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INTRODUCTION

ABSTRACT

This paper presents a finite element scheme for numerical solutions of the Gilson-Pickering
(G-P) equation by using septic B-spline functions as approximate functions. Firstly we study
optimal-order L*-error estimates for standard Galerkin semi-discrete approximation using
smooth splines on a uniform mesh for periodic initial value problem of the G-P equation.
A Von-Neumann stability analysis of the algorithm has been performed as well. Moreover,
reliableness and practicalness of the presented method is demonstrated by analyzing behavior
of single soliton. The L, and L_, error norms and two lowest invariants I; and I, of the equa-
tion have been computed to control proficiency and conservation properties of the suggested
algorithm. Obtained numerical results have been illustrated with tables and graphics for easy
visualization of properties of the problem modelled. Also the results indicate that our method
is favorable.
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prime importance for scientists, as their solutions illuminate
the way to understand the behavior of systems and help pre-

Almost all physical processes encountered in nature are
defined by various types of non-linear partial differential
equations (NLPDEs). Many mathematical models are used
to represent physical flows in various disciplines such as
wave propagation, shallow water waves, reaction - diffusion
models, biomechanical waves etc. [1]. Understanding the
structure of these NLPDEs and seeking their solutions is of
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dict the development of the process in nature. Thus, many
mathematicians focus their attention on solving NLPDEs.
However, usually it is difficult to find their solutions ana-
lytically and sometimes it is almost impossible. Therefore
many researchers have been working on to find efficient
and high accurate numerical algorithms to overcome such
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problems [2]. In this study, the class of partial differential
equations (PDEs) of third order, which are not completely
linear, is taken into account. This class also includes differ-
ent examples that have appeared recently in the literature
and have been given outstanding motion wave solutions.
These solutions consist of the sum of the exponential sums;
we observe that these bases are seen in the presence of a
linear inequality that appears to be a factor in motion wave
reduction. In recent studies, it is seen that much attention
has been paid to the development of numerical schemes. In
this context, Claire Gilson and Andrew Pickering named
the Gilson - Pickering (G-P) equation in 1995 developed
a model [3]. Since this model has wide applications, it has
recently managed to attract the attention of the scientific
world. The model we consider in the study is as follows [4]:

u,—eu t2ku —uu_ —ouu - Puu =0, (1)

where ¢, «, &, f are nonzero real constants. This equa-
tion includes many other nonlinear models, such as:

a. Fuchssteiner-Fokas-Camassa-Holm equation [5,6],
with e = 1, « = -3 and 8 = 2, which is a completely inte-
grable nonlinear partial differential equation that arises at
different levels of approximation in shallow water theory;

b. Fornberg-Whitham equation [7,8] withe=1,a = -1,
x = 0.5 and f3 = 3, which was developed to analyze the qual-
itative characteristics of wave breakage and admits a wave
of the highest height;

c. Rosenau-Hyman equation [9,10], with e=0,a =1, «
=0 and 8 = 3, which arises in the study of the influence of
nonlinear dispersion on the structure of patterns in liquid
drops.

When we use a transformation & = x — ct, Eq. (1) which
is a PDE, can be written as

2k - c)u§ +(ec- “(‘.::))“ggg - QuUg = ﬁuéufé =0.

Thus we convert the equation to the above non-linear
ordinary differential equation (ODE) and the ODE can be
written as the following system of autonomous ODEs

z

u(§)-ec

u'=z,z'=v,v'=

[(2k —¢c)—au - Bv].
(2)

This
1(0,0,0),(

system  has  two

2k -c
a

0=2z0=v,0=

equilibrium  points

,0,0)},u = ce as (0,0,0) always satisfies

m[(Zk —C) —-ou - ﬁV]

The evolution of such u(§) is presented in Figure 1.

