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On a non-riemannian quantity of (a,B)-metrics
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ABSTRACT

In this paper, we study a non-Riemannian quantity y-curvature of (o, f)-metrics, a special class of Finsler
metrics with Riemannian metric o and a 1-form . We prove that every (a, f)-metric has a vanishing y-curvature under
certain conditions.
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INTRODUCTION

M. Matsumoto defined (o,)-metrics [1] as a generalization of the Randers metric. One can find applications
of (0,B)-metrics in physics and biology [2-4] in 1972. We understand geometric properties of Finsler metrics in the
general case better as we study (o,3)-metrics more. Although it is more difficult to:study (e, )-metrics, when compared
to studying Randers metric, we see good results with full of geometric properties appearing for (a,)-metrics in recent
years, [5-10].

B

An (o,B)-metric is a scalar function on TM defined by F. = a®(s), s-= - where @ =@(s)isaC”

function on (—b(,,b0 ), ES ’ai ; (X)y'y/ is a Riemannian metric and g = b; (x)y* is a 1-form. It can be shown

that for any Riemannian metric o and any 1-form f on'M with b = ||S,||, < by the function F = a@ (g) isa
(positive definite) Finsler metric if and only if @ satisfies

9(s) >0, @(s) —sP(s) + (b> = s*)@"(s) >0, (Is|< p<by).

Such (a, B)-metrics are said to be regular. Randers metrics are special (a, 3)- metrics defined by @ =1 +s5, i.e.,
F=a+p.

Non-Riemannian quantities play a quite important role in Finsler geometry [11-15]. They all vanish
for Riemannian metrics [13, 16-17]. In this paper we consider a few non-Riemannian quantities. The y-
curvature, H- curvature, S-curvature are some of the non-Riemannian quantities in Finsler geometry. The
Riemann curvature

R = R! a‘ ® dx*
k gxi
is defined by
. dG! . 92G! . 92G!E Gt 067
Ri, =2 j + 26/

oxk Y d0xJoyk dyjayk  ayl ayk

where G =" Gi(x, y) are the spray coefficients. The y-curvature is related tothe Riemannian curvature as
shown below,

1
Xi = _5{2Rrr;-m + Rmmvi}-

The y-curvature, H-curvature, S-curvature are related to each other as shown below.

Xi = Sim¥" =S
1
Hij = Z{Xj-i + Xij}
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H;j = > S ijmY™

where y:=y; dx/ and H: = H;; dx! @ dx/  denote the x- and H -curvatures of F on the tangent bundle TM,

respectively, S denotes the S -curvature of F.  The notations " - " and denote the vertical and horizontal covariant
derivatives with respect to the Chern connection of F, respectively, [14]. The Chern connection solves the
equivalence problem for Finsler structure, like many other connections, [18], and gives rise to a list of criteria to
decide when two such structures differ only by a change of coordinates, [19].

n||v

MAIN THEOREM AND SOME APPLICATIONS

In this paper, we study a non-Riemannian quantity, the y-curvature of (a, §)-metrics, a special and
a large class of Finsler metrics with Riemannian metric a and a 1-form . We prove that every (o, )-metric
has a vanishing y-curvature under certain conditions. We give the following theorem andvits corollary below.

Theorem 1.1 Let F be an (o, $)-metric on n-dimensional manifold M. Assume that 3 is a closed 1-form
andr;; = K (bzai 5 — bibi), where K is a constant. Then the y-curvature vanishes.

One can see that the following corollary can easily be proven when we apply the given
conditions to the equation in (3.27).

Corollary 1.2 Let F be an (0, f)-metrics on n-dimensional manifold M. f is a closed 1-form and r;; = 0
if and only if the y-curvature vanishes.

As an application we give twoexamples using.a Randets metric defined on S3 and an (a, B)-
metric defined on an open subset in R3, respectively. These examples show that under the given conditions,
namely, when B is a closed 1-form and r;; = K (bzaij X bibi), where K is a constant, we get that the
¥- curvature vanishes.

Randers metrics were first introduced by the physicist G. Randers in 1941 in the theory of
general relativity where R. S. Ingarden, was/the one who named it as Randers Metrics for the first time in an
application in his thesis [20] in the theory of the electron microscope. They are among the simplest Finsler

metrics, expressed in the form F = o + 3, where a= ’ai j (x)y! yJ is a Riemannian metric on a differentiable

1B

a(y)
Finsler geometers have studied the geometric properties of Randers metrics and have obtained many important
and interesting results, [21-26].

manifold M and 8 = b; (x)y'isa 1-form with ||S, ]|, = sup yETYM <1 for any point x € M . Many

Example 1 [23] Let F = o + B be the family of Randers metrics on S3 constructed in [27]. It is shown that
1;j = 0 and's; = 0. Thus forany C* positive function ¢ = ¢(s) satisfying the following

@(s) = s¢'(s) + (p*> —sDp"(s) >0, (Is|<p<by),
the (o, B)-metric F ="ap (g) has vanishing S -curvature. This implies that the y-curvature vanishes.

