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INTRODUCTION

Convex functions and convexity as a mathematical
definition have now played an important and fundamen-
tal role in the development of various fields of pure and
applied sciences. Convexity theory describes a wide range
of significant developments that link the fields of study of
mathematics, physics, economics and engineering sciences.
Some of these developments have built mutually enriching
relationships with other fields. The ideas explaining these
concepts have led to the development of new and powerful
techniques for solving a wide class of linear and nonlinear
problems. For more details see [1-4] and the references
cited therein.

In recent years, convexity, directly related to inte-
gral inequalities, has been considered as a research area,
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In this paper, a new class of convex functions, which is called exponential trigonometric con-
vex functions is studied. We obtain some refinements of the Hermite-Hadamard type inequal-
ities via functions whose second derivatives in absolute value at certain power are exponential
trigonometric convex functions. The results of the research by the means of Holder- Iscan and
improved-power-mean integral inequalities.
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examining the concept of convexity and its different forms.
One of the most studied inequalities regarding the integral
mean of a convex is the Hermite-Hadamard inequality. The
best-known Hermite and Hadamard inequality in the liter-
ature is stated as follows:

f 1S R — R be a convex mapping defined on the inter-
val s

b 1 b b
(%5 )Smfaf(wdxsw )

for all a, b € I with a < b. Many researchers have made
generalizations to inequality (1). For more results and detail
see [5-7] and the references therein.

The concept of trigonometric convexity was defined and
studied for the first time by Kadakal (2018). The algebraic
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theoretical knowledge in his work has recently increased
attention by researchers in inequality theory involving
trigononometric convex functions. Some notable results
and literature on the theory of inequalities for trigonomet-
ric convexity can be found, see [8-12] and the references
therein. With the contribution of the research mentioned
above, notable concepts such as exponential trigonometric,
Harmonic trigonometric, geometric trigonometric con-
vex functions have advanced as an important new class of
convex functions. Kadakal (2021) studied algebraic prop-
erties of the concept of exponential trigonometric convex
functions and Hermite-Hadamard type inequalities for the
newly introduced class of convex functions.

The aim of this study is to present the concepts of expo-
nential convex, trigonometric convex and exponential
trigonometric functions and to find some results regard-
ing the newly refined inequalities of the right-hand-side
of Hermite-Hadamard inequality for the class of functions
whose second derivatives at certain powers are exponen-
tial trigonometric convex functions. As well as numerical
analysis, the comparison of both Hélder, Holder-Iscan
and power-mean, improved power-mean are carried out
subsequently.

Some concepts available in the literature that will be
used for the proof of the main results will be given.

In [13], Kadakal defined the following new class of
functions:

Definition 1. A non-negative function f: I — R is called
trigonometrically convex function on interval [a, b], if for
each x, y € [a, b] and t € [0,1],

Flex+(1-0)y) < sm( ) £ + cos( ) &), )

The class of all trigonometrically convex functions is
denoted TC (I) on interval L

In [13], Kadakal also obtained the following Hermite-
Hadamard type inequalities for the trigonometrically con-
vex functions as follows:

Theorem 1. Let fi[a, b] — R be a trigonometrically con-
vex function, if a < b and f € L[a, b], then the following
inequality holds:

@f(a+b

b
1 2
1 (57) s 5o | f@dx < S (F@ + £ ).

Recently, the definition of exponential convex functions
has been given and studied by Awan et al., [14].

Definition 2. A function f: I € R — R is called expo-
nential convex function, if for every x, y € I, t € [0,1] and
a € R,

f»

fF(A-Dx+ty)<(- )fi?+tﬁ. 3)

One can say that fis said to be an exponential concave
function, in the case that in (3) reverse inequality holds. For
example, the function f: R — R, flx) =
tion, so this function is exponential convex for every a > 0.

In [14], Awan et al., gave the following results.

Theorem 2. Let f: I € R — R be an exponential con-
vex function, if a < b and f € L[a, b], then the following
Hermite-Hadamard type inequalities hold:

f(a;b)sbia

a

-x*is a concave func-

CF @) < @ - et f(b)

eau

In [15], Kadakal et al., introduced the concept of expo-
nential trigonometric convex functions defined as follows:

Definition 3. Let / € R be an interval. A function f: [ S
R — R s called exponential trigonometric convex function
iffor everya, b€, t € [0,1]
(rrt) (nt)
f(ta + (1 -1t)b) <z (4)

f()+ f®).