Because of the great importance of G-P equation in non-
linear equations, many analytical methods have been used
such as, Bernoulli sub-equation function method [11], a
knot meshless method [12], first integral method [7], G/G

method [13]. Exact travelling wave solutions of the G-P
equation are investigated in [14]. Applicability of the first
integral method to the regularized Gilson-Pickering equa-
tion under a parameter condition has been studied in [15].
H. M. Baskonus has applied an analytical method based
on Bernoulli differential equation to extract new complex
soliton solutions to the Gilson - Pickering model [16]. The
invariance and multiplier approach has been applied to
recover a few of the conserved quantities of the equation by
G. Ebadi et al. [10,17]. But unfortunately, there are very few
literature for G-P equation that focus on numerical studies.
T. Ak et al. have discussed the quasiperiodic and chaotic
behaviors of the perturbed Gilson-Pickering equation by
analyzing phase portrait analysis, time series analysis and
Poincare section [18]. The existence of smooth and non-
smooth travelling wave solutions under different paramet-
ric conditions are well studied here as well.

The finite element method is one of the most effective
techniques used in the solution of PDEs. B-spline basis func-
tions have drawn attention in the theory of approximation,
solution of boundary- value problems and PDEs by consid-
ering numerical properties. These functions are very use-
ful for numerical calculations. Collocation method based
on the B-spline basis functions is very effective technique
in point of it has a programmable computation approach
and easy to apply. Thus require less computational efforts
by comparison other existent methods [19]. As collocation
points increase in the collocation method, the problem will
be met at more points that force the approximate solution
to approach the exact solution. In these days, among vari-
ous numerical methods [20-25], finite element method is
also commonly applied to the problems for numerical solu-
tions [26-43].

In this work, we present collocation method with sep-
tic B-splines for the numerical solution of the G-P equa-
tion. The paper has been designated as follows: In Section
2, we analyze Galerkin semi-discrete approximation for
the G-P equation. In Section 3, a short discussion of septic
B-splines is given. The proposed higher order B-spline col-
location scheme has been implemented to the G-P model
in Section 4. Section 5 shows the stability analysis of the
numerical scheme and it is followed by Section 6 which
contains numerical examples of the behavior of single soli-
ton. Finally, in Section 7, a brief conclusion about the pre-
sented method is given.

Galerkin Semi-Discrete Approximation for the G-P
Equation

In this section, we analyze optimal-order L*-error for
a standard spatial Galerkin semi-discrete approximation
considering a uniform mesh and smooth splines for the fol-
lowing G-P equation with the initial and boundary values

u,—eu +2ku, —uu  —omu —puu, =0,x Q =[a,b], te[0,T],

P

3)
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Figure 1. Solutions of (2): Here figures on the left (a and c) show initial evolutions for a set of parameters and the figures
on the right (b and d) show long & behaviour of the solutions for another set of parameters. Here in figures (a and b) we
vary k and in figures (c, and d) we vary a to demonstrate the solutions behaviour for long &.

u(x,0) =uy(x), xeQ,

(4)

u(a,t) =u(b,t), u(a,t)=u./(b,t), u (a,t)y=u_(b,t), te[0,T],

)
where u(x) is a given L =
smooth enough.

We next establish the notation to be used throughout
the article. For integer m > 0, we denote H" (Q))the Sobolev
space of order m on Q, H, (€2) the subspace of H" (Q)
consisting of L-periodic functions. We denote C™ (Q2), m
> 0, m-times continuously differentiable functions on Q
and C”' (L) L-periodic such functions, (¢,*) denoted the

per

(b — a) -periodic function

inner product of L? () and the corresponding norm by

() and L= (Q) *[l,,... and
o[ > respectively.
Here N is integer and
b -
h =—a,xl. =a+ih,i=0,1,.,N,J, =[x_,,x,] For integer

r = 2, we denote the N-dimensional space of L-periodic

smooth spline

-(x€C Q). x|,€P.,(J), i=12..N},
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where P_, (J,) denote set of polynomials of degree less

or equal to r— 1 on J,. The following statement for S, is well

known [44,45]: . .,
Theorem If v is L-periodic and ¥ EH Q)N W, (Q ),

then there exists a )y € S, such that

v||s, l<ss=<r,

s-1
S -, <cr
£ J 6)

