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INTRODUCTION

ABSTRACT

In this manuscript, our objective is to introduce the notion of neutrosophic extended met-
ric-like spaces. We establish some fixed point theorems in this setting. Neutrosophic extended
metric-like spaces metric space uses the idea of continuous triangular norms and continuous
triangular conorms in an extended intuitionistic fuzzy metric-like space. Triangular norms
are used to generalize with the probability distribution of triangle inequality in metric space
conditions. Triangular conorms are known as dual operations of triangular norms. Triangular
norms and triangular conorm are very significant for fuzzy operation. The obtained results
boost the approaches of existing ones in the literature and are supported by some examples
and an application.

Cite this article as: Ishtiaq U, Simsek N, Javed K, Ahmed K, Uddin F, Kirig¢1 M. Fixed point
theorem for neutrosophic extended metric-like spaces and their application. Sigma J Eng Nat
Sci 2023;41(4):750-757.

10, 11, 14, 23]. Harandi [21] is credited with coining the
term metric like spaces (MLS) which elegantly generalizes

After being given the notion of fuzzy sets (FS) by Zadeh
[12], many researchers provide abundant generalizations.
In this continuation, Kramosil and Michalek [16] originated
the approach of fuzzy metric spaces. George and Veeramani
[8] initiated the approach of fuzzy metric spaces. Garbiec
[9] gave the fuzzy interpretation of the Banach contraction
principle in fuzzy metric spaces. For basic concepts, see [7,
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the idea of metric spaces. Shukla and Abbas [22] reformu-
lated definition (MLS) in this context, resulting in a fuzzy
metric-like spaces (FMLS).

Mehmood [13] originated the approach of a fuzzy
extended b-metric space (FEBMS) by replacing coefficient
b > 1 with a function a: B x B > [1, o). The approach of
intuitionistic fuzzy metric spaces was introduced by Park
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in [1] and Konwar [4] who initiated an intuitionistic fuzzy
b-metric space (IFBMS). Kirisci and Simsek [17] general-
ized the approach of intuitionistic fuzzy metric space by
presenting the approach of a neutrosophic metric space
(NMS). Simsek and Kirisci [19] and Sowndrarajan et al.
[18] proved some fixed point results in the setting of an
NMS.

In this manuscript, we use the concepts of fuzzy
extended b-metric space, NMS, and FMLS to introduce
the notion of a neutrosophic extended metric-like space
(NEMLS). So the notion of NEMLS is a generalization of
fuzzy extended b-metric space, FMLS, IFBMS, NMS, and
other concepts in the existing literature. Also, some fixed
point (FP) results with non-trivial examples and an appli-
cation are provided. For related works, see [1, 2, 3, 5, 6, 15,
20, 24-34].

In the end, some notations which are important for the
understanding of this manuscript are accommodated in the
appendix section to avoid obscurity and vagueness.

In this article, CTM is used for a continuous triangular
norm and CTCM for a continuous triangular co-norm.

Preliminares

In this section, some basic definitions are given that are
helpful to understand the main results.

Definition 2.1 [13] A 4-tuple (B, 4,0, @) is called a
FEBMS if B is a non-empty set,a: B x B > [1, ), O is a
CTM and A, is an FS on B x B x (0, e=), meeting the below
circumstances for all 9, §, f € Band ¢, 6 >0

(F1) 4,09, 6,0)=0;

(F2) 4,(9,8,¢) =19 =6; (F3) 4,9, 6, ¢) = 4,6,
19' §)>

(F4) A, (0, B, a(9, B)(s + 0)) 2 A, (9, ,6) © A(8, B, 0);
(F5) 4,09, 8, ): (0, ) > [0,1 is continuous.

Example 2.2 [13] Let B = {1,2,3} and define A, by

¢
A, (9,8,¢) ={¢+d(®,d)
0 if¢=0

if¢ >0,

Take d(¥9, 6) = (9 - §)? and given a: B x B > [1, =) as
a(9,8)=1+9+6.

Also take the CTM: a © b = anb = min{a, b}. Then (B,
A0, A) is an EFBMS.