Denoted by EXPTC (I) the class of all exponential trigo-
nometric convex functions on interval I. We note that every
non-negative exponential trigonometric convex function is
a trigonometric convex function. Indeed, since 1 <e''<e=
l/le<e <1 we writeef™? sinn—t < sin”—t In a similar way

lle<et<1=et

sin (nt)

cos— < cos— So

Tt
Flta+ (- 0)b) < 2D pg) 4. S( )f(b)<sm( t)f(a)Jrcos(%t)f(b).

For example, the mapping f: I C (-e0,0) = R, defined by
flx) = x is an exponential trigonometric convex function.
sin(%) cos(%)
Since the inequality t ——24>0and 1 -t ——~=2=0
e e
hold for t € [0,1].
In [15], Kadakal et al., gave the following results:
Theorem 3. Let f:[a, b] — R be an exponentially con-
vex function, if a < b and f € L[a, b], then the following

Hermite-Hadamard type inequality hold:

e (a+b

(5 <—ff(x) e (ORI

In [16], Iscan gave a refinement of the Holder integral
inequality follows:
Theorem 4. (Holder-Iscan integral inequality) Let

p>1 and% + i = 1.If fand g are real functions defined on
interval [a, b] and if | f |7 and | g |? are integrable functions
on [a, b] then
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q

1
P
D) f IFgldx < [( [o-» If(X)I”dx> < Jo-» |g<x)|qu)

b 5 b : (5)
14 q
+ < Ja-a If(X)I”dX> < [o-a |g(x)|4dx>

Holder-Iscan integral inequality offers better outcome
approximations than Holder integral inequality.

A different representation of the Holder-Iscan inequal-
ity in [17] is given belows:

Theorem 5. (Improved power-mean integral inequal-
ity) Let g = 1 and % + % = 1. If fand g are real functions
defined on interval [a, b] and if | f| and | f|| g |* are integra-
ble functions on [a, b] then,

1 b 1" b %
S (f(b—xnf(x)mx) ([ ®- x)|f(x)||g(x)wdx>
b 1-% %
+< [a-a If(x)\dX> ( Jo- a)lf(x)lly(X)I"dX> :

Improved power-mean integral inequality offers better
approximations than power-mean integral inequality.
Let 0 < a < band g 2 1, throughout this paper,

b
o [Ir@gelax <

(6)

If" (@ + 1" (B)]
2

1
l " q " b q\g
Aq(|f”(a)|q, |f”(b)|q) — <|f (a)l ;— |f ( )I )q

A(f" @I 1" =

will be used for the arithmetic mean.

MAIN RESULTS

Prior to main theorem, following lemma is needed in
order to prove the results. This lemma can be easily achieved
by taking partial integration into the lemma in [18].

Lemma 1. Let I C R, f: [ = R be a twice differentiable
function on I° with f” € L[a, b] where a, b €  with a < b,
then

f@+f®)
2

b-ay? [
2

b
b i a‘f fl)dx < f(t —t2)f"(ta + (1 — t)b)dt.
¢ 0

Theorem 6. f: | C [0,00) = R be twice differentiable
mapping on I° such that f” € L[a, b], where a, b € [ with a

< b. If | f "] is exponential trigonometric convex on [a, b].

Then the following inequality holds:

f(@+f()
2

b —a)? (—256119" +96m% — 4nt — 64

Caws )A(lf”(a)l, irron. (7)

1 b
m[ FO0dx| <

Proof: If the function | f | is exponential trigonometric
convex on [a, b], using lemma 1 and

)y )

If"(ta+ (1 - t)b)| < If" (@] + —==If" )|,
we get
w—ﬁf:mm L& ;“)2 f|z — 2||f" (ta + (1 — O)b)|dt

1
< (b_a)zft(l Olf"(ta + (1 — O)b)|dt

S Che “)fta t)[( 1(t)>\f()|+< (m)>lf (b)|}dt

(b a) 256me™! + 96m? — 4t — . —256me™! + 96m% — 41t — 64
[\f ¢ )|( CrYAE >+ If Ol)l(W)]
- a)2 256me™! + 96m? — 4t — 64 . .
= < G+ a7 )A(\f @I, If"®)D

where

1 . (Tt 1
sin (5 cos (7 ~256me™" + 96m% — 4n* — 64
ft(l—t) el(_%)dt=ft(1— 0 e(z)dtz e (;2:4)3 T
0 0
The proof is completed.