and
m-1
2}1‘[ ||v _X”,-,oo =Ch" ||v||m‘m, l=sm=r.
=

Also, for all y € S,, the following inverse properties
hold

Id, <O ld,. 0saspsr-l

Oss=r-1,

... = " |l

)

where C is a generic positive constant independent of h,
but may hold different real values at different occasions. In
[46], Thomée et al. demonstrated that there occurs a basis
{¢j }i] of S, with sup(¢,) = O(h), in fact if v is a smooth
enough L-periodic function, the associated quasi-interpo-

lant Qv = 2 j[:l (X, )@, satisfies

||th - v|| < Ch" "

' (10)

Using the approximations (6)-(10), it can be seen that
following result also possesses for quasi-interpolant. For
r=3,j=0,12veEH, Q)NW,(Q)and V =0Q,v, we
have [45]

[ =l = ch v

r’ (11)

7=, =M, 12)

I, =<c |V, =c

(13)
1
Noting that Suu, +uu, = E(ﬁ - 1)(”3 )x +(uu,), and
taking integration by parts, we describe standard Galerkin
semi-discretization of G-P equation as follows. We seek
u, :[0,T]— S, for r> 3 satisfying fort € [0, T] the equations:

(41 B) + £y ) = 251ty ) = 2 (tt,10,,8) + % (B = D11, 8) + (303, 6") = 0,

vge S, 1€ [0,T], (14)

u,(0) = Q,u,. (15)
In the same approach as [45], applying an energy proce-
dure we demonstrate an optimal-order L? estimate for the
error of semi-discrete approximation described by the ini-
tial-value problem (14)-(15).
Theorem Let u(x,t) be sufficiently smooth solutions of

(3)-(5) in 2x[0,T], h sufficiently small and r > 3. Then,
3!'u, of the semidiscrete nonlinear problem (14)-(15) on
[0, T]such that

max ||u(t) -u, (t)|| <Ch",

0<t<T

(16)

holds where C is a constant independent of k.

Septic B-Spline Approximation

In the present work, G-P equation is assumed with
the boundary conditions u — 0 while x = oo, x and ¢
which generally denote time and space, respectively. To
obtain the solution on the interval [a,b] division a = x, <
Xy < < Xy < Xy = b of the space domain is imagined
scattered uniformly with h =—==Xn41 = X for m
=1, (1), N. The set of seventh degree B-spline functions
{P-3(x), D_2(x), ..., By+2(x), Oy13(x)}, at the knots x,
can be written on problem domain [a,b] as [47]:

o
a’ —8b’,

a’ —8b7 +28¢7,

a’ —8b” 4 28¢” — 56d’,
e’ —8f7 +28g7 — 56h7,
e’ —8f7 + 2897,

(X Xm—3]
B
[X—2, Xpi]
[Xon—1s %]
[ %]

[xm+1r xm+2]

P (x) =

e’ —8f7, [Xims2r Xim]
e, (X430 Xmsal]
0, diger.  (17)

where a = (x — x,,_,)", b= (x — x,,3), ¢ = (x — x,,_,),
d= (x - xm—1)7’ €= ('xm+4 - .X)7,f: (xm+3 - x)7> 8= (xm+2
- x)’, h = (x,,,; — x)”. B-spline functions have some confi-
dental features like smoothness, local support and ability of
handling local phenomena, which make them appropriate
to solve linear and nonlinear partial differential equations
easily and sensitively. Using septic B-spline basis functions
give rise to a global solution for which both the functions
and up to their sixth order derivatives are continuous [48].
Collocation method has two excellent advantages: estab-
lishing method does not include integrations and resulting
matrix system is banded with small band width. Therefore,
B-splines when associate with the collocation ensures a
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simple solution procedure of partial differential equations
[49].

