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ABSTRACT

This paper reports the numerical study of natural convection in a square enclosure filled with 
CNT-water nanofluid and exposed to a uniform external magnetic field. Heating is ensured 
by twothin fins. Using the control volume method, the effects of the fins position, their length 
and spacing as well as the solid volume fraction, the Rayleigh number and the Hartmann 
number on the thermal performance of the cavity were examined. The results obtained show 
that the heat transfer rate increases with the Rayleigh number, solid volume fraction and fins 
length; but decreases with Hartmann numbers. A comparison is also carried out between the 
results obtained from the Maxwell and Xue models. The results prove that the mean Nusselt 
number is higher based on the Xue model.
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INTRODUCTION

Heat transfer phenomena are of decisive importance 
for the study and operation of devices such as steam gen-
erators, ovens, heat exchangers, condensers, etc. Due to 
economic and environmental issues, the efficient use of a 
facility (heat exchange) with minimum energy expendi-
ture is the aim in all cases. In this context, many studies 
have focused on heat transfer by natural convection [1-2], 
considering its involvement in various industrial systems 
and processes, such as buildings insulation, solar energy 
collection, cooling of heat-generating components in the 
electrical, etc. The improvement of the thermal transfer in 

enclosures, with the introduction of fins fixed on the walls, 
has thus been intensely studied theoretically and experi-
mentally in recent years because the applications concerned 
are extremely varied. Shi and Khodadadi [3] carried out a 
numerical investigation of natural convection in a square 
enclosure with a single thin fin placed at the hot wall. It 
was observed that the heat transfer increases with increas-
ing Rayleigh number and when the fin is placed closer to 
the adiabatic walls. Heat transfer by convection in a square 
enclosure with a thin conductive fin located on the hot 
wall was studied numerically by Tasnim and Collins [4]. 
The results obtained showed that the heat transfer rate 
improves by approximately 31.46%, when the fin is fixed on 
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the hot wall, comparing with a wall without fin for Ra=104. 
The influence of the Rayleigh number, the length and the 
position of the thin fin as well as the ratio of the conduc-
tivities (fin/fluid) on the heat transfer by free convection 
within a differentially heated cavity is examined by Bilgen 
[5]. It has been found that the Nusselt number increases 
with Rayleigh number, but decreases with conductivity 
ratio and fin length. Ben-Nakhi and Chamkha [6] numer-
ically investigated the influence of the length and angle of 
inclination of a fin on heat transfer by free convection in a 
square enclosure. The fin was placed at the middle of the 
hot wall. It was found that the average Nusselt number is 
sensitive to variation in inclination angle and fin length. An 
experimental and numerical study on natural convection in 
a square cavity with two isolated baffles is carried out by 
Nardini et al. [7]. The cavity with plexiglas walls is heated 
by four discrete sources. The obtained results show that the 
flow and heat transfer characteristics are profoundly influ-
enced by different fins lengths. The recent numerical study 
by Attouchi et al. [8] focused on the analysis of natural con-
vection in a cavity with finned surface where one surface 
is kept at periodic wall temperature. Their results indicate 
that the best heat transfer rate is obtained for the case of 
enclosure with three fins at the hot side wall.

To further improve heat transfer, another innovative 
technique is to use nanofluids. The latter are obtained by 
adding nanoparticles to a base fluid in order to improve 
the thermal properties of the mixture. Nanofluids based on 
classical nanoparticles such as Al2O3, CuO, TiO2, Cu, AgO, 
AgO are intensively studied [9-13]. One of the develop-
ments in nanofluid is carbon nanotubes (CNTs). The ther-
mal conductivity of CNTs is very high compared to other 
nanoparticles and, therefore, their use can significantly 
improve the thermal performance of energy installations. 
For these reasons, studies on CNT-based nanofluids have 
been conducted by Ul Haq et al. [14], Tayebi et al. [15,16] 
and Noranuar et al. [17]. Recently, review studies on heat 
transfer application of carbon-based nanofluid are carried 
out by Borode et al. [18] and Ali et al. [19].

