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ABSTRACT

Liénard Oscillator circuit has numerous variations. Nowadays, due to the developments of 
semiconductor technology, such an oscillator can be made using various semiconductor cir-
cuit elements. In this study, it has been shown that a Liénard Oscillator can also be made using 
a Schottky diode bridge and a JFET based nonlinear resistor. First, the new Liénard Oscillator 
topology is given, then, the dynamic model of the circuit is derived, and the simulations of 
the circuit are made. The currents, voltages and limit cycle of the Liénard Oscillator circuit 
are obtained with simulations using LTspice circuit analysis program. The simulations have 
confirmed that the circuit operates as a Liénard Oscillator.
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INTRODUCTION

The Van Der Pol Oscillator (VDPO), which has been 
made in 1920 using a triode vacuum tube [1], is a widely 
known and studied oscillator. The stable oscillations which 
has been found in the triode circuit are called relaxation-os-
cillations by Van der Pol and its operation is explained in 
[2]. The frequency demultiplication phenomenon reported 
in this circuit is an example of deterministic chaos [3]. 
Historically, its discovery has helped to improve the non-
linear theory of oscillators [4]. Liénard’s equations were 
proposed by the French physicist Alfred-Marie Liénard 
in 1928 to model oscillating circuits [5]. The Van der Pol 
Oscillator is modeled by the Van der Pol equations and the 
Liénard equations define the VDPO as a special case [5]. 
There are many articles written on the Liénard Oscillator or 

its equation. Liénard System can be and has been applied in 
various fields such as chemical reactions, radio and vacuum 
tube technology, electronic oscillators, lasers, predator-prey 
systems, growth of a single species, aortic blood flow, vibra-
tion analysis, etc. [6–9]. When the Van der Pol Oscillator 
or the Liénard Oscillator emerged, the semiconductor cir-
cuit elements were not yet available, but, today, a Liénard 
Oscillator can be implemented by using different types of 
semiconductor circuit elements such as the ones given in 
[10–12].

In [10], a hybrid optoelectronic integrated circuit with 
a resonant tunnelling diode driving an optical communica-
tions laser diode is shown to operate as a voltage-controlled 
oscillator with optical and electrical outputs and its opera-
tion is described by Liénard’s equation. Even the new found 
nonlinear memristor element can be used in well-known 
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Liénard systems and its behaviour is explored consider-
ing hidden attractors, different transitions of mixed-mode 
oscillations, higher dimensional torus, and large expanded 
strange attractor in [11]. In [12], it has been recently shown 
that a reverse-parallel Schottky diode array-based VDPO 
can be done deriving the circuit’s differential equation and 
its waveforms and limit cycle are examined using simula-
tions with not only Simulink but also LTspice. The Liénard 
equations often do not have exact solutions however it is 
sometimes possible for such a solution to exist. For example, 
Liénard type equations are solved using Sundman transform 
theory in [13] and the exact and explicit general harmonic 
and isochronous solutions have been possible for a special 
Liénard equation of the Van der Pol-Helmholtz Oscillator 
given in [14] and it is also shown that the analytical results 
obtained by the method used match the numerical results. 
The periodic orbits of a nonlinear VDPO are shown to 
exhibit the unexpected property that the frequency of oscil-
lations is completely independent as if a linear harmonic 
oscillator in [15]. Sufficient conditions for the synchroni-
zation of coupled Liénard type oscillators are investigated 
using the averaging technique for a fixed, nonsymmetric, 
and nonlinear coupling and it is shown that the solutions 
of oscillators converge arbitrarily close to each other in [16] 
Some Liénard–Van der Pol Oscillators may have more than 
one limit cycles and this has been investigated in [17]. The 
nonlinear dynamics and active control of a Liénard type 
oscillator under parametric and external excitations are 
investigated and it is found that for an appropriate value 
of the control gain parameter, the chaotic behaviour can 
be completely removed of the system in [18]. The classical 
quantization of a Liénard type nonlinear oscillator is carried 
out by a quantization scheme that preserves the Noether 
point symmetries of the underlying Lagrangian in order to 
construct the Schrödinger equation [19]. In [20], a family of 
second order damped nonlinear oscillators, which general-
izes the Liénard equation, is discussed. In [21], the quan-
tum versions of Rayleigh, Van der Pol, and several other 
variants of Liénard Oscillators are derived as special cases. 
In [22], a PT-symmetric Liénard Oscillator configuration is 
investigated for two nonlinear power consumption cases. 
Due to these characteristics, modeling ability, and possible 
application areas such as synchronization and chaos, it is 
important to make and examine new types of VDPO and 
Liénard oscillators which can be possibly used in oscillator 
and chaos studies.

