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New moving frames for the curves lying on a surface

Akin ALKAN®”, Hiseyin KOCAYIGIT?, Tuba AGIRMAN AYDIN3

Abstract: In this article, three new orthogonal frames are defined for the curves lying on a surface.
These moving frames, obtained based on the Darboux frame, are called “Osculator Darboux
Frame”, “Normal Darboux Frame” and “Rectifying Darboux Frame”, respectively. Also, the
Osculator Darboux Frame components and curvatures are calculated for a presented example.

Keywords: Moving Frame; Darboux Frame; Osculator Darboux vector; Normal Darboux vector;
Rectifying Darboux vector

1. Introduction

The concept of frame is important in the differential geometry of curves. One of the most important
tools used to analyze a curve is a moving frame. The relationship of the vector fields forming the
frame at the opposite points of two different curves reveals the special curve pairs [2,9]. Curvature
functions are defined on the curve using moving frames [1,5]. These curvature functions are called
differential invariants of the curve. Curves become special thanks to the relationships between the
differential invariants of the curve [3,4,6,7,16]. Many different frames have been defined in
different spaces [8,10, 11]. The most commonly used moving frames are the Frenet frame and
Bishop frame for the space curves, and the Darboux frame for the surface curves. The Darboux
frame is known as the frame of the curve-surface pair [12, 13, 14, 17]. Hananoi et al. describe three
new vector fields associated with the Darboux frame along the curve on the surface [13]. In
addition, Onder defines three new special curves on the surface, taking these three new vectors into

account. In this definition, he names these curves as D, -Darboux slant helices, where the indices
ie {o,n,r} represent the osculator, normal, and rectifying planes of the curve on the surface,
respectively [18,19].

In this study, three new moving frames are constructed for the surface curves using these three new
vector fields defined in [13]. The curvature functions are calculated for each frame. Relevant
theorems are presented with their proofs.
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2. Preliminaries
In this section, some basic concepts related to the subject discussed are presented.

Let M be an oriented surface in 3-dimensional Euclidean space E*, and let a(s):1 cR— M bea

unit speed surface curve on M and s be the arc-length parameter of « . If we denote the Frenet
frame of by {T,N,B}, then the Frenet equations of « are given by

T'=xN
N'=—xT +7B
B'=—zN

where x(s) is curvature (or first curvature function), z(s) is torsion (or second curvature function)
and, T,N and B are the unit tangent vector, the principal normal vector and the binormal vector
of «, respectively.

On the other hand, since the curve « is a surface curve, it has another orthonormal frame called
the Darboux frame and this frame is denoted by {T,v,U}, where T is the unit tangent of the curve,

U is the unit normal of the surface M along the curve «, and V is a unit vector defined by
V =UXT. Using the fact that the unit tangent T is common in both the Frenet frame and the
Darboux frame, the relation between these frames can be given as follows

T 1 0 0 T
V |=|0 cos@ sin@ || N/,
U 0 —sin@ cosé || B

where @ is the angle between the vectors V and N . The Darboux equations of « are given by

TV [1 Kk kT
V ' = —kg Tg V ) (1)
Ul |-k, -z, ofu

where k_, k, and z, are called normal curvature, geodesic curvature, and geodesic torsion of «,

respectively [15]. The relations between these curvatures and «, z are given as follows

k, =xcosd, k, =xsind, z, :r+d—9.
ds

Definition 2.1: The osculator Darboux vector field for a unit speed curve on an oriented surface
M with the Darboux frame {T,V,U} is defined as D, =z, (s)T(s) —k, (s)V(s) [13].

2



Sigma Journal of Engineering and Natural Sciences, Technical Note, Vol. 42, No. 6, pp. XX-XX,
December, 2024

Definition 2.2: The normal Darboux vector field for a unit speed curve on an oriented surface M
with the Darboux frame {T,V,U} is defined as D, = -k, (s)V(s) +k, (s)U(s) [13].

Definition 2.3: The rectifying Darboux vector field for a unit speed curve on an oriented surface
M with the Darboux frame {T,V,U} is defined as D, =7, (s)T(s) + Kk, (s)U(s) [13].

Definition 2.4: A unit speed curve is called a generalized helix if its unit tangent vector makes a
constant angle with a fixed direction [12].

Definition 2.5: Let « be a unit speed curve on an oriented surface M and {T,V,U} be the Darboux

frame along « . The curve « is called a relatively normal-slant helix if the vector field V of «
makes a constant angle with a fixed direction, i.e. there exists a constant unit vector d and a

constant angle ¢ such that (V,d)=cos¢ [15].

