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INTRODUCTION

We are interested in the following equation
Y (®©)+[2—q®ly) = 0,¢t € [0,a]. (1)

In (1), we accept that t is independent variable, y is
dependent variable of ¢, real spectral parameter A is inde-
pendent of ¢, real potential function q is dependent of ¢
and continuous. We consider (1) with the pair of following
equations

a;1y(0) — a3y’ (0) = A[a;y(0) — a3y’ (0)] )

and
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The asymptotic expansion of the eigenvalue of Sturm-Liouville problem is presented. The
problem has a symmetric double well potential that is continuous, symmetrical to both the
midpoint and quarter point of the related interval and non-increasing on the quarter interval.
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y(a) cos B+ vy (a)sin B = 0. (3)

(2)-(3) are named as boundary conditions; (2) is com-
posed of real a;, a,, &, &) constants and 3 €[0,7) in (3).
The problem (1)-(3) is a boundary value problem. We
noticed that spectral parameter A (is also called an eigen-
value) seems not only in (1) but also in (2) and it is desir-
able to determine all values of A. Problems of this type arise
routinely in solving partial differential equations, but also
come up in other applications (see [14], [15] and [18]).
Walter [26] proves very important theorem for (1)-(3) that
if we have

61 = a0y —aqay; >0, (4)
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(1)-(3) is a self-adjoint problem. The problem (1)-(3)
described here is one of an eigenvalue problem (or called
Sturm-Liouville problem) and this type problem is studied
a lot of researchers (see [3,5,8-12,16,20,22]).

The expectation of this study is to achieve asymptotic
estimates for eigenvalues of (1)-(3) with symmetric dou-
ble well potential q. The symmetric single and double well
potentials are very important and famous functions espe-
cially in quantum mechanics (see [1,2,6,7,13,19,21,23,24]).
We note that, on the related interval, a symmetric double
well potential means that the function is symmetric not
only on the whole related interval but also on the half of the
related interval and non-increasing on the quarter of the
related interval. So we can write for our continuous g in (1)
that q(t) = qla—1t) =q (% —t) is satisfied, mathemati-
cally. We also take without loss of generality that g(t) has a
mean value zero, that is | Oa q(t)dt = 0 and (4) is provided
by (2).

MATERIALS AND METHODS

We know that if a function is monotone on the related
interval, the function is also differentiable almost every-
where on that interval [17], so first of all, it should be
emphasized that the derivative of the potential of our prob-
lem exists.

Our method is based on [9]. If we reconstruct its main
theorems for N = 2 in pursuit of our goal, we readily get the
following results:

Theorem 1. The eigenvalues of (1)-(3) satisfy as A > oo

(i) fora,” #0,5=0

m+Dr = fa[rz(t, A+ p,(t, )] dt
0

—tan-1 {fﬁ = a,[11(0,2) + p1 (0, )] — Aai — a5 (r (0,) + P1(0'1))]}
(@ = 2a3)[r2(0,2) + p,(0, V)]
—tan-! {cosﬁ + [r1(a, 2) + py(a, D]sinp
sinflrz(a,2) + pz(a, )]

} Fo(r),

(ii) fora," #0,8=0

(2n+3)r
2

- [ e n +pate n)ar
0

—tan-1 {“1 —a,[r1(0,) + p;(0,1)] — /1[0‘{ —a (7'1(0' A) +p1(0, 1))]}
(@ — 2a3)[15(0,2) + p2(0, V)]

+0(2173/2)

where 7,(t,A) + p;(t,A) and 1,(t,A) + p,(t,A) are
defined by

1 t
r(t,A) +p(t,) = 51‘1/2 f q' (x)sin2AY2(t — x)dx
0

1 ¢ ¢ 1
-S4 d (™) [ q (s)ds] cos2A2(t — x)dx
7l 5)

1 t
+Zl‘1f q? (x)cos22Y2(t — x)dx + 0(173/2)
0

and

1 1 t
(6 A) +p, (6 ) =AY2 — El‘l/zq(t) +El‘1/2f q' (x)cos2AY2(t — x)dx
1 t t 0 /
+—A‘1f ' (x U s ds]sinZA1 2(t — x)dx
3 Uq()xq() (t—-x) (6)

1 t
-7 f q2 (x)sin22M2(t — x)dx + 0(A73/2).
0

Theorem 2. The eigenvalues of (1)-(3) satisfy as A > oo
(i) fora,"=0,5#0

a

(n+Dm =f [ D) + py(t, D] dt
0
—cot-1 a,[1,(0,2) + p,(0,1)]
ay — ay[r;(0,4) + p;(0, )] — Aay
_(cosB + [ri(a, A) + py(a, D)]sinB B
—tan 1{  CDETRCE) }+ 0(173/2)

(ii) fora," =0,5=0

@ntIr | "6, ) + pa (D] dt
0
—cot-1 ay[r,(0,2) + p,(0,1)]
ay — az[r1(0,4) + p;(0,1)] — Aay
+0(17372).