Example 2 [23] LetF = ap (5) be an (a, B)-metric defined on an open subset in R3. At a point
x=(X,y,z)in R® and in the direction y = (u, v, w) in T, R3, 0. = 0a(x, y) and B = B(x, y) are given by
a=,/u? +e?*(v2 +w?), PB:=u. Then P satisfiesr;; = e(b?a;; —b;b;), s;=0 withe=1, b=1.
Thus if @ = @(s) satisfies

_ p4?
¢ =-2n+1)k 757y
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for some constant k, then F = o (5) is of constant S -curvature, namely S = (n + 1), hence (1.3) implies

that the y-curvature vanishes.

PROOF OF THE MAIN THEOREM

In this section we prove the main Theorem and the given Proposition below. Before the proofs,
we introduce some facts first. Let F be an (o,)-metric on a manifold M" defined in the previous section and
the spray coefficients G' of F has the following formula given below

Gi= G +H,
where G! denote the spray coefficients of a and

i
Hi = aQsi + {(—2Qas, + oo} {9%+ lei} (3.6)
with
— o . — 2 _ 2\ - — [ - Q-sor,
Q - (p—S(p” A = 1+SQ+(b S )Q v = NG 0 = oA’ (37)
b= lIBlles sf = a%syj, sb= s/ ¥, so=siy', me=1;; V'V
Note that the index ‘0’ means ‘contracting with respect to y’. We also express
N=1 +T,
where I1 = [G™]ym IT= [G™]ym and I = [H™];m Usingthe aboveidentities, we get
[ = 2Esy + 2r¥ — aTldry,, (3.8)
where
= U+ b0, (3.9)
| . o ;
b = ,,{ —(Q — sQ'){nA +1+sQ} — (B —s?)(1 + .-(.3|<.)4"'}.
24° (3.10)
The y-curvature is given by
1
Xi= 2 {Myiym y™ = M — 2115 mG™}, (3.11)

where I1 and G™ are as‘defined above. In the next Proposition 3.1, we compute x ; by using (3.11).

Proposition 3.1 Let F be an (o, §)-metrics on n-dimensional manifold M. Then the y-curvature is given below,

X;= C+D+E

where

(3.12)
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o 1{.2:,‘ si + (2r;0, — a"lrm‘i’,]}roo
‘20"1{_—,50 +(2ro¥; —a” roo‘i’;)}sio

9{ s0:0 + (2ro,oWs — 0_17‘00;0&’,)}}1.'
—2

s0-+ (2ro¥,, — @~ roos,) }(ro + so)ha

}_ 250+ (2roV, —a™ rood»,')}h,..,,,um
{ L8+ (2rl, —a” r,-ocb,)}hmum
2~ ~{2=,s,,, + (2r 0, — a-lr,,,ocb,)}h,-l{'"
a~3{2Z,50 + (2ro¥, — @ 'rood,) yrooys,
a {25,150 + (2ro ¥, - a"rogcb,,‘)}rogh,-

Q_Sd’(roo;oy.- - 02":‘0:0]
20_3&),,(1'0 + s0)(rooys — @’ra)

20_34)(7'0[]“"71 - rioym) H™
=1a_3<I>(rm0y,- - OQTim)Hm.
a~*®,roo(rooy: — a’rio)

202,50 + (2ro¥ss — @' roo®s) Phih H™
10~ 22,50 + (2ro¥, — @ roo®,) Py H™,
— 2%, (moy, - a'zrio)hmﬁ"‘

— 2073, (rooym - QQTmO)hillm

+ Ga"-’d)(y,»roo -~ r,-oa?)ymum

2Z,50 + (2ro¥, — a~trged, )}(r,- +5;)

-

.
- 2{ =psi + 2V, —a” r,od' j} ro+ so)
2=s;.0 + (2 r,o‘l’—a r.ggd’}

{
— {ZESO;.- + (27'0;."[’ — a_lrgo;.-d))}.

where H™,Q, 0, y, A, % and @ are given above in (3.6), (3.7), and (3.10), respectively.