Approximate solution uy(x,t) for analytical solution
u(x,t) is sought in the following equality,

N3

uN x,t mX mt

(18)

where 0,,(t) are time dependent unknown coefficients
specified from the boundary conditions [50]. The septic
B-spline functions are employed to overcome the higher
order derivatives in the equation and when the bases are
chosen at a high degree, generally better numerical results
are obtained [51]. Since each septic B-spline covers eight
consecutive elements, each finite element interval | x_,x,
is covered with eight septic B-spline functions. In each ele-
ment, applying the transformation /& =x-x,,0=&<1
to the spesific region | X,,, X,,,, | is planned to more easily
practicable region [0,1]. Thus, septic B-splines depending
on variable £ over the finite element [0,1] are defined as
[52]:

m3 1 7 212 353 354 215 76 7

w2 120 392 504 2 2803 84 5 4296 77,

w1 1191 1715 3152 6653 3154 1055 105 °¢ 217,

n 2416 1680 2 560 4 140 ¢ 357,

w1 1191 1715 3152 6653 3154% 105° 105 °¢ 357,

w2 120 392 504 2 2803 84 5 4296 217,

m3 17 212 353 354 215 76 77,

wa T (19)

Using Eq. (18) and septic B-splines (19), nodal values
of u,, and its derivatives are calculated in terms of element
parameters g, in the following form

Uy Xyt m3 120 , o 1191 ,, 2416 , 1191 , 1 120 , 2 m 3

Uy, % m3 56 2 245,01 245 , 1 56 ., m3 s

Uy, 2—3 m3 24 w2 1S 0 80, 15 0 24 2 m3

Uy % m3 8 w2 19 w1 19 w1 8 w2 ws. (20)

Implementation of Collocation Method

First of all, using (18) and (20) in Eq. (3), the follow-
ing general form equation is reached for the linearization
technique:

w3 1200 0 1191,y 2416, 1191 4,0 1200 2 w3
% m3 24 w2 15 n0 80 4 IS n1 24 L2 s
L s 56 0 245,10 245 0 56 40w
Z}YL;OZWV] m3 8 w2 19 w1 19 w1 8 w2 w3
77 ml om3 56 ma 245 0 245 50 56 n2 ms
LZw w3 56 wo 245,10 245 .0 56 42 w3 O, (21)
where
Zm  Unm m3 120 0 1191 4 2416 5 1191 40 120 o w3

and

2
Zmy  Umxx o5 w3 24 w2 15 a0

80
/3

IS w1 24 02 w3

Let’s assume that o: is linearly interpolated using the
Crank-Nicolson finite difference approach and its time
derivative o is separated by the forward finite difference
formula:

(22)

Hence, the above operations allows us to derive a recur-
sion relationship between Ol,'”l and O] for as [53]:

n 1 n 1 n 1 nl n 1 n 1 n 1
1 m3 2 m2 3 m1 4 m 5 om1 6 m?2 7 m3
T3 6 m2 Soami 4m 3mi 2m2 1 oms (23)
where
.\ 1L 4 B2  Zn CZwm DZup,
» 120 244 S6B2  Zm  8CZm  S56DZm
s 1191 154 245B2  Zm  19CZw 245DZ,»
4 2416 804,
s 1191 154 245B2  Zm  19CZn 245DZ,
o 120 244 S6B2  Zm  8CZm 56DZm
7 1 4 B2 Zml CZml DZmZ ,m O, 1, =N5
42 Z 105 Z
4 2. p gc yp Lo (24)

If we take a look at the algebraic system (23) we obtained
above, the number of linear equations are less than the
number of unknown coefficients, that is, the system con-
tains of (N + 1) equation (N + 7) unknown time dependent
parameters. The simplest way to find a unique solution is
to remove six unknowns 0 ;,0,,0 1,...,0y,1,0x,2>0x .3
from the system. This procedure is applied using the bound-
ary conditions with the values of u and after eliminating
unknowns, following matrix-vector system is obtained

