _ / \
05f " ™ = os}
5 » “w, 5 7 AN
\ \
Dar / . 1 0af Vs o\ |
."; K
03f ’*/ "K\ | ol / \ |
ry % I AY
rd M i‘f \\
n2pr # % o \
o1 / 1 oA g 5 1
o 1 1 L L 1 h o L 1 . 1 L 1
i} 0.5 1 1.5 2 25 3 4] 0.5 1 1.5 2 25 3
® axis x axis
(a) (b)

Figure 1. Approximate solutions for fixed time and step sizes (N = 10, m = 100) for example 1.
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03F
03ar 4
02F
02r
0.1
[ 5
c i
[} 0.5 1 15 2 25 3 o L L I L L L
% [} 0.5 1 1.5 2 25 3
X
(a) (b)

Figure 2. Comparison between approximate and exact solutions for example 1 where (a) T = 1.5, T = 1, T = 0.5 with step
sizes (N =10, m =100). (b) T = 0.75.T = 0.5, T = 0.25 with step sizes (N = 10, m = 100).

Exact Selution Approximation solution

x axis o 0 x axis o o

(a) (b)

Figure 3. Approximation solution and analytical solution (N =10, m =5, and Tt = 1).
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X Bxis

Exact Sclution

(a)

t axis

x axis

Approximation sclution

(b)

t axis

Figure 4.Comparisons between approximate and exact solutions of example 1 with step size (N = 10, m = 200).

Table 3. Error norms and convergence orders for T = 2, 7 = 0.5(At = 0.5Ax?)

Compact §—method (0=1)[18] Present method
N

L, Order L_ Order L, Order L Order
10 2.96E-04 4.20 3.36E-04 4.13 6.11E-05 4.45 6.27E-05 431
20 1.82E-05 4.03 1.45E-05 4.03 4.05E-06 4.20 4.33E-06 4.14
40 1.13E-06 4.00 9.05E-07 4.00 2.67E-07 4.06 2.88E-07 4.05
80 7.09E-08 4.00 5.65E-08 4.00 1.68E-08 4.06 1.82E-08 4.06
Table 4. Error norms and convergence orders for T = 2,7 = 0.5 (At = Ax?)

Linear 0—method (6=1)[18] Present method
N

L, Order L Order L, Order L Order
10 4.34E-03 2.31 3.47E-03 2.24 2.13E-04 3.85 2.11E-04 3.65
20 9.83E-04 2.14 7.84E-04 2.14 1.64E-05 3.96 1.73E-05 3.86
40 2.38E-04 2.04 1.90E-04 2.04 1.06E-06 4.00 1.14E-06 4.07
80 5.94E-05 2.01 4.72E-05 2.01 6.70E-08 4.05 7.25E-08 4.04
Table 5. Error norms and convergence orders for T = 2,7 = 0.5 (At = 0.5Ax?)

Linear 6—method (6=1/2)[18] Present method
N
L, Order L Order L, Order L_ Order

5 1.40E-03 - 1.06E-03 - 9.17E-04 - 8.55E-04 -
10 3.81E-04 1.87 3.04E-04 1.80 6.11E-05 4.45 6.27E-05 4.31
20 9.67E-05 1.98 7.72E-05 1.98 4.05E-06 4.20 4.33E-06 4.13
40 2.61E-05 1.89 2.09E-05 1.89 2.67E-07 4.06 2.88E-07 4.05
80 6.15E-06 2.09 4.91E-06 2.09 1.68E-08 4.06 1.82E-08 4.06
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Figure 5. Approximate solutions for fixed time and step sizes (N = 10, m = 100) for example 2.
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Figure 6. Comparisons between approximate and exact solutions of example 2 (N = 10, m = 100).

Exact Selution Approximation solution

x axis o 0 x axis o o

(a) (b)

Figure 7. Approximation solution and analytical solution (N =10, m = 5,and 1 = 1).
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Exact Sclution

X Bxis 0 0 t axis

(a)

Approximation solution

x axis o o

(b)

Figure 8. Comparison between approximate and exact solutions for example 2 (N = 10; m = 100).

CONCLUSION

A finite element method based on redefined cubic
B-spline shape function has been developed to solve the
generalized reaction-diffusion equation with delay. The
convergence analysis is studied. From this result, we can
conclude that the cubic B-spline finite element method
is feasible. The approximation solutions are tested by
comparing with analytical solutions. Our selection of
redefined cubic B-spline basis functions improves accu-
racy to fourth-order. The advantage of the FEM over the
finite difference method is its ability to deal with the mod-
eling of complex geometries and irregular shapes. The
proposed method gives a better convergence result than
the linear 6 -method without increasing the computa-
tional costs. The numerical results are obtained by applying
MATLAB software. This method can be easily extended to
tackle a broad class of PDEs.
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