Theorem 7. fi | C [0,00) = R be twice differentiable
mapping on I° such that f” € L[a, b], where a, b € [ with a

< b. If | f"|?is exponential trigonometric convex on [a, b],

pg>1and % + i = 1. Then the following inequality holds:

1
4me" +8\a

b 1
[0+ 10) S ) agr@e o, (8)

(b—a)* L
== BP(p+1,p+1)(

1 b
“ial, 1

Proof: Suppose that p > I, from lemma 1 and by the

Holder inequality, we have

f@+fb) b-a? [
2 2

flt — t2||f"(ta + (1 — t)b)|dt
0

1 b
mf fo)dx| <

1
32
L& Za) ft(l—t)lf”(ta+(1—t)b)|dt
0

1
q

1
1 p/1
SOk <f (1 - c)pm) (jlf"(ca ra- t)b)l‘*dt) -
0

0

Since | f" |7 is exponential trigonometric convex, we

have

b b
ORI )*rlaf i

1 1
1 Pl 1 . (mt Tt a
b — a)? sin (=~ cos (=
s%([ rp(l—r)vdr> [f (( el(_?)>|f"<a)|q+<ﬁ2)>|f"<b)|fl>dr]
0 0

1
2me ™t +4\\7
"p)|a
>+|f()| ( ) >>
e !t + 8 E 1

7 > Ad(If" (@19, If" (D).

(b—a)

B"(P +Lp+ 1)<If”(a)l“< 214

_b- a)2

ﬂ”(p+1p+1)<

Where
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2me™t + 4
et T omt+4

ftp(l —t)Pdt=B(p+1,p+1)
0

which is required.

Theorem 8. f: [ € [0,0) - R be twice differentiable
mapping on [° such that f” € L[a, b], where a, b € | with a
<b If| f"

q>1 and% + ; = 1. Then the following inequality holds:

1 is exponential trigonometric convex on [a, b],

L) O %a f e

1
(b—a)? . 2ne™! — 4n? + 24me ™' + 16 . 82 — 16me "\ \?
,—MH Lp+ 2)(If (a)w( e )+ If (b)|ﬂ( e )) 9)

1
. (b —a)? 2m3e! — 4m? + 24me™" + 16))4
5 .

1 —16me!
Brlp+2,p+ D[ If" @I (W)Hf (b)l”( CTFYH

Proof: If the function | f” |7 for g > 1 is exponential
trigonometric convex on [a, b], from lemma 1 and by the
Holder-Iscan inequality and

n(’”) s(’%t)

[f"(ta+ (1 —-0)b)|T < [f"(@|? +——==1f"®)|?
we have
oo L o

1
— 2
< @ Za) f|: —2||f"(ta+ (1 = O)b)|dt
0

b-a?(( a5 :
<2 [era-orna) [ [a-oircasa-oba

)

1
©=a?(( pn " !
+T<!rv (1—0%) <oft\f (ta+(1—t)b)\dt>
o (o ()

(frﬂ(l n”'dr) (fu t)( T i+ 22 If (b)|q> )
0
. .
) p/1 . q
Mg fﬂ’“(l—opdr [+ ( )If()\"+ OS( )\f Bl | de
Z 0 0

(b a) 2n3e™t — 4n? + 24me™ + 16
) tIf®e

16me™" d
ﬁp(P +1Lp+2) <|f (@ ( @2 ¥ 4?2 W))

1
(b a) . 8n? — 16me™t - 2n%e™! — 4m? + 24me~" + 16\ 7
E”(P+2 p+D(If (a)\q( @147 )*V (b)|q( (2 +4)2 ) )

where

1

J' (1 — OP*dt = B(p + 1,p +2),

0
1

f tPH (1 - )Pdt=B(p+2,p+ 1),
1 Tt
- _ tCOS (7) dt = 2mie —4m? + 24me™ + 16
f( ‘f Ea  + 872 '

Ja-o a2

8m? — 16me™t
(m2+4) '

the proof is completed.