Definition 2.6: Let « be a unit speed curve on an oriented surface Mand {T,V,U} be the Darboux

frame along « . The curve « is called an isophote curve (or U -strip slant helix) if the vector field
U of « makes a constant angle with a fixed direction, i.e. there exists a constant unit vector d

and a constant angle ¢ such that (U,d) =cos¢ [18, 20].

3. The Osculator Darboux Frame

In this section, a new frame called the “Osculator Darboux Frame” and related theorem are
presented.

Let @:1 cIR—M be a unit speed curve with the Darboux frame {T,V,U} onsurface M in E*.

Let k;,K, 7, be the curvatures of the curve o and D, =z, (s)T(s) -k, (s)V(s) be the osculator

Darboux vector. It is clear that;
D,(s) _ 7, (S) K, (S)

DO (72 () + K2 (s) J72 () +K(s)

Since the vector D, is in the plane spanned by T and V , the vectors D, and U are perpendicular

D, (s) = T(s) - V(s).

to each other. So, D, 1. U . Hence, the unit vector Y, = D, xU can be defined. It is clear that the
vectors D,,U,Y, are unit velocity and perpendicular to each other. Therefore, using these vectors

D,,U,Y,, a new orthonormal frame can be constructed along the curve « on the surface.
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Definition 3.1. The frame constructed with the vector fields {D,U,Y,} defined as

D, =|D, |, D, LU, Y, =D, xU is called the osculator Darboux frame, or OD-frame briefly.

Theorem 3.1. Let a:1cIR—M be a unit speed curve on surface M in E®. The osculator
Darboux frame of the curve « is defined as

ljo’ = _50Y0
U =uY, 2)
Y, =6,D, - u,U,

) k2
where &, =(k—g] [k ZJ”rT Z}Lkg and g, = Jk,2+7,2.
n g

n

Proof: Firstly; D, can be expressed as a linear combination of the vectors {D0 U ,YO} as follows:
D, =aDb, +aU +a),. (3)
By the inner product both sides of the equality (3) with D,, the equality
(6::8)==

is obtained. Since |B,

=1, (D,,B,) =1 and thus

a, =<f)o’,f>o>=o.
By the inner product of both sides of the equality (3) with U , the equality
<f)o' ,U> =a,

is obtained. On the other hand, the vector D, can be written as

D, =sin®@T —cos®V , 4)

T . k
with the help of the equations ——— =sin® and ——"— =cos@® . If the derivatives of the
T+ ke J7o +k?

Darboux frame vectors (1) are used in the derivative of the equality (4),
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D, = (@' +k,)cos@T + (@' +k,)sindV . (5)
By the inner product of both sides of the equality (5) with U , the equality
a, :<I50',U>:0
is obtained. By the inner product of both sides of the equality (3) with Y, the equality
<[30' ,YO> =a,
Is obtained. On the other hand, it is clear that
Y, =D, xU =—cos@T —sina®V . (6)

By the inner product of both sides of the equality (5) with this Y, the equality
a, = <f>0',vo>= (@' +k,)

S
5 () , the equality
s)

is obtained. In here, by arranging the derivative of the expression tan® =

n

2 _ TQ(S) \ knz(s)
’ ‘(kn (s)j (kf(sm;(s)} )

is reached. If this expression is written in the equality (7),

Thus, the equation (3) is written as

B, = A Tk, |y ®)
° Ik, Lk

Secondly; U’ can be expressed as a linear combination of the vectors {f)o U ,Yo} as follows:

U =bD, +bU +b.Y,. (9)
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The equality (9) is inner multiplied with D, and so
<u’, |50> —b,.

By the inner product of both sides of the equality (4) with the third equality U'=-k T —z,V of
the equation system (1), the equality

b, =<u’, f)o> -0
is found. The equality (9) is inner multiplied with U and so
(U"U)=b,.
Since |U||=1, (U,U) =1 and thus
b, =(U",U) =0.

The equality (9) is inner multiplied with Y, and so

<U',YO>=b3.

By the inner product of both sides of the equality (6) with the third equality U'= -k T -z V of
the equation system (1), the equality

b3=<u’,YO>=4/r§+k§

is obtained. Thus, the equation (9) is written as

U= [r2 +K3Y, . (10)

Thirdly; Y, can be expressed as a linear combination of the vectors {Iio,u ,YO} as follows:

Y, =¢,D, +c,U +c,Y,. (11)

By the inner product of both sides of the equality (11) with D, , the equality

<Yo!' Ijo> = Cl
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is obtained. If the derivatives of the Darboux frame vectors (1) are used in the derivative of the
equality (6),

Y = (cD' +k, )sin@T —(cD'+ ky Jcos@V —(k, cos® +z,sin®)U .
(12)

The equality (12) is inner multiplied with the equality (4) and so
c, :<YO', f)o> =@ +k,.