RESULTS AND DISCUSSION

Our aim is to find the following asymptotic approxima-
tions for eigenvalues A, of (1)-(3) with symmetric double
well potential g:

Theorem 3. Let q(f) be double symmetric in (1).
Then, the eigenvalues A, of (1)-(3) satisfy as n > oo
(i) fora,” #0,8#0

_ (n+Drm

1/2
2 -

1 ay a
—_ | — t N —
+ C ) [ : + co ﬁ] 2 Den? [1+ cos(n + 1)m]

a/4
J- q' (x)sin (@x) dx +0(n73),
0

(ii) fora,” # 0, =0

(2n+3)m 2 a;
B2 = —+0(n?),
n 2a 2n+3)na, 0™

(iii) fora," =0, 3#0

12 _ 2n+3)r 2 [ﬂ ] 3
A g ant I + cotB|+0(n3),

a;
(iv) fora,"=0,5=0

_(n+2)m 1 a,
T a n+2)ma;

a/4
[1+ cosnn]f q (x)sin(
o

1/2
2‘7’,

2(n+2)m
a

+ a
2(n + 2)?m?

x) dx + 0(n73).

Proof. (i) We compute the terms in Theorem 1-i).
Firstly, from (5) and (6), we write that
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71.(0,) + p,(0,2) = 0(27%/2),
1
72(0,2) + po(0,2) = 21/2 = 227/2q(0) + 0(2°/%),
1 a
n@+p(ad) =547 f q' ()sin2AV2(a — x)dx
0

—%A‘l foaq’ x) U:q (s)ds] c0s2AY2(a — x)dx

1 a
+ZA‘1J q? (x)cos2AY?(a — x)dx + 0(173/2)
0

and

1 1 a
r(a,A) +py(a, 1) =AY2— El'l/zq(a) + EA'I/ZJ. q' (x)cos22"?(a — x)dx
0

1 a a
+El‘1 f q' (x) U q (s)ds} sin2AY2(a — x)dx
1 Ou x
—Zl‘l f q? (x)sin2AY2(a — x)dx + 0(173/2).
0
Therefore, if we define

a, — Aaj + 0(A71/2)

= ) 7
—13/2012 + )Ll/za2 + %Al/zaéq(O) _%A—l/zazq(o) + 0(/171/2) ( )
and
. 1,1 1.4 1, -3/2
cosp + sinf [71 725, =540 + 74 C3] +0(273/2)
o= )
sinB [11/2 = 3 A71/2q(a) + 3 A7V2C, + 3 A1, — 3 415 | 4 0A5/2) (@)
where
a 1
M :=f q' (x)sin222(a — x)dx
0
a
C, := f q' (x)cos2AY?(a — x)dx,
0
a a
Sy:i= f q' (x) U q (s)ds] sin2AY2(a — x)dx,
0 X
9)

&

1= f @ U g (s)ds] cos2A1/?(a — x)dx,
0 X
Sy:= f " (sin22 (@ - x)dx,
0

a
Cy:= f q? (x)cos2A'/%(a — x)dx,
0

we can rearrange Theorem 1-i) as follows:

(n+ D= fa[rz(t,/l) + po(t, D] dt — tan™(§) — tan~ (@) + 0(173/2). (10)
o

We will gain the asymptotic formula of the eigenvalue

from (10). Also, we get & by using series expansion

—Aaj +a, +0(171/?2)
W2yt = 541 = 5271q(0) +0G )
a

ay a a, 1
—)y-1/271 _ 3-3/271 -2 { 172, ~9-1 -2 }
{l @ A a£+0(l )} 1+2 a§+21 q(0) +0(17%)

=112 ﬂ +0(27%2),
a

By using th%s ¢ in inverse tangent expansion
tan"1(¢) = ¢ — % + .-+, we obtain

al
tan”1(§) = A2 27 4+ 0(27%%). (11)