Sometimes undesirable factors can alter the beneficial 
phenomenon of natural convection. Among these undesir-
able factors is the presence of a magnetic field acting on 
electrically conductive fluids. Indeed, the Lorentz force sig-
nificantly influences the heat transfer and the flow of cool-
ing fluids. Ghasemi et al. [20] have numerically studied the 
natural convection of a water-Al2O3 nanofluid confined in 
an enclosure exposed to a magnetic field. Their results show 
that heat transfer rate increases with increasing Rayleigh 
number but decreases as Hartmann number increases. 
Sourtiji et al. [21] studied the effect of the magnetic field on 
the heat transfer by natural convection in L-shaped enclo-
sures filled with nanofluid. The problem of natural convec-
tion and entropy generation of nanofluids confined in a 
cavity maintained at a sinusoidal temperature distribution 
and subjected to a magnetic field is studied numerically by 
Mejri et al. [22], using the lattice Boltzmann method. Belhaj 

and Ben-Beya [23] performed a numerical study on heat 
transfer by natural convection within a square cavity filled 
with CNT-water nanofluid and subjected to the action of 
a constant magnetic field. The enclosure is heated from 
below with a sinusoidal temperature distribution. Hamid et 
al. [24] studied numerically by the finite element method 
the hydromagnetic flow and heat transfer of water-based 
carbon nanotubes (CNTs) inside a rectangular fin-shaped 
cavity. Recently, Sarala et al. [25] have studied the effects 
of MHD alumina-water nanofluid flow past an oscillating 
vertical plate in the presence of radiation and Hall effects.

We note that the majority of research work is carried out 
on numerical simulation of the flow and thermal transfer 
of nanofluids based on classical nanoparticles such as Cu, 
Al2O3, TiO2, etc. However, little studies has been done on 
nanofluids based on carbon nanotubes. In this context, the 
present work constitutes a contribution to the numerical 
study of natural hydromagnetic convection of CNT-water 
nanofluid confined in an enclosure heated by two isother-
mal fins.

PHYSICAL MODEL AND MATHEMATICAL 
FORMULATION

Figure 1 illustrates the configuration studied. It is a square 
enclosure, filled with water containing different concen-
trations of single walled carbon nanotubes (SWCNTs) and 
heated by two horizontal thin fins. The two horizontal walls 
and the left vertical wall are adiabatic, whereas the right wall 
is operated at a lower temperature (TC). The fins are located 
at the left wall and maintained at high temperature (TH). (L), 
(s) and (d) are representing lengths, positions and spacing of 
two fins, respectively. A horizontal uniform magnetic field 
Bo is imposed. The nanofluid is assumed to be incompress-
ible and the density in the buoyancy force is evaluated by the 
Boussinesq approximation [26].This model considers den-
sity constant in all basic equations except the buoyancy term 
in the momentum equation. The equation below obtained 
using the Boussinesq approximation [26]:

  (1)

Table 1 presents the thermophysical properties of water 
and SWCNT [27]. The viscous dissipation and joule heat-
ing are neglect. 

Therefore, the conservation equations, in non dimen-
sional form, are established below in two-dimensional [20]:

  (2)

  
(3)

  (4)
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  (5)

Where, the following non dimensional parameters are 
used:

  

(6)

The non dimensional boundary conditions are as 
follows:

The properties of the nanofluid are calculated as follows 
[28,20]:

  (8)

  (9)

  (10)

  
(11)

  (12)

The dynamic viscosity and thermal conductivity of the 
nanofluid can beestimated by Brinkman [29] and Maxwell 
[30] models, respectively.

  
(13)

The stream function is evaluated as following:

  
(14)

Local and average Nusselt numbers along the cold wall 
are evaluated as:

  
(15)

  
(16)

NUMERICAL METHODOLOGY

The system of equations (2) - (5) associated with the 
boundary conditions (7.a) - (7.e) are discretized by the con-
trol volume method established by Patankar [31] employ-
ing the power law scheme. The velocity-pressure couplingis 
realised by the SIMPLE algorithm [31]. The tridiagonal 
matrix algorithm method is used to solve algebraic equa-
tions iteratively.Figure 1. Physical configuration.