Remark 1. Since h: [0,) > R, h(x) =x,0<t<1lisa
concave function, for all u, v > 0, we have

ut +vt  h(u) + k()
2 2
< h(u+v)
B <u + v)f
L2
and by using the following properties
Be+Lp+2)=Bp+2p+1)
Bp+Lp+2)=pp+1Lp+1)

2( +1)

we can write the right hand-side of the inequality (9) as
follow:

1
(b —a)? o (2T e ! —4m? + 24me™! + 16 B 82 — 16me~\\?
BP(P+1P+2) If" (@] (W>+\f ®)I (W)
(11 a) L e 8n? — 16me ™" - 2mie™ —
5(P+2P+1) If" (@] CET I + 1Bl

1
. 2me™! 4 4 2me™! 4+ 4\\ @
(e (27e FIB)

< (b a) E”(p+1p+2)<” @I ( n?+4 )Zlf( ! ( 2+ 4 )>

.
" 2. + 4 " 2. + 4\ @
pe1 (1@ () e ()
2(p + DI 2

1
4m? + 24me™ + 16\ \?
R D

22D s h1p41)

1
el +4\d

b— 1
SGoor 14 ) Aa(|f" @19, 1" (D)D),

ﬁ”(P+1p+l)(

The required result is completed which indicates that
the inequality (9) gives a better approximation than the
inequality (8).

Theorem 9. f: I C [0,0) - R be twice differentiable
mapping on [° such that f" € L[a, b], where a, b € [ with a <
b.If | f"]7is exponential trigonometric convex on [a, b] and
q 2 1. Then the following inequality holds:

f(a);’f(b)_Lfbf(x)dx
1 128m(2e~* — —4 4 (10)
<0-a2(g ) ( i o :)4)3 S ))Aq(lf”(uw IF" ()1,

Proof: Suppose that q > 1. From lemma 1, using the
well known power-mean inequality and exponential trigo-
nometric convexity of | f |9, we have

b b
f(a);rf()_bljf i

1
_ N2
< @flt — ¢2||f" (ta + (1 - O)b)|de

b 1’% 1 q
< a) <J' t(1— t)dt) <f t(1—DIf"(ta + (1 — t)b)ldt)
0

0

» p :
s(h_za) <ft(1—t)dt> <ft(1 t)( ( )If”(a)lq+ ( )If”(b)l">df>

0

1
q

_ (b —Za)z (1)

ol

1
) —1287(2e~! — ) — 4(n? + 4)? . —128n(2e™t — ) — 4(n? + 4)? a
x(lf (a)I"( R )+\f (b)|q< G ))

1
1\ (—128mw(2e™t — —4(m? +4)?\ 1
- - (E)”( re " —m 4t ))Avaf”(a)w. RO

(2 +4)°
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where
1
1

J- t(1 —t)dt = g,
0
1 . (Tt 1 Tt

sin (—) cos (—) —128n(2e™ — ) — 4(n? + 4)?

_ 2 _ _ 2 _

ft(l D dt = ft(l H— =t Y ,
0 0

this completes the proof of the theorem.

Theorem 10. f: I € [0,.0) = R be twice differentiable
mapping on I° such that f" € L[a, b], where a, b € [ with a <
b.If | f" |7 is exponential trigonometric convex on [a, b] and
q = 1. Then the following inequality holds:

»
f@+/®) 1 [ fcous

S a) (%) [\f”(a)\ (W(mm et — 24m’e”t — 1287% + 121 + 64))

1

e 1 4mte™ — 9, 1+ 43277 — + 6 —192 ]a
HFWI ((ﬂ +4)4(6()rre + 4me™ — 960me™ + 4321 — 687 + 1 ) (11)
b-a)? (1
MChll 7) [If ‘@l (W(lalnse” +4m%e™ — 960me™ + 432n% — 681 + 1° — 192))

12

1

HFBI ((ﬂz e (04Tt — et — 2dme”t — 1267 + 12! +s4))]

Proof: Suppose that q = 1. From lemma 1, using
improved power-mean inequality and exponential trigono-

metric convexity of | /|7, we have

e 1
@+ )_b—af o

1
— 2
< an — e2|If" (ta + (1 — Ob)dt
)