For @, we manage similar manner, thus we find that

COtB + 3 AV2S, — 2ATIC, + 3 ATICs + 0(A7502)
w

= 1 1 1 1
272 [1 =3 271q(a) + 54716, + 547328, = 727325, + 0(12)]
1 1 1
= {A‘l/zcotﬁ + 5/1‘151 - 5/1‘3/262 +Z/1‘3/263 + 0(/1‘2)}
1. 1. 1. 1. _
X {1 +§/1 1q(a) —5/1 ic, —Ea 3/2g, +Za 325, 4+ 0(4 2)}

1
= A" V2coth + 54718, + 0(a~3/2),

By putting this calculated @ with S, in (9) into inverse
tangent expansion, we have that

1 a
tan™ (@) = 1"Y2cotp + 5/1‘1 f q' (x)sin2A2(a — x)dx + 0(173/2).
0

The potential is symmetric double well in our problem,
i.e. g(x) is symmetric, q "(x) exists and q "(x) = -q (a - x). So
we can write

a 0

f q' (x)sin22'/%(a — x)dx = —f q' (@ — w)sin22"?udu
a/2 a/z

0
= f q' (W)sin21"?udu.
a/2

And then,

a a2 a
f q' (x)sin2A"?(a — x)dx = f q' (x)sin22Y?(a — x)dx + f q' (x)sin22"2(a — x)dx
o o a/2
a2 a2
= f q' (x)sin22"*(a — x)dx — f q' (x)sin2A"/%xdx
0 0
a2
= sinZAl/zaf q' (x)cos2AM?xBEx
0

a/2
—calel/ZaJ’ q' (x)sin2A*xdx
0

a/2
- f q' (x)sin2AY2xdx
0

that is

a a/2
f q' (x)sin22"?(a — x)dx = sinZA‘/zaj q' (x)cos22Y?xdx
o o

e (12)
-1+ coszll/za]f q' (x)sin2AY2xdx.

0

Also, since q(x) is double symmetric and g '(x) exists, we
can compose q'(x) = —q' (% — x), then
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a/2 a/2 a
f q' (x)cos2AY?xdx = —f q (— - x) cos2A" 2 xdx
a/4 a/4 2
0 a
= f q' (W)cos2AY/? (E - u) du
a/4
a/4
= —cosll/zaf q' (W)cos2A?udu
a/g
—sin/ll/zaf q' (W)sin2AY?udu,

0

hence, we gain

a/2 a/4 a2
f q' (x)cos2AM?xdx = f q' (x)cos2A"?xdx +f q' (x)cos22M?xdx
o o a/a

a/a
=[1- casll/za]-f q' (x)cos2A2xdx
0

(13)
a/a
—sinll/zaf q' (x)sin2A"?xdx.
0
Similarly,
a/2 a/2 a
f q, (x)sinle/Zxdx = —f q’ (_ — x) Sinle/zxdx
a/4 a4 2

0
a
= q' (Wsin2A?(=—u)du
B (3-v
a/4
= —sinll/zaf q' (W)cos2AY?udu
0

a/4

+cosA?a f q' (W)sin2A'/?udu,

0

SO

a/2

a/2 a/a
f q' (x)sin22"/?xdx :f q' (x)sin2AY2xdx +f q' (x)sin22"/2xdx
0 0 a/4

/
a/a
=1+ cnsll/za]f q' (x)sin2AY2xdx
0

(14)

a/a
—sinll/zaf q' (x)cos2A"/?xdx.
(1]

By substituting (13) and (14) in (12), we obtain

a a/s
f q' (x)sin2A"%(a — x)dx = sinZAl/zaf q' (x)cos2A/?xdx
[ 0

(15)

a/a
—2cosAM?a[1 + cosAV/?a] f q' (x)sin2AY2xdx.
0

If we use the last equality in tan'(®@), we can write

1 a/4
tan Y (@) = A"Y%cotp + El‘lsinZA”zaJ—
0

a/4
—A"1cosAM2a[1 + cosll/za]f q' (x)sin2AY%xdx.
0

q' (x)cos2AY?xdx
(16)

Now, we should calculate | Oa [t A) + p,(t, )] dt to
compute asymptotic eigenvalues of (10). From (6)

a a 1 a
f [ry(t, ) + po(t, 1)) dt =/11/2f 1dt—§/1‘1/2f q (t)dt
0 0 0

(17)