Table 1. Properties of water and SWCNT at 298 K [27]

ρ (kg.m-3) Cp (J.kg-1.K-1) k (W.m-1.K-1) β (K-1) σ (S.m-1)
Pure water 997.1 4179 0.613 21×10-5 0.05
SWCNT 2600 425 6600 0.16×10-5 4.8×107
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Table 2 regroup the tests carried out to follow the sensi-
tivity of the results to the mesh and this, for Ra=106, Ha=30, 
ϕ=0.03, L=0.25, S=0.4, D=0.2 and it appears that Num and 
|ψ|max become insensitive to the number of nodes from the 
grid 121×121. In the continuation of our work, the 121×121 
mesh is chosen to perform the simulations due to the preci-
sion/computation time compromise.

To validate the computer code developed and pro-
grammed in FORTRAN language, we compare our results 
with those of the literature. First, we qualitatively compared 
the structure of the flow and the isotherms obtained by 
Tasnim and Collins [4], for the case of free convection in a 
square enclosure with a baffle placed on the hot wall. From 
the Figure 2, a great similarity is observed between the 

Table 2. Influence of mesh size on Num et |ψ|max

Grid size (X×Y) Num Error % |ψ|max Error %
41×41 6.9373 – 13.3122 –
61×61 6.8159 1.750 13.1135 1.492
81×81 6.7596 0.826 13.0382 0.574
101×101 6.7272 0.479 13.0083 0.229
121×121 6.7090 0.270 12.9921 0.124
141×141 6.6971 0.177 12.9843 0.060

Tasnim and Collins [4] Present code

a

b
Figure 2. (a) Streamlines, (b) isotherms for Ra=105 and Pr=0.7.
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streamlines and the isotherms, obtained by our computer 
code and those of the reference [4].

In addition, a quantitative validation is carried out by 
confronting our results with those obtained by Ghasemi 
et al. [20] and Teamah et al. [32], who numerically treated 
the case of natural convection within a closed square cavity, 
filled with a nanofluid and exposed to a magnetic field. The 
comparison illustrated in Figure 3 shows the evolution of 
the mean Nusselt number as a function of the Hartmann 
number. It is clear from this figure, that there is a very sat-
isfactory agreement between our results and those obtained 
by the authors.

RESULTS AND DISCUSSION

In this study, the Rayleigh number (Ra), the Hartmann 
number (Ha), the volume fraction of nanoparticles (𝜙), the 
fins position (S), the fins length (L), and the spacing of two 
fins (D) are considered to be within the following ranges: 
103 ≤ Ra ≤ 106, 0 ≤ Ha ≤ 60, 0 ≤ 𝜙 ≤ 0.06, 0.25 ≤ L ≤ 0.75, 0.1 
≤ S ≤ 0.7, and 0.2 ≤ D ≤ 0.8.

Effect of Hartmann Number (Ha) and Rayleigh Number 
(Ra)

The streamlines and isotherms are plotted in Figure 4a 
and 4b, respectively, for Rayleigh number (Ra =104, 105, 
106) and Hartmann number (Ha=0, 30, 60). It is assumed 
that 𝜙=0.03, L=0.25, S=0.4, and D=0.2. Figure 4a clearly 
shows the buoyancy driven circulating flows in the cavity 
for all Rayleigh and Hartmann numbers. As the Hartmann 
number increase, the strength of the circulations decreases. 
Indeed, the horizontal magnetic field generates a Lorentz 
force which acts in the vertical direction and in the opposite 
direction to the buoyancy force, which has result of reducing 
the flow intensity of the nanofluid in the enclosure. On the 
other hand, the circulation cell decomposes to double-eye 
pattern at Ha=60 for Ra=104 and 105, however this behav-
ior disappears when the buoyancy force becomes strong at 

high Rayleigh number Ra=106. The results also show that 
the application of the magnetic field affects the isotherms 
(Figure 4b), in particular at Ra =105. As the Hartmann 
number increases, the isotherms straighten almost verti-
cally. This is an indication of transformation of heat trans-
fer mode almost to conduction. At Ra=106, the effect of the 
Lorentz force becomes less significant and the convection 
mode is evident. A thermal stratification is observed in the 
center of the cavity and below the bottom fin.