In [23], a Chua diode is obtained by using a Schottky 
diode bridge and a JFET-based negative resistance con-
verter circuit, and this Chua diode is used in the construc-
tion of a Chua circuit. In [23], the Schottky diode bridge 
feeding the JFET is used to obtain the odd current-voltage 
characteristic required for the Chua’s diode easily. Such a 
characteristic is also needed to make a VDPO and a Liénard 
Oscillator and it is a cheap solution since it uses off-the 
shelves and easy to find components. To the best of our 
knowledge, there is not a Liénard Oscillator made using a 

Chua diode consisting of a JFET and Schottky diode bridge 
yet. In this study, the nonlinear circuit element required for 
the Liénard Oscillator is made by connecting a linear resis-
tor in parallel with a negative resistance converter circuit 
consisting of an op-amp, two linear resistors and a JFET fed 
with a Schottky diode bridge. The new Liénard Oscillator 
circuit is formed by connecting an inductor and a capacitor 
in parallel to this proposed nonlinear resistor. Such a circuit 
is made with easy to find, cheap, and off-the shelves circuit 
components. The circuit uses less diodes than the one given 
in [12]. In this study, it is also to be shown that the Schottky 
diode bridge provides an easy solution to make the odd 
function required for a Liénard Oscillator. The equations 
of the Liénard Oscillator are derived and it is simulated in 
LTspiceTM.

This study is organized in the following order. In the 
second section, basic information on Liénard Equation and 
Equation System is given. In the third section, Schottky 
diode bridge and JFET-based Liénard Oscillator circuit 
proposed in this study is given its working principle is 
explained. In the fourth section, it is shown that this oscil-
lator is a Liénard Oscillator using differential equations. 
In the fifth section, the simulation results of this Liénard 
Oscillator circuit obtained with the LTspice program are 
given. The paper is concluded with the last section.

LIÉNARD EQUATION AND SYSTEM OF EQUA-
TIONS

In this section, first the generic Liénard Equation and 
the Liénard System Equations are given and summarized.

Liénard’s Equation
The Liénard System is named after the French physicist 

Alfred-Marie Liénard. This dynamical system is modeled 
by the Liénard equation, which is a second-order differen-
tial equation [5]. The Liénard equation has been used to 
model oscillating circuits during the development of radio 
and vacuum tube technology [5,20]. Liénard’s Theorem 
proves the uniqueness and existence of the limit cycle in 
these systems or oscillators [5]. The definition of Liénard’s 
equation can be given as: Let f(x) be an even function and 
g(x) an odd function, two continuously differentiable func-
tions on R, which is the set of  real numbers. In this case, 
the quadratic differential equation given below is called the 
Liénard equation:

  (1)

Van der Pol Oscillator which is a special case of the 
Liénard equation and is defined as

  (2)
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Liénard System 
The Liénard equation can be converted into an equiva-

lent two-dimensional system of ordinary differential equa-
tions. Let’s define

  (3)

  

  (4) 

Then, the following system is defined as the Liénard 
System:

  (5)

Since the Liénard equation is itself an autonomous dif-
ferential equation, by defining the variable,

  (6)

 The Liénard equation can also alternatively be written 
as a first-order differential equation:

  (7)

Liénard’s Theorem
If a Liénard System meets the following criteria, it has a 

unique and stable limit cycle surrounding the origin.
•  g(x) > 0 for all x > 0 values;
• For 0 < x < p and when F(x) > 0, 
• F(x) possess only a positive root, whose value is equal to 

p where F(x) < 0 for 0 < x < p and the function is mono-
tonic and  F(x) > 0 for x > p 

• 

GENERIC LIÉNARD OSCILLATOR CIRCUIT AND 
SCHOTTKY DIODE BRIDGE AND JFET BASED 
LIÉNARD OSCILLATOR 

In this section, first the generic Liénard Oscillator is 
summarized and then the Liénard Oscillator circuit pro-
posed in this study is introduced.

Overview of the Liénard Oscillator Circuit
The Van der Pol Oscillator consists of an inductor, a 

capacitor, and a nonlinear resistor. Since the Van der Pol 
Oscillator equation is a special case of the Liénard equa-
tion, it is also true that the Liénard Oscillator consists of 
an inductor, a capacitor, and a nonlinear resistor. The gen-
eral (generic) Liénard Oscillator or Van der Pol Oscillator 
Circuit can be seen in Figure 1 [12]. 