Park introduced the concept of intuitionistic fuzzy met-
ric spaces (IFMSs) and utilized this idea to investigate fixed
point results. Park defined the notion of IFMSs as follows:

Definition 2.3 [1] Suppose E # @ is an arbitrary set,
assume a five-tuple (E, R, S, *, A) where * isa CTM, Ais a
CTCM, and R, S are FSson E x E x (0, ). If (E, R, S,*, A)
meet the following circumstances for all 3, 6, d €

Eandm A>0:

(BL)R(B,8,1) +S(B,6,1) <1,

(B2) R(B,8,4) >0,

(B3)R(B,0,)=1= =6,

(B4) R(B, 6, 2) = R(6, B, A),

(B5) R(B, 9, (A +m)) = R(f, 5, 1)*R(5, 0, ),

(B6) R(B, 8,-) is non decreasing (ND) function of R* and
lim R(B,6,1) =1,

A>eo

(B7) S(B, 8, 4) >0,

(B8)S(B,8,)=0= =46,

(B9) S(B, 8,2) =58, B, A),

(B10) S(B, 9, (A + m)) < S(f, 6, A)AS(6, 9, m),

(B11) S(B, 6,7) is non increasing (NI) function of R* and
lim S(B, 8, 4) =0.

A>eo

Then (E, R, S, *, A) is an IFMS.

The concept of neutrosophic metric spaces was dis-
cussed by Kirisci and Simsek in his work and he defined the
said concept as follows:

Definition 2.4 [17] Suppose B # @. Given a six tuple (B,
Mgy, N, Oy %, $) where * is a CTM, ¢ is a CTCM, M, N,
and 0,NSon B x B x (0, ). If (B, M,N,O0,* $) meets
the below circumstances for all 9, §, § € B and ¢, 0 > 0:

(0] M,(®,8,6) + N,(¥,8,6) + 0,(9,8,6) <3,

(Im 0<M,®,6,¢)<1,
() M,8,6¢)=1=9=3,

V) M, (9,8,6) = M,(5,9,),
V) M,(9.8(s +0)) = M,(9,6,6)*M,(5,B,0),
vn M,(9,6,):[0,0) - [0,1] is continuous,
(VD lim M, (¥,6,¢) =1,
oo
(V) 0<N,(3,6¢) <1,
X) N,@0,6¢)=0=29=56,
X)  Ny(¥,6,6) = N,y(8,9,6),
(KD N(9,8 (s +0)) < Ny(8,6,6)0N, (8,8, 0),
(X10) N, (9,6,):[0,90) - [0,1] is continuous,
() lim N, (9,8,6) =0,
(XIV)  0<0,(9,6¢) <1,
(XV) 0(/,(19,5,():04:»19:5,
(XVD)  0,(9,8,6) = 0,(8,9,5),
(XVI)  0,(9,B,(s +0)) < 0,(8,8,6)40,(8,B8,0),
(XVIII) 0,(9,8,):[0,0) — [0,1] is a continuous,
(XIX)  lim 0,(9,8,6) =0,
(XX)  if¢ < 0then M,(9,6,¢) = 0,N,(9,6,¢) =1,0,(9,6,¢) =1,

Then (M(p, N, O(p) is a neutrosophic metric on and (B,
M, N, O, $) is an NMS. The functions

M(p(19, 6,¢), N(p(ﬁ, 6, ¢) and 0(p(19, 6,6) represent the
degree of nearness, naturalness, and non-nearness between
9 and 6 for ¢, respectively.

RESULTS AND DISCUSSION

Now, we introduce the notion of NEMLS and utilize this
concept to investigate some fixed point results.

Definition 3.1 Suppose B = @. Given a six tuple (B, M,
N(p, 0¢,, *, $) where * is a CTM, ¢ is a CTCM,p: B x B >
[1, 00), M,N, and 0, are NSs on B x B x (0, ). If (B, M,
N,, 0,,*, ¢) meets the below circumstances for all J, §, B
€EBandg, o>0:
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(0] M,(9,68,6) + Ny, (9,6,6) + 0,(9,8,6) <3,
(i) 0<M,(®,8¢) =<1,
(iii) M,(¥,6,5) = 1implies 9 = g,
(V) M,(0,8,6) = M,(5,9,¢),
V) My(3,8,00,B)(s +0)) = My(¥,8,0)*M,(8,B,0),
(vi) M, (¥,6,):[0,%) — [0,1] is continuous,
(vii) g1‘1—>r2; M(p(ll), 5,¢) =1,
(viii) 0<N,(®,6¢) <1,
(ix) N,(9,8,¢) = 0 implies 9 = §,
(®) N,(9,6,¢) = Ny(8,9,9),
i) N(8,8,00,B)(s +0)) < Ny(®,8,6)4N, (8, B,0),

(xii)  N,(¥,8,):[0,) — [0,1] is continuous,
(i) Jim N, (9,6,6) = 0,
(xiv) 0=<0,0,6,6)<1,
(xv) 0,(¥,8,5) = 0 implies 9 = g,
&xvi)  0,(9,6,6) = 0,(8,9,9),
xvii)  0,(9,8, 91, B)(s +0)) < 0,(8,5,6)$0,(5,8,0),
(xviii) 0,(¥,8,):[0,) — [0,1] is a continuous,
(xix) ch_)rg 0,(9,6,5) =0,
(xx) if ¢ < 0 then M, (9,8,¢) = 0,N,(¥,6,5) =1,0,(9,8,5) = 1,

Then (M, N, O,) is an extended neutrosophic met-

ric-like (ENML) on and (B, M,N,O0,* $)isan NEMLS.