In this here, the equality (7) is used and

T ’ k 2
c, =< n +Kk, .
' [kn](knz—l—rgzj g

By the inner product of both sides of the equality (11) with U , the equality

<YO',U>:C2

is obtained. Using the equation (12),

c, :<YO',U>:—\/r§ka.
By the inner product of both sides of the equality (11) with Y, the equality
c, = <YO',YO>
is obtained. Since |Y, | =1, (Y,.Y,) =1 and thus

¢, :<YO',YO>:0.

Thus, the equation (11) is written as

vy = 5 ) [k 1k |B, - Jr2+k2U (13)
° Tk, ) (T2 e e VR TR

Finally, the expressions (8), (10) and (13) give the matrix equality
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D, 0 0 -6,)\D
U'|=|0 0 M, || U |,
' 50 —H 0 Yo

) k 2 >
fOI‘ 50 :(k—gj [ﬁ}‘i‘kg, M, = kn2 +ng .
n n g

Theorem 3.2: In E®, let {D,,U,Y,} be the OD-frame and & be a unit speed curve. The curve &

is the isophote curve relative to the OD-frame if and only if the expression % is constant, for

(o]

u, #0 and o, #0.

Proof: (=) Let « be the isophote curve relative to the OD-frame. Let d be the unit, constant
direction and (U , d) =cosd =c = 0. So, the vector d can be expressed as

d=aD, +cU +ay,,
and the derivative of this equality gives the system.

a +a,0, =0,
a,u, =0,
a, —a,0, +cu, =0.

Since u, #0 and 6, #0, a, =0 and a = constant become. As a result, % = constant .

0

. cos@
(<) Let % be constant. This constant value can be selected as % “5ng’ Also the vector d
3 . sin

can be taken as d = cosdD, +sin QU . Since p,sin@ =35, cosH,
d'=0

is written with the help of the derivatives of the OD-frame vectors. So, the vector d is constant. In
addition, the equality d =cos@D, +sin@U is inner multiplied with U and so (d,U)=siné.

Consequently, the constant vector d and U make a constant angle, and the curve « is the isophote
curve.
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4. The Normal Darboux Frame

In this section, a new frame called the “Normal Darboux Frame” and related theorems are
presented.

Let @:1 cIR—M be a unit speed curve with the Darboux frame {T,V,U} onsurface M in E*.

Let K, K,,7, be the curvatures of the curve & and D, =k, (s) V(s) +k, (s) U(s) be the normal
Darboux vector. It is clear that;

Ijn (S) _ Dn (S) _ kn (S)

K, (s)
= = Y, : U(s).
POl k() + k() (S)+\/k§(s)+k§(s) X

Since the vector D, is in the plane spanned by U and V , the vectors D, and T are perpendicular

to each other. So, D, L T . Hence, the unit vector Y. = D, xT can be defined. It is clear that the
vectors D, T,Y, are unit velocity and perpendicular to each other. Therefore, using these vectors

D,,T,Y, anew orthonormal frame can be constructed along the curve « on the surface.

Definition 4.1. The frame constructed with the vector fields {D,,T,Y,} defined as

N D,(s) < ~
D, = ” D” ES;” D, LT, Y, =D, xT is called the normal Darboux frame or ND-frame briefly.

Theorem 4.1. Let a:1 < IR— M be a unit speed curve on surface M in E*. The normal Darboux
frame of the curve « is defined as

I:~)n' = _5nYn
T =uY,
Y, =6,D, - uT,

kn | k92 2 2
where o, :LK_J LknTkng+rg and g, = [k +k,"

9

Proof: It can be proved in a similar way to Theorem 3.1.

Theorem 4.2: In E°, let {D,,T,Y, | be the ND-frame and o be a unit speed curve. The curve o

is the helix relative to the ND-frame if and only if the expression ? is constant, for x, #0 and

n

o #0.

n
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Proof: (=) Let a be the helix relative to the ND-frame. Let d be the unit, constant direction and

(T,d)=cos@=c=0. So, the vector d can be expressed as
d=aD, +cT +ayY,

and the derivative of this equality gives the system.

a +a,0, =0,
_aZ:un = 07
a,—a,0, +cu, =0.