1 1 1
+E/1*1/21l AT =g AT 0(173/2)

where

a t
I = f { f q’(x)cosZ/'{l/Z(t—x)dx}dt,
0 0

12:=f:{fotq'<x)[fq(s)ds

sin2AY2(t — x)dx} dt
and
a t
I:= J { J G2 (x)sin222/2(¢ — x)dx} dt.
0 0

In the equation (17), since q(f) has a mean value zero,
the term %1‘1/ 2 foa q (t)dt is zero. We need to calculate I,
L, I,. Let us adapt Leibniz Formula for these integrals, right
away:

a

1 ¢ )
L, = W{fo q' (x)sin2AY/2(t — x)dx}

S, =0 (18)
= 51‘1/2 f q' (x)sin2AY%(a — x)dx,
0

a

~

a

t=0

1 rt
+ {mf q (©)q' (x)cos2AY?(t — X)dx}
0

1 a a =0 (19)
= —EA‘UZJ; q' (x) Ux q (s)ds] c0s2AY%(a — x)dx

1 a
+E/1‘1/Zq(a)f q' (x)cos2AY?(a — x)dx
0

and since we know ¢(t) = g(a-t)

a

1 t
I; = {_Wfo q? (x)cos2AV/?(t — x)dx}

+{ ! Z(t)}
22172 1 t=0

1 a
=— 5/1'1/2 f q? (x)cos22'/?(a — x)dx.
0

t=0
a

(20)

Consequently, in the equation (17), the terms %1'112 and
%1‘113 get into error term 0(473/2) because of (19) and (20).
So by using (15) and (18), we reorganize (17) as following:

a 1 a/a
f [t D) + po(t, D] dt = AV2a+ Z}L‘lsinZP/za'f q' (x)cos2AY?xdx
0 0

1)

1 a/4

—El’lmsll/za[l + cosA/a] f q' (x)sin2A"?xdx
o

+0(17%/2).

Finally, substituting (11), (16) and (21) into (10) and

using reversion, we demonstrate the theorem.

(ii) Similar to (i), we write Theorem 1-ii) as follows:

w — La[rz(t, A) + pz(t, /1)] dt — tan_l(f) +0 (l_%) .
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Theorem 3-ii) eventually is proved by using substitution
of (11), (21) and & is defined by (7) into the this equation,
and then reversion.

(iii) We can reformulate Theorem 2-i) as following:

(n+Dr= f "6, 1) + pa(t, D] dt — cot=1(g) — tan~ () + 0(A2) (22)
0

where @ is defined by (8) and ¢ is defined by

Mg, — %A‘l/zazq(O) +0(273/2)

a, — Aa; + 0(173/2) (23)

¢:=

By using series expansion, ¢ is found as

AV2q, — %A‘l/zazq(O) +0(1732)

i [1 - ,1—1“—}+ 0(/1—5/2)]
{ -1 1/2 + /1 3222 q(0)+0(/1 5/2)}

{1+/1 12 2( 2)2+0(/1 5/2)}

—eZz +0(,1 3/2),

By wusing this ¢ in inverse cotangent expansion

3
cot™(¢) = g -+ % + -+, we write that

cot™(¢) = —+,1 1222 +0(,1 3/2), (24)

Substituting (16), (21) and (24) into (22), we verify the
theorem.
(iv) We reduce Theorem 2-ii) as following:

a
@ _ f [y (&, 1) + py (&, D] dt — cot=1(¢) + 0 (/1—%).

0

Here g is given by (23). Theorem 3-iv) is a result of sub-
stituting of (21) and (24) into the last equation and using
reversion.

An Example. q(t) = cos2t is an important, double sym-
metric function and used with different types in differential
equations as potential. For example, Equation (1) with g(#)
= €Ecos2t is named as Mathieu Equation. We note that € is
a real parameter and independent of ¢. Mathieu equation
occurs in a broad spectrum of physical (for example, see
[25]). If we express our conclusions Theorem 3 for q(t) =
cos2t on [0,27], we get as n > oo

(i) fora,” #0,5#0

1/2 n+1
Lt =——

n 1 [— + Cot[?] +0(n™3),

(ii) fora,” #0, =0

Al/z_(2n+3) 2
noT2 (2n+3) al,

+ 0(n73),

(iii) fora," =0, 3#0

V2 (2n+3)
nT 4

+ (Zn 3 [ + cotﬁ] +0(n™3),

(iv) fora,"=0,5=0

1/2_n+2 1

nT2 +(n+2)_+0( .
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