Ed™ = Fd" (25)
whered" = (03, 0,,...,0)", Now, initial parameters ¢°
are established using initial condition and derivatives at the
boundaries;

uy(x,0) = u(x,,, 0),m=0,12,..,N
(u'N)x(al 0) = 0, (uN)x(b’ 0) = 0:
(uN)xx(a' 0) =0, (uN)xx(b: 0) =0,

Thus, initial vector d° can be determined in the follow-
ing system of algebraic equations in matrix form:

where



880

Sigma J Eng Nat Sci, Vol. 41, No. 4, pp. 875-884, August, 2023

B 1536 2712 768 24
82731 210568.5 104796 10063.5 1
81 81 81 81
9600 96597 195768 96474
81 81 ;l 81 120 1
w
1 120 1191 2416 1191 120 1
1 1 20 96474 195768 9659 961
81 81 81 81
1 10063.5 104796 210568.5 82731
8 81 81 81
24 768 2712 1536
d° 05 15 29eees N2, N1 N T
and

b ux0,0,ux,0,...,uxy1,0,uxy0 T

Stability Analysis
It is not easy to undertake the stability analysis of non-
linear partial differential equations. Most researchers solve
with the problem by linearizing the partial differential
equation [54]. We follow the Von-Neumann analysis for the
stability of the scheme. In a typical amplitude mode, we can
define the growth factor £ of the error as follows:
5 =g, o
wherei = /-1 , his element size and k is mode number.
Putting the Fourier mode (26) into the iterative system (23),
which give the growth factor:

_PTio
= 2,
P +ip, (27)
where
1 2416 804 2382 304 cos kh 240 484 cos 2kh 2 24 cos 3kh ,
s 490B2  Zw  38CZy 490DZ, sin kh
11282 Zw  16CZw  112DZ, sin 2kh
B2 Zw  2CZw 2DZy sin 3kh (28)
and
42 7 105 7
4 BB Fn ¢ SR LD S om0 N (29)

|§ | = lis obtained when we take the modulus of Eq. (27).
In this way, we demonstrate that scheme (23) is uncondi-
tionally stable under the present conditions.

NUMERICAL APPLICATIONS AND RESULTS

In this section, in order to demonstrate the performance
of our algorithm, some numerical examples are considered.
Two sets of parameters have been used and discussed for
numerical simulations of the motion of a single solitary
wave with precise solutions. The performance of the pro-
posed method will be checked with the L, and L, error
norms given as [55]

2
Ly = 1Utam — Unll2 = \/hZ?LolUjmm - (UN)j| ’ (30)

Lo = [Usam — Unllee = max|UF¥™ — (Uy);
” tam N” i | j ( N)Jl (31)

G-P equation has only two invariants given by [56]

b %
il

@ 2w Qi b Y [E0@) w? 24 ue )] (32)

n
uf,

Dispersion of a single solitary wave
The G-P equation has an exact solution of the form [57]

u(x,t) = A(-1+tanh’[ B(x - ct)]), (33)

where A = 222 and B =1./—-*=¢.Note that, ¢ &, ¢

asc—-c+2K

and f3 are arbitrary real numbers. We will consider the G-P

equation with the boundary-initial conditions which are

u(x,0) = A(=1+ tanh’[ B(x)]), (34)

where u > 0 as x - *oo

Casel

For the first numerical calculation, we choose the
quantities e = 1, k = -0.5, « = -3, f=-1.5¢= 0.5 At =
0.01 and h = 0.1 over the interval x € [-10,10]. Numerical
values of the invariants and error norms have been pre-
sented at some predefined times up to t = 1 in Table 1. It is
observed from the table that the errors are noticeably small
and invariants of solutions are almost unchanged as time
grows. Numerical solution of single solitary wave is plotted
at some fixed times from t = 0 to t = 1 in Figure 2. Curves
are indistinguishable when numerical solution of a single
wave with amplitude=-0.75 using presented algorithm is
drawn in the same graphic at time ¢ = 1. The continuous
solution profile shown in the picture is found to be associ-
ated with the dispersing wave component of the solution in
the figure. Also, distribution of error at time ¢ = 1 has been
depicted graphically in Figure 3.