Example 3.2 Let B = N. Define Mw’ Nw’ 0¢,: B x B x
(0, ) > [0,1] by

M, (9,6,¢) = ‘ N,(8,5,5) = —22?, &F
o8 T ¢+ max{®, §)2° = T ¢+ max{®, 6)?
max{d, §}?
0,(¥,6,5) = —

forall 9, § € B and ¢ > 0. Define the CINbyao b =a
-4 and CTCN “$” by a ¢ & = max{a, 4} and define “¢” by

1 if 9=6
¢(®,0) = {max{ﬁ, 8} if 0 %6

Then (B, M(p, N(p, 0(p,0,<>) be a NEMLS.

Proof: (i)—(iv), (vi) — (x), (xii) — (xvi) and (xviii) — (xx)
are obvious. We shall prove (v), (xi) and (xix). We have
max{d, B}* < (¥, B)[max{d, 6}* + max{s, B}*].

Then

¢o max{¥, B}* < ¢(9, B)[(so + 0%) max{¥, §}? + (g0 + ¢?) max{§, £}?].

That is

¢omax{¥, B} < 99, B)[(s + o) max{d, §}* + (¢ + o)g max{s, B}?].

Then

¢omax{9, B}* < 09, B)[(s + o) max{9, 5§} + (¢ + o) max{s, f}* + (¢ + o) max{d, §}*> max{s, f}*].

That is

¢o max{, B} < (9, B) (s + 0)[o max{9, §}* + ¢ max{§, #}* + max{¥, §}* max{s, f}*].

Then

003, B)(s + 0)so + o max(s, B’
< @@,B) (s + )50 + (I, B)(s + 0)[o max{9, 5} + ¢ max{s, f}* + max{9, §}> max{s, f}*].
Then

salp@@, B)(s + ) + max{9, f*] < 99, B)(s + 0)[so + o max{¥, §}* + ¢ max{§, B}? + max{¥, §}* max{5, B}*].
That is
sale(@®,B)(s + 0) + max{9, £}*] < ¢(®, B) (s + o) [¢ + max{¥, §}*][0 + max{§, 5}*].
Then

»®,p)(s+0) - co
o, ) (s +0) + max{9, 32~ [¢ + max{¥, §}*][c + max{s, £}?]

That is

9,0 +0) ¢ o
0, B)(s + o) + max{9, B} ~ ¢+ max{¥9,5}* o+ max{§,f}*

Hence
= M,(9,8,9,B)(s + 0)) = M,(9,6,¢) © M,(8,B,0).

(v) is satisfied.
max{9, £}? = max{9, f}* max{1,1}

Then

max{9, 8}? = max{d, }?> max {max{ﬁ, 82 max{s, ﬁ}z}

max{9, §}* ' max{§, B}*}
That is

max{®, f}* < [p(9, B)(s + 0) + max{¥, }*] max{

max{d9, §}? max{3, f}?
¢+ max{9,6}2" o + max({§, ﬁ}z}'

Then

max{J, §}* - max{J, §}? max{§, f}?
@, B)(¢ + o) + max{9, B} ~ max {g + max{9,6}* o + max{S,B}z}'

Hence
Ny (8,8, 99, B) (s + ) < N, (9, 6,¢).

(xi) is satisfied.
max{¥, B} < ¢ (9, ) max{max{9, §}?, max{§, f}*}

Then

max{¥, B}? max{d, §}*> max{§, B}?
g_i_—USqo(ﬁ,ﬁ)max{ c ) p .
That is

max{¥, B}* < max {max{ﬁ, 52 max{&ﬁ}z}
p®,B(+0) ™ o '
Hence

= 0,(8,8,9(8,B)( +0)) < 0,(8,6,6)$0,(5,B,0).

(xvii) is satisfied.

Remark 3.3 The above example is also satisfied for a ©
& = min{a, 4} and a ¢ & = max{a, 6}.

Definition 3.4 Let (B, M, N, 0,,0,$) be a NEMLS
and {9,,} be a sequence in B.then {9, } is named to be:

(i) aconvergent, if there exists J € B such that

lim My, (9,9, 6) = My (9,9, 6), lim Ny, (9, 9, 6) = Ny (9,9, )
and rllg{}o 0y (B, 9,6) = 0,(9,9,6), forall ¢ > 0

(if) a Cauchy sequence (CS), if and only if for each ¢ >
0, there exists n, € N such that

lim My, (8, 4, 6), 1im Ny (9, I, 6) and lim 0, (9, B, )
exists and finite.