Investigation of Nonlinear Resistance of Liénard 
Oscillator Used in This Study and Liénard Circuit

As mentioned before, a nonlinear resistor must be used 
in the Liénard Oscillator. The Liénard Oscillator used in 
this study consists of a nonlinear resistor whose nonlinear 
resistance is an even function of voltage, a negative resistor 
converter circuit, and a linear time invariant resistor. Since 
a negative resistance feature is also required in nonlinear 
resistance, an op-amp based negative resistance converter 
circuit is used. The negative resistance converter shown in 
Figure 2 acts as an active source, as it powers the circuit 
locally. This nonlinear resistor consists of a JFET fed with a 
Schottky diode bridge and a linear resistor (Rp) connected 
in parallel with it. 

In Figure 3, the nonlinear resistor circuit used in this 
study in the place of the resistor R2 seen in Figure 2 is given. 
The resistor Rp in the Chua diode voltage seen in Figure 
3 is used to obtain the slope m0 if the absolute value of 

Figure 1. The generic Liénard Oscillator or the generic Van 
der Pol Oscillator circuit [12].

Figure 2. An op-amp based negative resistance converter 
circuit.
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its voltage is higher than the breakpoint voltage, BP. The 
advantageous features of JFETs compared to BJTs are that 
they are voltage-controlled and operate with less noise than 
BJTs, and are smaller in size. For these reasons, an n-type 
BF245B type JFET is used in this study.

In Figure 4, the Schottky diode bridge and the JFET based 
Liénard Oscillator is shown. The negative nonlinear resis-
tance circuit obtained by feeding this nonlinear resistor with 
a negative resistance converter that is the Chua diode used 
in the JFET-based Liénard Oscillator circuit. The Schottky 
diode bridge in Figure 3 is used to achieve symmetry in the 
v-i characteristic of the Chua diode. In Figure 3, the complete 
nonlinear resistor circuit used in this study is also given. 

A Chua diode has a piecewise linear (PWL) characteris-
tic as shown in Figure 5. This characteristic consists of three 
segments. Bp is is the breakpoint voltage, and m0 and m1 

are the slopes of the different regions of the characteristic 
shown in Figure 5 [24].

There are two reasons why Schottky diodes are used in 
this study. The first one is that they are usually preferred in 
the construction of the high-speed oscillators due to their 
low threshold voltages and fast switching. Therefore, the 
Schottky diodes are widely used in computer and radio fre-
quency circuits. In this study, 1N5819 Schottky diodes are 
used. Figure 6 shows the v-i characteristic of this diode at 
25 °C [25]. The second reason is to obtain the odd v-i char-
acteristic of the PWL Chua diode given in Figure 5.

The v-i characteristic of the BF245 JFET used in this 
study can be seen in Figure 7 [26]. The G and S terminals of 
the JFET are connected to each other, i.e. VGS voltage of the 
JFET is zero. Therefore, the upper curve, the curve obtained 

Figure 5. The v-i characteristic of a PWL Chua diode with 
three pieces [24].

Figure 4. The Schottky diode bridge and the JFET-based Liénard Oscillator.

Figure 3. The nonlinear resistor circuit used instead of the 
resistor R2 given in Figure 2.
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for VGS = 0 Volt is used in the construction of the nonlinear 
resistor. In Figure 7, it can be seen that the BF245 JFET in 
the Ohmic operating region can provide the average value 
of m1 slope, but it is seen that the characteristic of the BF245 
JFET does not have a slope big enough in the saturation 
region since its current is almost constant. The Schottky 
diode bridge feeding the BF245 JFET provides the odd 
function needed in Figure 5. However, the slope m0 shown 
in Figure 5 is not obtained yet.

A resistor Rp placed in parallel with BF245 JFET is used 
to obtain the required slope m0 since the v-i characteristics 
of a resistor is linear for a constant temperature. Rp The v-i 

characteristics of the resistor Rp in black, the BF245 JFET 
for VGS = 0 Volt in red, and their equivalent resistor in blue 
are shown in Figure 8. Therefore, m0 slope of the Chua 
diode is obtained with the resistor Rp and can be seen in the 
characteristic given Figure 8. 

Figure 6. The v-i characteristic of 1N5819 Schottky diode 
at 25 °C[25].