Hn

Since u, #0 and 6, #0, a, =0 and a, = constant become. As a result, = constant .

n

My _ €950 so the vector d

(<) Let g— be constant. This constant value can be selected as P
sin

n n

can be taken as d = cos@D, +sindT . Since u_ sind =5, cosd, d' =0 is written with the help of
the derivatives of the ND-frame vectors. So, the vector d is constant. In addition, the equality
d =cos@D, +sindT is inner multiplied with T and so (d, T ) =sin 6. Consequently, the constant

vector d and T make a constant angle, and the curve « is the helix.

5. The Rectifying Darboux Frame

In this section, a new frame called the “Rectifying Darboux Frame” and related theorems are
presented. Since these theorems given in this section are proven similar to these theorems in section
3, they will be given without proof.

Let @:1 cIR—M be a unit speed curve with the Darboux frame {T,V,U} on surface M in E*.

Let K,.K,,7, be the curvatures of the curve o and D, =7, (s)T(s)+k, (s)U(s) be the rectifying
Darboux vector. It is clear that;

D, (s) 7,

K, (5)
+—2 U
||D (s)|| /k (s)+f (s Jkg(s)ﬂg(s) ©)

Since the vector D, is in the plane spanned by T and U , the vectors [N)r and V are perpendicular

to each other. So, D, LV . Hence, the unit vector Y, = D, xV can be defined. It is clear that the

10
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vectors D,,V,Y, are unit velocity and perpendicular to each other. Therefore, using these vectors

{If)r Vv ,Yr} a new orthonormal frame can be constructed along the curve o on the surface.

Definition 5.1. The frame constructed with the vector fields {f)r,V,Yr} defined as

< D.(s) = < : o :
D, = ”D”E ;” D, LV, Y, =D, xV is called the Rectifying Darboux frame or RD-frame briefly.
NE

Theorem 5.1. Let a:1 cIR—>M be a unit speed curve on surface M in E*. The Rectifying
Darboux frame of the curve « is defined as

D, =-4,Y,
T =Y,
Y'=6D, -uV,

9

' " ,
where 5r ZLE_QJ {kz—j_er—kn and MU, :1,kg2+fgz .
g [¢]

Theorem 5.2: In E®, let {f)r,V,Yr} be the RD-frame and « be a unit speed curve. The curve «

A

is the relatively slant helix with respect to the RD-frame if and only if the expression IS

r

constant, for ¢, #0 and o, #0.

Example: Let's consider the cylinder surface M given by parameterization
o(u,v)=(sinu,cosu,v). The <curve «a:l—>M given by the parametric form

.S . :
a(s) = (sm —,cos—,—j is a helix on the surface M .

NG

S
N

s )E,(“
VRN

Lot D B

.\

oo e dndads

(=]
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Figure 1. The surface M , The curve «(S), The curve «(s) on the surface M

The vector fields and curvatures of the Darboux frame for this curve «(s) are calculated as:

o= I(COSI fj

S
COosS

Foni

V(s)=

-

U(s) = (sm[ [ ]
k,=0,k,=1/2,7,=-1/2.

The osculator Darboux vector is calculated as

D, = % () T(s)- , (5) V(s) =(0,0,-1).

NAOEINO)! NIAOEIHO)!

Also, it’s clear that

Y, =D, xU =| —cos—
[z o)
Finally, the curvatures of the OD-frame for this curve «(s) are found as ¢, =0 and x, = %
where
(D,,B,) =1, (U,U)=1(Y,.Y,) =1
(B,.U)=0,(D,.Y,)=0,(Y,,U)=0

6. Conclusion

In this article, three new orthogonal frames were defined along the curve « lying on the surface,
with the help of the Darboux frame.

12
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First, the vector Y, =D,xU was defined because the osculator Darboux vector D, is
perpendicular to the vector U . Therefore, using these vectors {f)o,u ,YO} the osculator Darboux

frame was constructed.

After, the vector Y, = D, xT was defined because the normal Darboux vector D, is perpendicular
to the vector T. Therefore, using these vectors {f)n,T,Yn} the normal Darboux frame was

constructed.

Finally, the vector Y. =D, xV was defined because the rectifying Darboux vector D, is
perpendicular to the vector V . Therefore, using these vectors {f)r,V,Yr} the normal Darboux

frame was constructed.

Also, the Osculator Darboux Frame components and curvatures are calculated for a presented
example.

The frame concept is very important in differential geometry. This study has a unique value in
terms of putting forward three new frames and it may be a basis for many new studies.

Annotation: This article is prepared from Akin Alkan's doctoral thesis.
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