(iii) If every Cauchy sequence convergent in B, then
(B, M o N Ow,0,<>) is called complete NEMLS.

lim M (9, Or1q,6) = lim My, (9,,9,6) = My (9,9,6),

lim Ny (8, Op1q,) = lim Ny (9,,9,6) = Ny (9,9, 6),

im0y (9, O, §) = im0, (9,9, 6) = 0, (9,9, 6).

At this time, we shall prove extended Neutrosophic like
Banach contraction results.
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Theorem 3.5 Let (B, M, N 0,$) be a complete
NEMLS in the company of ¢: B x B > [1, ) and suppose
that

(1)

lim M,,(8,8,6) = 1, lim N, (9,6,¢) = 0 and lim 0, (8,8,6) = 0

for all ¥, § € B and ¢ > 0. Let f: B > B be a mapping
satisfying

M, (8,8, ks) = My(9,8,6), Ny(fS,f8,ks) < N,(9,8,¢),
0, (F9, 8, kg) < 0,(9,5,5) )
forall9,§ € B,0< k < 1and ¢ > 0. Further, suppose that
for an arbitrary 90 € B, and n, g € N, we have

1
¢(§nrﬁn+q) < Zv

where 9, = "9, = f9,_;. Then f has a unique FP.
Proof: Let 9, be a random element of B and take 9, =
"9, =fa,_,,n € N. By using (2) for all ¢ > 0, we have

S
My (O, B2, K6) = My (1,00, 6) = My (91, 00,6) = My (82, 0-1,7)
S S
=M, (79"73;797[72;F) == M, (’90"91'k_n)'
S
N (O B, K6) = Ny (1,500, K6) < Np (Bt 0 ©) < Ny (9 nss )

< Ny (8o Onaris) < = < Ny (80,9075
and

S
Oy (B 1, K6) = 0 (-1, 80 k) < Op (B2, 00,6) < O (B2, s )
<o, (ﬂn,s,ﬂn,z,kiz) <-<0, (ﬁo,ﬂl,kin)

We obtain

S S
Moy @ s, 6) = Moy (90,01,75) s N (O B, K6) < Ny (80,9, 77) and

s
0y (O, 9ns1,ks) < 0, (190,191,?) .

€)

For anyg €N, ¢ == + +oet ¢ and using defini-

tion of a NEMLS, we deduce

S S
My(89n4q,6) = My | OnyOpsr,————— | O My | Opyy, Oy —F————————
o A (00000)) T 4 (080 90a) 9 (O Bue)

S

oM, [ Ons2 Onsa 0o
N (08 D)0 O Bne )2 (B D))

My (Oniq-1.Onsqr > .
T I (o (9.04) @ (I 1.9n4q) @ (Fns2.9n+q) <9 (P g-1.9nrq))

Also,

s s
Nolln s s) < o (ﬁ"' Py (9(n &nﬂ,))) e (ﬂm'ﬁm' (0O 9nsq)9 (s ﬁw)))
s
(€000 n10)9 (Bns1, Onsq)0 (9120 nsg))
s
4 (00 9n10) 0 (Br1. O )9 (Bnszs Onrq) = 9 (Fnq-1,Pneg))

¢ Ny <19n+2"9n+3r Qe

A o

and

s 3
0y (9 9n4qrS) < 0 | O Onsr,—————— | ¢ 0y | i1, Oppp——————————————
o ( " "“q(«l(awﬁnw))) ( P TCTONNS PO

S

PR
4 (00 9n10) 0 (Bns1 Bnq) P (B2 Pneg))

@0y <17n+2r Oz

0y | Onrg-1,Onsar < .
O\ T (0 (90,9n40)0 (9n41.9n4) 9 (P2 9m )9 (O rq-1.9m+))

Using (3) and the definition of an NEMLS, we deduce

s s
My (0 Oniqr§) = My, [ 9,8, ——————<— | 0 M, | 95,9,
o w( o q(w(ﬂ".an))k") “’( o q(w(ﬁmm)w(ﬂm.ﬂw))k"“)

oM, (19,,49, i 0.0

"4 (900 O )0 (Ons1 )0 sz Onag) ) K2

M, | 90,05, i .
0 (000 010) 9 (B2, B 10) P (Orsz Brsq) = 9 (Oreqo1, Ineg) ) KT+

Also,

S S
Ny (O OnsqrS) < Ny | 90,95, N, [ 9,9,
e a(9(0n Bsg)) k) 7 (9 (00 D)0 (B Onsg) ) 42