Figure 5 presents the influence of the Lorentz force, 
expressed by the variation of the Hartmann number, on the 
velocity (Figure 5 (a), (b) and (c)) and temperature (Figure 
5 (d), (e) and (f)) profiles along the horizontal mid-span 
of the cavity at three Rayleigh numbers (Ra =104, 105 and 
106) and for a volume fraction 𝜙 =0.03. It can be observed 
from the figure, that the maximum velocity increases under 
the effect of the buoyancy force, when the Rayleigh num-
ber increases and decreases when the Hartmann number 
increases, due to the influence of the magnetic force on the 
flow. The velocity profiles show that the flow between the 
two fins is almost stagnant for Ra=104 and 105. This is due 
to the convection flux which is weak. The corresponding 
temperature profiles show that the temperature at this loca-
tion varies slowly. Increasing the Rayleigh number to 106 

allows the nanofluid to circulate between the two fins and 
greatly reduces the effect of the magnetic field which mani-
fests for the other values   of the Rayleigh numbers.

The variation of the mean Nusselt number ratio (Num/
Num,Ha=0) with the Rayleigh number at different Hartmann 
numbers is shown in Figure 6. It is assumed that 𝜙 =0.03. 
The Num/Num,Ha=0 is insensitive to the variation of the 
Hartmann number at Ra=103 because the heat trans-
fer regime is dominated by conduction. It is clearly seen 
that for all Hartmann numbers, when the Rayleigh num-
ber increases up to Ra=104, the Num/Num,Ha=0 decreases 
because the magnetic field reduces the effect of convec-
tion flows. Moreover, we notice that for a given Rayleigh 
number, except Ra=103, the Num/Num,Ha=0 decreases when 
Hartmann number increases.

Effect of Position (S), Length (L) and Spacing (D) of Thin 
Fins

Figure 7 presents the streamlines (left) and the iso-
therms (right) for Ra=105 and for different fins positions 
(S=0.1, 0.3, 0.5, and 0.7). We observe from the figure that, 
when the two fins are placed very close to the bottom wall 
(S=0.1), the center of the recirculation cell is almost in the 
middle of the cavity. As the position increases, the center of 
the recirculation cell moves right up and the flow intensity 
decreases (see Table 3) due to flow clogging between the top 
wall and the top fin. At S=0.7, the fluid in the lower part of 
the cavity becomes almost motion less and colder, as shown 
in Figure 7. 

Figures 8–10 illustrate, respectively, the effects of the 
fins position, the fins length and the spacing of two fins on 
the mean Nusselt number at different Rayleigh numbers, 

Figure 3. Comparison with the results of Ghasemi et al. 
[20] and Teamah et al. [32].
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Figure 4. Continued
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for 𝜙=0.03 and Ha=30. It can be seen from Figure 8 that at 
any position S, mean Nusselt number increases as Rayleigh 
number increases. At low Rayleigh numbers (Ra=103 and 
104), the variation in position has no significant effect on 
the heat transfer rate. However, at high Rayleigh numbers 
(Ra=105 and 106), where heat transfer is dominated by con-
vection, the influence of position on the heat transfer rate 
is discernible. Indeed, the mean Nusselt number increases 
with increasing position until it reaches a maximum then 
it begins to decrease with further increase in position. As 
shown in Table 3 and Figure 8, the maximum mean Nusselt 
number occurs at S=0.3.