Figure 7. The v-i characteristic of the BF245 JFET [26]. 

Figure 8. The v-i characteristics of the resistor Rp, BF245 JFET and the resistor Rp with BF245 JFET in the Chua diode.
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SCHOTTKY DIODE BRIDGE AND DYNAMIC 
MODEL OF JFET-BASED LIÉNARD OSCILLATOR 
CIRCUIT

In this section, the dynamic model of the Liénard 
Oscillator Circuit is derived. Figure 9 shows the polarities 
the currents and voltages of the circuit drawn for the analy-
sis of the proposed oscillator in this study. Considering the 
circuit elements connected in parallel with each other, the 
voltages of the capacitor, inductor, resistor R1 and the non-
linear resistor are the same: 

  (8)

The current of a JFET is given as

  
(9)

The current of a JFET operating in the saturation region:

  (10) 

where isat is the saturation current and Gsat is the satura-
tion conductivity of the JFET. 

Since the gate and source terminals of the JFET are con-
nected to each other, VGS = 0 Volts. In a saturated JFET, the 
following is true:

  (11)

and

  (12)

The saturation current of the JFET shown in Figure 8 is 
an important parameter. By adding the resistor Rp in paral-
lel to the JFET, the PWL Chua diode v-i characteristic (The 
breaking point BP, the slope m0, and the slope m1) shown 
in Figure 5 is obtained and, therefore, the oscillator circuit 
shown in Figure 5 can be made. Breaking point voltage in 
Figure 5 can be taken as.

  (13)

The output current of the Schottky diode bridge is the 
sum of the JFET and the Rp resistor:

  (14)

The input current of the Schottky diode bridge can be 
calculated considering the direction of the voltage applied 
to the Schottky diode bridge:

  (15) 

Input current of negative resistance converter circuit is 
given as

  (16)

If R3 = R4, this current turns into 

  (17)

The Chua diode current due to negative resistance con-
verter circuit is given as

  (18)

Figure 9. Representation of the currents and voltages of the circuit.
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Total current of the equivalent nonlinear negative resis-
tor is given as

  (19)

The current of the linear time-invariant (LTI) induc-
tor and the current of the LTI capacitor respectively can be 
given as

  (20) 

and

  (21)

The piecewise linear function of the Chua diode current 
is given as

   (22)

The current of the Chua diode is also given in the fol-
lowing form:

   
(23)

Input current of the negative resistance converter circuit is

  (24) 

where gN is the conductivity of the negative resistance.
Since V = Vc = VL = VN = VR1 = VNeg, the conductance of 

the negative resistance converter circuit can be obtained as

  

(25)

If the slopes m0 and m1 shown in Figure 5 are calculated:

  (26)

and

  (27)

If Kirchoff ’s Current Law of is used:

  (28)

For Bp  ≤ V, the Equation (28) turns into 

  (29)

For V ≤ Bp, the Equation (28) turns into

  (30)

By taking the derivative of Equation (29) and rearrang-
ing them, the following equation is obtained:

  (31) 

If Equation (30) is rearranged for -Bp  ≤ VNeg ≤ Bp   and 
after taking its derivative, the following equation is obtained 
as 

  (32)

Equations (31) and (32) are differential equations 
together that describe the dynamics of this circuit. From 
these equations it can be seen that the circuit is a Liénard 
Oscillator. Its simulation is to be carried out in the next 
section.

SIMULATION OF SCHOTTKY DIODE BRIDGE 
AND JFET-BASED LIÉNARD OSCILLATOR

The Liénard Oscillator proposed in this study shown 
in Figure 9 is simulated with LTspice in this section. The 
LTspice circuit diagram of the Liénard Oscillator is shown 
in Figure 10. The parameters used in the simulation are 
given in Table 1. The values of the resistors R3 and R4 are 
taken as equal. The simulation results of the circuit are 
given in Figures 11 to 20.

Although the voltage of the circuit in periodic steady-
state given in Figure 11 resembles a sinusoidal wave with 
respect to time, it is seen that the peak value of the wave is 
pointier than a sinusoidal wave.

Table 1. Parameters of the Liénard Oscillator circuit

Circuit Parameter Value
C 10 nF
L 1 mH
R1 2 kOhm
R3 1 kOhm
R4 1 kOhm
Rp 2 kOhm
Gsat 1mS
VT -10 V
Bp 6 V
K 0,0002
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Figure 12. Current of the circuit capacitor at periodic steady state.

Figure 11. Voltage of the oscillator circuit.