AN s IS
4 (090 9n40) 0 (Ons Brq) P (B2, Insg) ) K+

Ny | 90,91, S
4 (000 900 Onr1:9n40) 0 Oz Brg) = P (Orsgors Bug) ) K71

and

S S
Oy (O Onrqr§) < O | 80,0, ¢ 0, [ 00,91,
o «»( Y a (0@t )\ 0 (0000 O0a) 0B, ) ) K

9, s S
(0O 9010)9 Onsss Ons )0 (Ins2r Bnsq) ) K2

o, (.90, T

RS

<
4(0(Onn+q)0 (On+1.9n+0)0 (Fns29ntq) @ (On+q-1.9n+q) K™+ |

By hypothesis, for all n, g € N, we obtain (I, 9., )k <
1, with 0 < k < 1. Therefore, by (1) and for n - o,
lim M, (9, 9p4q6) =1010-0=1,
lim Ny, (95, 9p4q:6) =040 40=0

and

lim 0y (O Onsqrs) =04 04600 =0.

That s, {9,} is a CS. Since (B, My, N, 0, 0,$)isacom-
plete NEMLS, let

Llim My (8, 0p1q,6) = lim My, (9,,9,6) = My (9,9,6),

rlll_l)l(}o N(p (ﬁnr 19n+qr C) = _’ILLH;N(p O, 9,¢) = N(p ®,9,9),

lim 0y (9, O, §) = im0, (9,9, 6) = 0, (9,9, 6).

Now, we claim that 9 is a FP of f. Using definition of the

NEMLS and (1), we obtain
M, (§,9,6) = M, (fa.ﬁ?n

( " 2o G, 19))>

—10l=1lasn— o.

¢
'2(<0(ft9,19)))

¢
=My (“’ O 2(<p(ft9.19))k> oMo ('9 O Z(w(fﬁ, )
Also,

S S
Ny (f9,9,6) < Ny, <fa'ﬁ9"'72(w(ﬁ9,t9))> Ny (fﬁm% 20 0,9) 19))>

s s
<N,|a,9p———=—|¢N, <19" ,19,“7)—>O<>0=0asn—>00,
¢ ( Z(w(fﬂ.ﬁ))k) A 2(0(9,9))

and

¢ S
o) 20 s 53 ) 0 (3

so(p(a,ﬁ -04$60=0asn - oo.

<
" 2(p(f9, a))k) ¢ 0, ( s O 2(p(9,9))

This implies that 99 = 9. To show its uniqueness, sup-
pose that fc = ¢ for some ¢ € B, then

12 M,(c,9,¢) = M, (fc,f9,¢) = M, (c19 )

> M, (cﬁkz)

2 (e0.)
=M (cﬁkcn)elasn%oa
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Also,
¢ ¢
0.< Ny(c,9,6) = Ny (fe,9,6) < Np (e 8,7) = Ny (fe. 0. 7)

< N(p (c,ﬂ,%) <..< N(p (C,ﬁ,%) — 0asn — oo,

and
0= 0,(c9,6) = 0,(fc, 9,6) < 0, (¢, 19,%) =0, (fe. ﬁ?,%)

<o, (c,ﬁ,%) <50, (c’ﬁ‘%

By using the definition of a NEMLS, ¥ = c.

Definition 3.6 Let (B, M, N, 0,,0,¢) be a NEMLS. A
map f: B > B is an extended neutrosophic like contraction
if there exists 0 < k < 1 so that

)—>Oasn—>oo.

wm s @
N, (9,§8,6) < kN, (9,6,6), )
and
0,(f9,§8,6) < k0,(9,6,¢), ©)
forall9, § € Band¢>0.

Now, we prove a result for the above extended neutro-
sophic-like contraction.

Theorem 3.7 Let (3B, M,, N, 0(p,0,<>) be a complete
NEMLS with ¢: B x B > [1, ) and suppose that

31_)1’2 M,(®,8,¢) = 1’!2& N,(9,8,¢) =0 and EL% 0,(¥,8,6) =0 (7)

forall 9, § € B and ¢ > 0. Let f: B > B be an extended
Neutrosophic like contraction mapping in definition 3.3.
Further, suppose that for an arbitrary ¥, € B, and n, q €
N, we have

1
§0(l9n,l9n+q) < Ev

where ¥, = f*9, = fa,_;. Then f has a unique FP.
Proof: Let Y, be in B and take 9, = f"9, = fa,,_;,n EN.
By using (4), (5) and (6) for all ¢ > 0, n > g, we have
1 1

M(p (1911' 19n+1' C) M(p (fﬁn—l' 19n' C)

1 k
<k|l——m—1|=—n————k
M(p(ﬁn—l:ﬁn: C) M(p(ﬁn—l:ﬁn: C)

Thus,
1 k
<
M(p (19nr 'L9n+1, §) M(p(ﬂn—lvﬁn' C)
2
£ +k(1—k) + (1 —k).