PROOF OF THE PROPOSITION

We recall I defined in (3.8), and we calculate the following terms " ;, T ;,T" ;..,y™, T ; ,,H™ below.
When we let p:=b?, we get p ., y™

below in (3.13),

S.

hi:mym

Il

—9y . -1 . -1, .
0 "hii Sn = (Fmo — Sm0); 0 = Q7Y @

a(rip + si) — 01_17‘00’9-’? S.my" = 0‘_1"00~ YizmyY™

= 2(rg + so) We first need the following useful identities for h; = ab; — sy;

=)
= 0.

(3.13)
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r, = 0_1{23,30 + (2ro¥, — a trd,) }r,-o
- a“{2E,so + (2ro¥, — a'lroo@s)}m

+ 2{25,,30 + (2ro¥, — a_lroo‘i’p)}ri
+ 2{23,,30 + (2ro¥, — 0_17‘00&’;:)}3-'

- {2.'-330;.- + (2ro ¥ — a'lroo;i‘i’)}

(3.14)
r;, = {2-' so+ (2ro¥, —a” 7‘00‘1’
- {-:.si +(2r¥ —a” Tio‘f’)}
- 36(rooy — rl0)7
(3.15)
F..’;mym = J + L
(3.16)
where
J = a‘sroo{ 2=, .80 + ("ro‘I‘” —a” "00‘1’“)
+ 207 %(rp+ 30){2Esp30 + (2ro¥,, —a” roo@,p)}hi
+ a‘Q{ZE,so;o + (2ro0W, — a"roo;o‘f’,)}h.-
+ a'l{ZE,so + (2rgW, — a'lroo‘I’s)}Tio
- a‘l{ZE sp + (2roW¥, — o trpgd, )}3.'0
- a roo{-—,so + (2ro¥, — a rppd, )}y-
~—
and ‘ N
< = a roo{.._.,S. +(2r W, —a 'rpd, )}
+ {2.:.‘8,';0 + (27‘.';0‘1’ —a riO;Od’)}
+ 2(rg+ sg){2EPs.- +(2r; ¥, — Q_lrio‘i’p)}
4
- a'dé,roo(rooyi - 02"-'0)
- 2a_a<i>P(ro + s0)(roogs — @’rio)
+ a*®(roo0y: — o?ring),
limy™ T = M+N+P,
(3.17)

where
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M = a*roo{25us0+ (2ro¥ss — 0 roodss)
2a~2(rg + so){zs,,,so + (20, — a-‘rm&,,,)}h.-
0"2{25530,0 + (2ro0Ws — a"lroo;otih)}ha‘
a‘l{QE,so + (2r¥, — a‘lroo‘bs)}"io

{2550+ (2rols — o~ roods) bsao,

+ + + +

R

N = a roo{Q_,so+("ro'Il —a~ rootb)

+ a "00{-—-—:3- + (9r, s—a rmé,)} N
+ {_,:,s.-.o + (2rig¥ —a™ T-’O'Od’)}
+ 2(ro+ 30){2—p3| + (2ri¥, —a” "'Ud"’) .\

- a {2-,30 + (2ro¥, — a lrgpd, )}r.o »
+ a {2_,30 + (2ro¥, — a lrgod, )} 8i0,
P = 2{-_,,30 + ("ro'l' —a rgd,) }r.

- 2{25,,30 + (2rg¥, —a” rootb,,)}s.- y

. {2530;.- + (2ro. W — a_iroo;.-é)}

+ a~*®,roo(rooy; — a’rip)
+ 2a7%®,(ro + s0)(rooy: — a’rip)
+ 0_3‘1’(7‘00;0!/-' - 027‘!0;0)1

\

~207*{28,50 + (2r0¥, — a”'roo®,) PhigmH™
o {2,050 + (2ro¥ss — o™ 'roobar) Pshrn H™
0-2{23,3,,, + (2, — a-‘r,,,o&,)}h,-nm
0-2{2;,30 + (2rol, — a-‘moé,)}h.-.,,.y'"

o 2{2=,s; + (2r: ¥, — a-lrm«b,)}hmﬁm
a™>®, (r00ym — a2rmo | hH™

a3, (moy.. - a?r.-o)h,,,Hm

~ 3a5} (y.-rgo - r,nc12) ymH™

a—%(rma.-,,. - r.-gy,,,)H'"

+ 2273 ( Tm0Yi — 021‘-'m)” "

IimH™

»