Table 1. Here we present invariants which are conserved
quantities and the relevant error norms for Case L.

t I I, L, L
0.0 1.7320506923 16928203409 .0000000000 .0000000000
0.1 1.7320539139 16922972521 .0102526817 .0063523550
0.2 1.7320559682 16907326639 .0205660540 .0127017392
0.3 1.7320570436 .6881405274 10309994467 .0190989473
0.4 1.7320573095 .6845438026 .0416095452 .0255739130
0.5 1.7320569166 .6799740306 10524492501 .0320755635
0.6 1.7320559975 6744707513 .0635667332 .0385876322
0.7 1.7320546674 6680807859 .0750047221 .0454235307
0.8 1.7320530251 .6608574018 .0868000289 .0523507186
0.9 1.7320511534 16528593872 .0989833149 10593493612
1.0 1.7320491200 .6441500580 1115790714 0665106554
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Figure 2. Behavior of single soliton for Case 1.
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Figure 3. Error distributions for the parameters of Table 1
att=1.

Case 2

For the second numerical calculation, we consider the
G-P equation with the parameterse=1,h=0.1,k =1, a =
—4, f=-1,c=0.5and At =0.01, to analyze the error norms
and the quantities of the invariants for different space and
time steps. In this case, single soliton has amplitude=0.83.
Values of the invariants and error norms are presented in
Table 2. Thus, we can see the effects of the amount of sort-
ing points on the numerical method more easily. The values
of invariants and errors hardly change as time progresses.
It is observed from the Table 2 that our method is credible

and efficient. In Figure 4, propagation of single solitary
wave is displayed. Further, Figure 4 shows that the method
we use in our article performs the propagation motion of a
single solitary wave to the desired extent, moves at a con-
stant speed, and maintains its shape and amplitude for a
forward time as expected. Distribution of specific errors at

time t = 1 are graphed in Figure 5.

Table 2. Invariant quantities and relevant error norms for
Case 2.

t I I, L, L
0.0 -1.4907119030 .8281733851 .000000000 .000000000
0.1 -1.4907112084 8261877045 .0192209295 .0128570987
0.2 -1.4907090396 .8202778182 .0387697276 0260406734
0.3 -1.4907051404 .8105829002 .0589552705 .0396119351
0.4 -1.4906990801 7973274456 .0800511183 .0537768219
0.5 -1.4906902479 7808106929 .1022837858 .0688809698
0.6 -1.4906778456 7613929741 .1258263864 .0848775401
0.7 -1.4906608774 7394799982 .1507973202 .1018775502
0.8 -1.4906381394 7155061610 1772629349 .1199785118
0.9 -1.4906082057 .6899179608 2052428023 .1392565064
1.0 -1.4905694141 .6631584850 12347163210 .1603806847
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Figure 4. Behavior of single soliton for Case 2.
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Figure 5. Error distributions for the parameters of Table 2
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CONCLUSION

In this paper, a finite element collocation scheme
based on septic B-spline has been employed to investi-
gate the propagation of non-linear dispersive solitary wave
solutions of the G-P model. At first, we study Galerkin
semi-discrete approximation for the equation. We have
shown that our linearized scheme is unconditionally stable.
In order to make numerical experiments, the algorithm has
been studied together with the single solitary wave motion
considering known analytical solution. The performance
and validness of numerical algorithm has been measured
by computing both L,, L_, error norms and I}, I, invariants.
The results of the examples verify that our error norms are
satisfactorily small. We conclude that the numerical scheme
proposed here to approximate the solutions of G-P model is
powerful, efficient and high accurate technique for solving

a wide class of non-linear evolutional partial differential
equations that arise in various scientific and engineering
research. Moreover, the present approach of this study can
be applied to other nonlinear evolution equations arising in
different fields of nonlinear science.
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