T MpOn-2,9n-15)

+(1-k)

Continuing in this way, we get

1 < k"
Mw(ﬂwﬁnﬂ'@') - Mw(ﬁmﬁp?)
n
+ (k"R A+ DA —k) <

R A=K+ ETPA k) 4+ k(1= K) + (1 - k)

+(1—km).

<K Kk
= Mg 00.01,9) Mg (B0.01,5)

We obtain

1
<M,,,9 ).
kn o\Ynr ¥n+1r
R e (8)
M(p (190' 191: C) ( )
Also,
N¢(l9nv Opy1,6) = qu(fﬁn—pﬁwc) < kN(p(ﬁnflilgnv §)= sz(ﬁ?nfz'ﬁnfpc)
< KNy (B, O, 6) < o+ < KN,y (B, B3, 6) 9)
and
0y Oy 9n41,6) = O (f9n-1, 93, §) < kO (On—1,9n,6) = Op (fOn—2, 9n—1,6)
S k20,(On—2)9n-1,6) < - S k"0, (9, 91, ) (10)

Foranyq €N, ¢ = % =S4+ 4 2 and using the defi-
nition of a NEMLS, we deduce

< S
My (85 0n44:6) = My | Oy s, ——————— | O My | iy, i —F———————————
o ‘“( " ““q(w(ﬁmﬂm))> ”< ”“q(w(ﬂn,ﬂm)rp(ﬂw,ﬂm))>

<
O My | vz, O 0o

4 (000 Oneg)0 11, 9n10) P (P Orsg))

S
4 (00 900)0 11, 9040)9 Oz Bna) = @ Onrg-1,9na)) |

My | Insg-19nrqr

Also,

s s
Ny (O g2 6) < Nop | O O ————— | ¢ Ny | Ons1, o —————————————
e " "”q(w(ﬂmﬂw)) AN Mq(<p(ﬂn,0n+q)w(ﬂn+,.ﬂn+q))

S
O Ny | sz Onezs &
“’( T G (0O Ons) 0 (Onsrs Bnsg )0 (Bns Busa))

<
0 (00 9ne0) B2, Onea) P (Bnss Onea) - #(OnqonOnva) )

N { Onvaes B
and

¢ ¢
05 (9 Bnvq:6) < Op | B Prasy—————5 | ¢ Op | By Iz ———————————
(O Onsq “’( wUne q((p(ﬂwﬁ"“,))) “’( e q((P(\?nrﬁnw)‘ﬂ(ﬁmpﬁmq)))

S

ot
0 (€O 0n10)9 (Ons1, B 10)9 (P2 Bnrg) )

%0, (6“2, i

Oy | On+q-1.n+ar z .
@\ I (o0, 8ntg) @ (Ins 1.9+ q) 9 (Fn+2.0nq) 9 (Fntq-1,9ntq))

One writes
1
My (90 9n1q06) = =
)
M, [ 9,9 '4
w( . Q(W(ﬁn.ﬁnw)))
. 1
kn+1 N (1 _ kn+1)
M, | 9,0, —————————
“’( o q(«J(ﬁn,19"+q)<p(19,.+1.19n+q))>
o 1 0.0

K+

+ (1 - knt2)

S
My, | 90,91,
“’( " q(w(ﬁn,ﬁnw)cp(ﬂm,ﬂm)w(am.ama)))
1
Jenta—1

+(1 - knra-1)

S
My ( 99,91,
“"< ’ 1q(w(ﬂn.ﬂm,,)a»(ﬂmﬂm)w(ﬂm,ﬁm)»-«p(ﬁm,,,i.ﬂm)))

Also,

3 s
Ny Onsqr6) < k"N, | 9,9, —————— | ¢ k"IN, [ 95, 0), ———————
o ! (0O 9nsq)) ’ 4 (0O 9nvq)9 (Fnr1.nsg))

<
@ (000 nsq)0BOns1. B )P (Ons2r Insa) )

¢ k2N, <an,a,, St

kmqﬂNw 90,9y, ¢
Y IO YT NN PYCHC N R N NS )|

and
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s <
0, (9, On4q:6) < k"0, | 99,9, —————— | S k™10, | 99,9, —————————
o ! 4 (0(9n Bnsq)) T ORI

S

$ k™20, | 9y, 9y, &
T YOS VY C NS PY NS
ka0, (’9“"9"a(w(au,am)w(em,aMW(am,aw). w(amwam)))'
By hypothesis for all n, g € N, we obtain ¢(9,,, 9,,, )k <

1. Therefore, from the definition of a NEMLS, (1) and for
n- oo,
lim M, (9, 9p4q,6) =1010-0=1

n—-oo
N8, B} 200066020

and
lim 0y (O Onsqps) =00 0450 =0.