Figure 10. LTspice Modeling of Schottky diode bridge and JFET based Liénard Oscillator circuit.
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The current of the circuit capacitor at periodic steady 
state is not a sinusoidal waveform and has tapered peaks as 
shown in Figure 12.

The effect of the threshold voltage of the Schottky 
diodes, that is the zero-crossing distortion, can be seen 
in Figure 13 when the current of the Chua diode passes 
through zero in the periodic steady state.

It can be seen in Figure 14 that a large second harmonic 
does exist in the equivalent nonlinear resistor current in the 
periodic steady state. Due to this feature, that is the second 
harmonic generation, this Chua diode has been used in the 
construction of the chaotic circuit in [20].

The inductor current is not sinusoidal and a triangular 
distortion is observed in the peak of the signal in the peri-
odic steady state as shown in Figure 15.

The limit cycle of the capacitor in Figure 16 resembles 
an ellipse. 

In Figure 17, it can be seen that the v-i characteristic of 
the Chua diode is an odd function, since it is symmetric 
with respect to the origin, and shows a negative resistance 
feature since it is only in the second and fourth quadrants 
due to the negative resistance convertor. The effect of the 
Schottky diode thresholds can be seen in Figure 17. In our 
opinion, also the effect of the reverse recovery current of 

Figure 14. Current of the equivalent resistor in the periodic steady state.

Figure 13. Current of Chua diode in the circuit at periodic steady state.
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Figure 17. v-i characteristic of Chua diode.

Figure 16. Limit cycle of capacitor.

Figure 15. Current of the circuit inductor in periodic steady state.
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Figure 20. Limit cycle or the phase portrait of the Liénard Oscillator.

Figure 19. Limit cycle of inductor.

Figure 18. The v-i characteristic of the equivalent resistance in the circuit.
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the diodes on v-i characteristic of Chua diode can be seen 
in Figure 17.

From the v-i characteristic of the equivalent resistance 
of the circuit given in Figure 18, it can be seen that the char-
acteristic is an almost cubic function. It is also symmetric 
with respect to the origin and also shows a negative resis-
tance feature since it is only in the second and fourth quad-
rants due to the negative resistance convertor. The curve 
almost looks like a negative cubic function and it can be 
shown to be so using McLaurin series and taking as the first 
two nonzero terms as done for the Van der Pol Oscillator in 
[9]. In our opinion, also the effect of the reverse recovery 
current of the diodes on v-i characteristic of Chua diode 
can be seen in Figure 18.

The limit cycle of the inductor in Figure 19 resembles 
an ellipse as the limit cycle of the capacitor also does as in 
Figure 16.

The limit cycle or the phase portrait in Figure 20 also 
resembles an ellipse.

CONCLUSION

The Liénard Oscillator can be implemented with vari-
ous circuit elements. In this study, a Chua diode consisting 
of a Schottky diode bridge and a JFET is used to obtain the 
nonlinear resistance in the Liénard Oscillator. By using the 
circuit equations, it is proven that it is a Liénard Oscillator. 
It is also shown that the Schottky diode bridge, which feeds 
the JET provides an odd function or the even nonlinear 
resistance required for a Liénard Oscillator easily and can 
be used with other semiconductor circuit elements in the 
future to make other variants of the Liénard Oscillator. 
The circuit analysis and how to obtain the odd function of 
the Liénard oscillator are given in detail so that the other 
researchers can go through the necessary tasks easily for 
other Lienard Oscillator topologies. The oscillator’s sim-
ulation is done using LTspice program. The limit cycle of 
the circuit, currents and voltages of the circuit elements are 
obtained from the simulations. Having periodic waveforms 
and limit cycles, the proposed circuit is shown to operate 
as a Liénard Oscillator. In the Liénard Oscillator proposed 
in this study, it is provided that VGS = 0 Volt in JFET, but if 
the voltage VGS is made variable using a voltage divider cir-
cuit or an adjustable power supply, the characteristic of the 
Chua diode changes, and an adjustable Liénard Oscillator 
can be obtained.

VDPO is a subset of Liénard Oscillator and, even, it 
does not have any analytical solutions. Neither do most of 
Liénard Oscillators. Perhaps, a series solution or an approx-
imate solution for such a system can also be done. Since 
there is not an equation describing how the oscillator fre-
quency is affected by the circuit elements, a parametric 
study, which could be done, would increase the number of 
simulations given in this study. However, these can be the 
subject of future studies due to space considerations.
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