1
NS =g/
< © Za) <f t(1- t)zdt> (J t(1 -0 f"(ta+ (1 - t)b)l"dt)
(] o
w-ar(( i ‘
+ Za <f tz(l—t)dt> <J’ t2(1—t)\f”(m+(1—t)b)\"dt>
0 0

1y Ojra r)1<'( ) e+ ( (G, (b)w) )
n(%)

32|
SOy “<f (- [)<' @i+ ( @), (bw) >%
L2

e

s

(b—a)
2

b —a)?
2

'

. 1 it R

m( )dt+|f (b)\“ft(l—t)zwseydo
0

IFr @l f (-2

1

=01 o oo @ o foa 0B
(7 "(r (a)qur a-o—Fa+iror [ca-o—a
Y a)z (é)] [|f ‘(@) (Tw(ao%e 1 pSet — 24mie ) — 1282 + 127 +64))

HFB)I ((,,z o (160%™ + 4ne™ — 960me™ + 43217 — 681" + 1° — 192))]

(ba

1

ﬁ) [|f ‘(@) (T‘l)é (160wt + 4m°e™* — 960me™ + 4321 — 681" + ° — 192))
1

+If" ()| (112 T 4)4 (304me™ — e — 24n%e™t — 128n% + 121" + 64))]

where
1 1
fr(l —t)?%dt = f t?2(1 —t)dt = 1
12
0 0
1 . Tt 1 Tt
sin |- CoS|—
ft(l—t)z el(_g)dtzftz(l—t)—e(tZ)dt
0 0
i (304me™ — et — 24ne™! — 12872 + 121 + 64)
(2 4 4)*
1 . (Tt 1 Tt
sin | = CoS|—
ftz(l—t) 1(_%)dt=ft(1—t)2¥dt
e e
0 0
—4
= (m(160n3e'1 + 4mSe™* — 960me™ + 4321 — 68n* + 1® — 192))

the proof is completed.

Remark 2. The inequality (11) gives a better result than
the inequality (10).

Proof: The proof is make by giving the numerical results
of integrals.

1

J’t(l—t)zﬁd[ :ftz(l—t)ﬁdt
e e
0

o
-16
=g gy (04me - ne! —24ne — 128n” + 127 + 64) = 0.028
SRC IR R )
J’tz(l -0 1-t dt = f t(1- t)z T dt
e e
o 0

—4
(W(160T[36_1 + 4nSe™t — 960me™! + 43212 — 68n* + n° — 192)) = 0.045,
1 . (Tt 1 Tt p P
J’t(l 2 (z) dt = ftu n (z) oo 1B M AR
el-t - et B (% +4)3 o
0 0

We can write the inequality (10) and the inequality (11)
with numerical results.

f(a) ;—f(b) J‘ Fdx

<o-2 (5 ) OO7ATU @I I ()1,

Similarly, we have

@410
2

1 b
- f F)dx

1
<M(i)l_a(l "(@)]9(0.028)+|f" (b)]9(0.045 )5 (12)
s 12 f"(a . f (0.045)

+(b—a)z(

1
(L) @ r00ssy I @1 0028

12

By using concavity of the function h: [0,0) > R, h(x) =
x', 0 < t < 1, the write right- hand-side of the inequality (12)
can be written as follows:

_ 2
N
+(b—a)2(1

1
Ta 1
2 E) T (@19(0.045) +1f " (b)]7(0.028))d

0L )6 <|f”(a)|"(0-073)+|f"(b)Iq(0-073)>‘11
2 12 2

) 4@ 0.028)+15 ()1 00457

-1

1 11
= 0-a?(5) T @I, IF B,

The required result is completed which indicates that
the inequality (11) gives a better result than the inequality
(10).

CONCLUSION

In this article, some new versions of Hermite-Hadamard
type inequalities for differential exponential trigonometric
convex functions were obtained. Additionally, some special
cases are given in detail. Finally, it was obtained a few inter-
esting inequalities from our main results using special tools
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and comparison as an application. This demonstrated the
efficiency of the results. It is expected that this article will
trigger new ideas and techniques in some different integral
equations for researchers working in functional analysis,
information theory and statistical theory.
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