That is, {9,} is a CS. Since (B, M, N
plete, let
lim Mw(ﬂn,ﬁmq, ¢) = lim My, (9,9, 6) = My (9,9, 6),

hm N(p( n+qr C) = rlli_{gN(p(ﬁnrﬂr §) = N(p(ﬁ' 9,6),

n—-oo

1111_130 o (ﬁnr Onigr C) = Ai_l;foloq;)(ﬁnr 9,¢) = 0, ®,9,¢).

0(p,0,<>) is com-

Now, we investigate that ¥ is an FP of f. Using the definition
of a NEMLS and (1), we obtain

1 1 k
— 1<k [ - 1] = -
My, (£, £9, ¢) M, (9,9, ) M, (5,,9,6)
1

= —————— < My (9, f0,6).

M(p(ﬂn.‘?:§)+(1_k)

Using the above inequality, we obtain

M (9,9,6) = M, (9,5

"“'2¢(+xflﬁ)) (f 2 2009, fa))

¢
ZM’”(ﬁ"'ﬁ"”'Zq)(ﬂ,fﬂ))o X —1lol=1asn— co.
M, (ﬂn, 9, —241(1;!"19)) +(1—k)
Also,
s
No (8. £9,6) < Ny (19‘ I 300, fﬂ)) (fﬂ e ﬁs))

o ki (8,9, )=000=0asn—e

3
=Ny (19”‘ Ons 2009, ﬁ?)) Z(p(ﬂ, £9)
and

0,9,§9,6) <0, (19 19"+1,2(;W)

< 0y (9O 35) KO, (90,9,

(f 50, fﬁ))

0$60=0asn - oo,

n+v w(ﬂﬁs) Zqz(ﬁfﬂ))

This implies that f9 = 9. Now, we show uniqueness.
Suppose fc = ¢ for some ¢ € B, then
1 1

M,(5,c,6)  M,(d,fc)

1 1
< - -1
<k [M¢(19,c,c) ] < My (9,c,6) ’

which is a contradiction. Also,
N, (¥, ¢,6) = Ny (f9,fc,¢) < kN, (¥, ¢,6) < Ny, (¥,¢,¢)

a contradiction, and
0,(¥,¢,6) = 0,(f9,fc,¢) < kO, (I, ¢,6) < 0,0, ¢,¢)..

Itis also a contradiction. Therefore, we must have M (p(19,
c¢) =1, N(p(19, ¢, ¢)=0and 0(/,(19, ¢,¢)=0,henced =c.

Example 3.8 Let B = N. Define

1 if v =96,
¢(9,6) = {max{ﬁ, §} if9+6
Also, take
M, (9,8,¢) = < N, (8,5,¢) = x5
»@, ,§)—W, » (@, ,C)—W
max{¥, §}?

and 0, (¥,6,¢) =

with a 0 & = a. & and a ¢ & = max{a, 4}. Then (B,
M(p, N(p, 0¢,O,<>) is a complete NEMLS.
Define f: B > B by
1 if9 € {1,2},
f@9) =

7 if otherwise

Then we have four cases:

(a) If9,6 € {1,2},then f9 = f§ = 0;

(b) IfY € {1,2}and § ¢ {1,2},thenf9 = 0 and f§ =
(¢) If§ € {1,2}and VI & {1, 2} thenf6 = 0and f9 =
(d) If9,6 ¢ {1,2} thenfI = ; and fé = ;.

H

\l|(>p\l|l>)

H

In all above cases, one gets
M, (£9,§8,k¢) = My,(9,8,6), N, (£9,8,ks) < Ny, (9, 6,¢)
and 0, (f9,f8,k¢) < 0,(9,6,¢)

are satisfied for k € [l 1). Then

1

SR R S <
M (950 k[mwmg) 1] N, (£9,§6,6) < kNy,(9,6,¢)

and 0,,(f9, f6, k¢) < 0,(9,8,¢)
are satisfied for k € E 1).

Observe that all circumstances of Theorem 3.5 and
Theorem 3.7 are fulfilled, and 1 is the unique FP of f.