The influence of fins length on mean Nusselt number 
is presented in Figure 9. It can be observed that the heat 
transfer rate increases with Rayleigh number for any fins 
length, as the increase in the Rayleigh number improves 
buoyancy force and therefore augments the heat trans-
fer rate. The mean Nusselt number is also improved with 
increasing fins length. This improvement can be attributed 
to the increase in heat transfer surface area as the length of 
the fins increases. The effect of fins spacing on the mean 
Nusselt number is shown in Figure 10. We note from the 
figure that the heat transfer rate increases with Rayleigh 
number independently of the value of fins spacing on the 
one hand, and that the variation of the mean Nusselt num-
ber with the fins spacing is not significant at low Rayleigh 

numbers, on the other hand. The maximum mean Nusselt 
number corresponds respectively to spacing D=0.5 and 0.3 
for Ra=105 and 106.

Effect of Solid Volume Fraction (𝜙)
To examine the effect of nanoparticle concentration 

on heat transfer rate, the ratio between the mean Nusselt 
number and mean Nusselt number without volume frac-
tion (Num/Num, φ=0) is illustrated in Figure 11. In the fig-
ure, for a given Ra, the Nusselt number ratio increases with 
increasing volume fraction. This enhancement is due to the 
improvement of the nanofluid thermal conductivity as the 
volume fraction increases. The results also show that for 
Ra=103, the volume fraction has a major effect on the heat 
transfer rate, however it has a minor effect at Ra=105. For 
example, when the volume fraction increases from 0 to 0.06 , 
the mean Nusselt number enhances about 21% at Ra=103 
and about 1% at Ra=105.

Maxwell Versus Xue Models
This section presents acomparison between two models 

that are used to calculate the thermal conductivity of nano-
fluids: Maxwell model [30] and Xue model [33] which is 
defined as follows:

b Ha= 0 Ha= 30 Ha= 60

 R
a=

10
5

 R
a=

10
6  

Figure 4. (a) Streamlines, (b) Isotherms for different Rayleigh and Hartmann numbers.
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(17)

In fact, the models used to evaluate the properties of 
nanofluids and in particular those relating to thermal con-
ductivity, considerably affect the thermal performance of 
nanofluids [34, 35]. The theoretical model proposed by Xue 
is based on Maxwell theory and takes into consideration the 
rotating elliptical nanotubes with a important axial ratio 
[17]. The results obtained so far are based on the Maxwell 
model [30]. 

Figure 6. Evolution of mean Nusselt number ratio with Ra 
for L=0.25, S=0.4 and D=0.2.
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Figure 7.Streamlines (left) and isotherms (right) for Ra=105, Ha=30, L=0.25, D=0.2 and 𝜙=0.03, (a) S=0.1, (b) S=0.3, (c) 
S=0.5, (d) S=0.7.
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Figure 12 examines the variation in the mean Nusselt 
number ratio (Num/Num, φ=0) with the volume fraction at 
different Rayleigh numbers, for the two models. The results, 
which are presented for Ha=30, L=0.25, S=0.4, and D=0.2 

show that the mean Nusselt number ratio obtained with Xue’s 
model is higher than that obtained using Maxwell’s model. 
Furthermore, the results reveal that for all Rayleigh numbers 
and for both models, when the volume fraction increases 
the mean Nusselt number ratio increases. This increase is 
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Figure 9. Evolution of Num with L at different Ra for S=0.4, 
D=0.2 and Ha=30.
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Table 3. Num and |ψ|max at various Ra and S (L=0.25, D=0.2, 𝜙 =0.03 and Ha=30)

S=0.1 S=0.3 S=0.5 S=0.7
Ra=103 Num 1.0904 1.2021 1.1753 1.0420

|ψ|max 0.0915 0.0877 0.0857 0.0873
Ra=104 Num 1.1772 1.2763 1.2527 1.1138

|ψ|max 0.9609 0.8772 0.7914 0.7758
Ra=105 Num 2.6945 2.8288 2.5418 2.0462

|ψ|max 5.8383 5.1110 4.4148 3.7932
Ra=106 Num 6.8154 7.0009 6.2250 4.6662

|ψ|max 17.8165 14.7509 11.6565 9.2761
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accentuated at low Rayleigh numbers because the introduc-
tion of nanoparticles improves the thermal conductivity of 
nanofluid which increases the mode of heat transfer by con-
duction. The results relating to the Xue model for 𝜙=0.06 
indicates that the mean Nusselt number ratio is about 2.14, 
1.95, 1.40 and 1.45 for Ra =103, 104, 105 and 106, respectively. 
However, the results obtained with Maxwell’s model indicate 
that the mean Nusselt number ratio is about 1.20, 1.15, 1.01 
and 1.02 for Ra=103, 104, 105 and 106, respectively.