+ + 4+ + + 4+

-+

(3.18)

where
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Y H™ = a(rog —20Qsp)(0 + sW),
smH™ = Qsp+a (b — s?)(rpo — 2aQsp)V¥,

rmH™ = aQr,sT + (roo — 2aQsp)(a 'rg© + r¥),
s H™ = aQsy,si + a_iso(roo — 2a)s7) 0O,
rmoH™ = QQT,,,()S(']" + (roo — QQQso)(Q_lmoe + ro\l’),
rimH™ = aQrimsT + (roo — 2aQso)(a rip®© + r; W),
aimH™ = aQsio+ (roo — 2aQso)(a 'y:0 + b;¥),
himH™ = —Q(assio+yiso) —a~ ' (b° — s°)(roo — 2aQs0) ¥y,
+ a (roo — 20Qsq)Oh;. (3.19)
Plugging the equations (3.14)-(3.18) into (3.11), we obtain (3.12).
PROOF OF THEOREM 2.1.
We assume that f is a closed 1-form and we have the following further assumptions
g = K@y = bby), (320)
sij = 0. (3.21)
We obtain the following terms.
roo = K@ —s)a?; r,=0; ro=0;
50 = l\'(y,'bi) - b.‘SO) = A'(b:') - Sg)y,’ - I\'Sh,’;
rio— o ‘rooyi = —Kshi; rigo=-K (r.-oso + b.-roo);
roo; = —2Krpsa; rooo = —2Krgsa.

Welet 7y =0, 1; =0, s;; =0 inthe expression of y; in (3.11), then y; becomes as follows.

i = —a & rdhi + 2073, roohn H™h; + 207 roy;
—60 D, rogym H™h: + 2073® roohsm H™ — 20 2®, roorin
+4a 73D,k H ™ rig + 407 2® ro H™ h;
—a‘S(b,rog;oh,- — 20_1(1)7',‘0;0 - a"ltbroo;.- + a 3bropoy:
—4a 3y, H™ry0 — 207 rophm H™y; + 60 > drogy, H™ y;
—2a0 Ybroga; H™ — Aio_s(i)rmoll'"yi +da ‘dr,, H™.

We compute the following terms we need, and express them in terms of ®, ¥ and others.

YymH™ = argp(© + s¥),
rmoH™ = a 'rd,0,
rimH™ = a lrore®,
aimH™ = roola'y:© + b W),
himH™ = —a '(b® — ®)rooVy; + a 'regOh;,

haH™ = Wrga(b? — s?).
We rewrite y; by using the above calculations,

Xi = —a—d{d),,rgo - 2‘1’,,7'{5’0\11(b2 - s2’] + Gsd),tllrgo - Qdﬂllrgg - afb,roozg}hi
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+2a" b, — 20, 0(5 — s*) + 250U } 4 + o °BB,
where
A = roolrooys — @’rip); B = (roo.oy: + a’roo. — 20°ri0.40).
Moreover, when we use (3.20), we get the following simplified terms,
A = Ksao’rooh;: B = 2K rgoah;.
Using (3.24) into (3.22), we obtain the following compact expression for y;.

Xi = 1\'{ —d, (12— $2) + 28, W(b? — 2)? — 105, B(B? — §?)

—2pW(Bh? — 3s2) + 4sd, + 2‘]’}1‘.;;.1]0’211,-.

It is clear that @ in (3.10), could be rewritten as follows

&b
b= 557
where
b =—(Q—sQ)(nA +1+5Q) — (b — s2)(1+ sQ)Q".

We have the following fact that

5

A"

P = 2(n+ lll\ﬁ = b=—-(n+ l)k%
P — s? b? —s?
We have the following derivatives for ®.
d = —(n+ I)L‘F)?%ﬁs:-’.
/ \ C’, of . SQ

(I)_‘ = —(n + ]‘L(l)-?——s2|_2(11+ 1'Ik(b2— .QQ)Q

@ ‘\'Qr‘J
(I’,, = -2(n+ l)l\m — 8(n + llkm‘

If we use @ in (3.10), we obtain
Xi =
Hence, using the equations below, we get y; = 0
Q' &'

oA Q=—
1+ sQ + (b° — s9)Q".

& — sd'

L
Il

(3.22)

(3.23)

(3.24)

(3:25)

(3.26)

1\’:'90(._'2}1,-{4:1,, — 2 (B2 — )V — 200 + '_’so,\ll}[n + 1)k.

(3.27)

CONCLUSION

Although this paper has a useful result expressing how a non-Riemannian quantity y-curvature vanishes for (a, B)-
metrics with Riemannian metric o and a 1-form 8 when B is a closed 1-form and r;; = K (bzai i bibi), where
K is aconstant as it is stated in the main theorem. We believe one can do more. One may consider doing computations
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to see what happens to the non-Riemannian quantity x-curvature when K is a scalar function. This would allow us to
see and explore the geometrical variations for § 1-form with respect to the Riemannian metric a. Next study will
basically focus on this open problem and we hope to get a good result after rigorous and somewhat harder and more
time consuming computations to be done on Maple.
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