AN APPLICATION TO INTEGRAL EQUATIONS

Let B = C([e, g], R) be the set of continuous functions
defined on [e, g]. Consider the integral equation:

oW =)+ B [IFLHIWVE  forLj€le.g] (1)

where 8 >0, f(j) is a fuzzy function of j € [e, g] and F
€ B. Define M ,, N, and O, by

M, (D), 6(D,¢) = Sup

N, (3D, 8D, ¢) = Sup

mforallﬂ,ﬁe%and(>0

max{d(1), §)}?

mforallﬁ,&e%andg> 0

and

max{9(1), §)}?

0, (D, 5(),¢) = sup
le[e.g] §

foralld,6 € Band¢ >0
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where the CTN and CTCN are
a0t =a.banda ¢ b =max{a, b}

defined by

Given @B X B - [1,0) 55

1 if9 = 6;
¢(9,6) = {max{ﬁ, 8} if otherwise.
(B, M(p, N(p, 0(p,0,<>) is a complete NEMLS.

Theorem 4.1 Suppose the below conditions hold:

L max{F(l, j)9(), F(l, j)6(1)} < max{I(l), §(1)} for I, §
€B,ke(0,1)andV L j € [e, gl;

. Bfldj<k<1.

Then integral equation (11) has a unique solution.
Proof: Define f: B > B by

For all 9, § € B, we have
PO =fG)+B feg F(l,j)e(Ddj foralll,j € [e, g].

M, (D, (D), k) = zi[lig] —];? T ONIO)E
¢

" idgke + max(f() + B [P FQNed FO) + B T FL DD
_ kg
" ity ke + max(B [T FUDe(d] B [°F U Ne(DdP

_ k¢
telei] kg + max{F (L )9, F(LNSDY (B [° dj)’
¢

Z S max@ (), 6 (D)
=M,©1),80),9).

Also,

~ max {F9(1), f5 (D)2
No GOS0, ke) = sup o ax (D), (DT

= qp MU B [ FWL)ed), £G) + B J; FUL De(Ddjy?
teleg kg + max{(f () + B [ F(L NeW)dj, f() + B [ F(L Ne(D)dj}
= oy MBI FWDW, B [ e
teleig] kg + max(B JPFWLe)d), B [ F(LNeDdj}?
_ qup _MHFLDIQ FANSOY (B[] i)
tele] kg + max{F (L, YO0, FL NS (B [ dj)’
- max{F (L)), FLHEDY
= sup - ;
tefeg] § + max{F (L, ))9(D),F(,j)s()}?
< max{9(1), §(D}?
= S S max(9(D), 6D}
S RCIORION

Moreover,
9(0), f6 (D}?
0, (W, F8() k ¢) = l:;:‘;]w
) max{f(j) + B [ F(L.)eDdj, f() + B [ FUL )e(Ddj
l€le,g] kC
o M8 JPFQDeydj, B [ FUpDe)djy?
ze[eg1 k¢ ,
max{F (L, )9 (D), F(L, NS (B [ dj)
sup T
lele.g] ¢

max{F(, )9, F(L )V}
< sup

le[e.g]

S
max{d (1), §(D)}?
< sup ——————

tefe.g] ¢
= 0,9, 6, ).

Therefore, all circumstances of Theorem 3.5 are ful-
filled. Hence, operator f has a single FP. This implies that
integral equation (11) has a single solution.

CONCLUSION

This study aims to define a neutrosophic extended met-
ric-like space and examine some properties. This work is
the extended form of a fuzzy metric like space see [21, 22].
This new concept can also be studied to the fixed point
theory, as in metric fixed metric theory and so it can con-
struct the NEMLS fixed point theory. As is well known, in
recent years, the study of metric fixed point theory has been
widely researched because this theory has a fundamental
role in various areas of mathematics, science, and economic
studies. This work can easily extend in the structure of neu-
trosophic controlled metric like spaces, neutrosophic triple
partial g-metric like space, and many others.

APPENDIX

Definition 6.1 [1] A binary operation (BO) ©: [0, 1] x
[0, 1] > [0, 1] is called a continuous triangle norm if it meets
the below assertions:
1. aocb=6H0a,(V)a,t€|0,1];
O is continuous;
aol=a,(V)a€]o,1];
(aob)ou=ao (B on),(V)a, b, nel0,1];
Ifa<wand & <d,witha, &, n,d€[0,1],thena © & <
wod.

Ui B

Definition 6.2 [1] A BO ¢ : [0, 1] x [0, 1] > [0, 1] is
called a continuous triangle conorm, if it meets the below
assertions:
adb=6<a,(V)a,t€o01];
$ is continuous;
a$0=0,(V)aclo,1];
(adb)dn=a$bon), V) a, b, nwe]0,1];

Ifa <wand & <d, with a, &,%,d € [0, 1], then a & &
<uéd
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