CONCLUSION

In this study, MHD natural convection heat transfer 
of carbon nanotube-water nano fluid in square enclosure 
under a magnetic field and including two isothermal thin 
fins is numerically investigated. The effects of Hartmann 
number, Rayleigh number, positon of the fins, length of 
the fins, spacing of the two fins and volume fraction of 
nanoparticles are analysed. The results obtained revealed 
the following points:

• Application of the magnetic field results in significant 
changes in the flow structure, especially if the Hartmann 
number is high and the Rayleigh numbers are low.

• The flow strength increases with the increase in the 
Rayleigh number and decreases when the Hartmann 
number increases.

• The application of the magnetic field also modifies 
the temperature distribution in the cavity, in particu-
lar at Ra =105, however the effect of the magnetic force 
becomes less significant At Ra=106.

• When the Rayleigh number is between 104 and 105, 
the heat transfer rate increases or decreases depend-
ing on the value of the Hartmann number. But, beyond 
Ra=105, there is an improvement in heat transfer for any 
value of the Hartmann number.

• At low Rayleigh numbers (Ra=103 and 104), the average 
Nusselt number is not sensitive either to the variation in 
position or to the spacing of the two fins.

• The increase in fins length leads to increase in mean 
Nusselt number for any Rayleigh number, Whereas the 
optimal heat transfer rate is obtained at the position 
S=0.3 for all Rayleigh numbers.

• The heat transfer rate improves with increasing concen-
tration of nanoparticles, the effect of which is important 
at low Rayleigh number. 

• The heat transfer rates obtained using the Maxwell model 
are lower than those obtained using the Xue model.
As future extension to this work, the heterogeneous 

dynamic model due to the heterogeneity of the nano-
fluid induced by thermophoresis diffusions and brownian 
motion, may be investigated.

NOMENCLATURE

B0 Strength of the magnetic field, T
Cp Specific heat, J.kg-1.K-1

d Dimensional spacing of two fins, m
D Non dimensional spacing of two fins
g Acceleration of gravity, m.s-2

H Cavity height, m
Ha Hartmann number
k Thermal conductivity, W.m-1.K-1

l Dimensional thin fins length, m
L Non dimensional thin fins length
Nu Nussel number
p Pressure, Pa
P Non dimensional pressure
Pr Prandtl number
Ra Rayleigh number
s Dimensional thin fins position, m
S Non dimensional thin fins position
T Temperature, K
u, v velocity components, m.s-1

U, V Non dimensional velocities
x, y Cartesian coordinates, m
X, Y Non dimensional cartesian coordinates
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Figure 12. Evolution of mean Nusselt number ratio with 𝜙 
for Ha=30, L=0.25, S=0.4, and D=0.2, (a) Maxwell model, 
(b) Xue model.
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Greeksymbols
α Thermal diffusivity, m2.s-1

β Thermal expansion coefficient, K-1

θ Non dimensional temperature
μ Dynamic viscosity, Pa.s
υ Kinematic viscosity, m2.s-1

ρ Density, kg.m-3

σ Electrical conductivity, S.m-1

𝜙 Nanoparticle volume fraction
ψ Non dimensional stream function

Subscripts
C Cold
f Fluid (pure water)
H Hot
m Mean
max Maximum
nf Nanofluid
o Reference value
p Nanoparticle

Abbreviations
CNT Carbon nanotube
MHD Magnetohydrodynamic
SWCNT Single walled carbon nanotube
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