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INTRODUCTION

ABSTRACT

From an experimental as well as an industrial perspective, hybrid nanofluids are crucial to the
advancement of the thermal properties of pure fluid. Contrary to one nanoparticle for top-
heavy dispersion and solute gradient, which aids in early convection in a lower heated nano-
fluid layer, the combination of two different types of nanoparticles in the base liquid reduces
the stationary state convection. While earlier research looked at the linear stability analysis of
double diffusive convection in hybrid nanofluid without accounting for magnetic field, this
work investigates the effect of magnetic field on the onset of double diffusive convection in hy-
brid nanofluid. In this paper, we give a comparative analysis of four boundary combinations.
For both realistic (i.e., Rigid-Rigid (R/R), Rigid-Free (R/F), Free-Rigid (F/R)) and non-re-
alistic (i.e., Free-Free (F/F)) boundary surfaces, the analytical and numerical solutions are
derived. Here, an analysis of linear stability is conducted using the normal mode technique.
For three different types of boundary conditions (R/R, F/R, and R/F), the ensuing eigenvalue
problem is solved using the Galerkin technique; in the instance of F/F, an exact solution is
obtained. The effects of various parameters on stationary convection under various boundary
conditions are depicted graphically and explained theoretically. With an increase in the value
of Chandrasekhar number (Q), the stability of the system also increases for all four boundary
combinations (i.e., R/R, R/E F/R, and F/F). The stability of the system decreases with an in-
creasing value of the thermo-nanofluid Lewis number (Ln,) and nanoparticle concentration
numbers (Rn,, Rn,). With an increasing value of Ln,, the system becomes stable for R/R and
F/R boundaries, whereas it becomes unstable for F/F and R/F boundaries.

Cite this article as: Bharty M, Srivastava AK, Mahato H. Magneto-double-diffusive convec-
tion in a hybrid nanofluid. Sigma J Eng Nat Sci 2025;43(4):1166—1178.

preferable to mix metals with fluids to create a heat trans-

Fluids that are frequently employed as efficient heat trans-
fer media include water, ethylene glycol, and motor oil. These
fluids are not very suitable as heat transfer fluids because of
their lower thermal conductivity. It is, however, naturally
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fer medium that functions like a fluid but has the thermal
conductivity of a metal because metals have three times the
thermal conductivity of fluids [1]. In nanofluid, which [2] ini-

tially described, non-micrometer-sized particles are scattered
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throughout the host (base) fluid. A larger thermal conduc-
tivity enhancement can be obtained if a base fluid with lower
thermal conductivity is utilized, as demonstrated by [3]. The
physical and thermal properties of nano-metal particles and
the base liquid have a significant impact on the behavior of
nanofluid. Four types of nanofluid are distinguished based
on the type of nanoparticles: metal, metal oxide, carbon, and
metal hybrid. The host (base) fluids that are commonly used
to produce nanofluids are ethylene glycol, methanol, water,
and oils. Nanofluids have a wide range of applications in the
automotive sector (including hybrid and internal combustion
engines), air conditioning, solar and power plant cooling,
nuclear reactors, space and defense systems, and pharmaceu-
tical processes. As a result, in recent years, interest in oil-based
nanofluids, including carbon nanotubes, TiO2, CuO, Al203,
AIN, and SiO2, for industrial and engineering applications
has increased [4-6]. Using the two-phase model [7, 8], quanti-
tatively investigated natural and mixed convection heat trans-
fers in a nanofluid within a square cavity. They found that the
nanoparticle distribution is non-uniform for low Rayleigh
and high Richardson numbers and that thermophoretic
effects are minimal for nanoparticles with high thermal con-
ductivity. They also concluded that the use of homogeneous
and single-phase models is suitable in such circumstances. By
taking into account Newtonian and non-Newtonian nano-
liquids with and without dusty particles, [9, 10] were able to
determine the prerequisites for the existence of stationary and
oscillatory convections in such nanoliquids in the presence or
absence of a porous medium. There has been a lot of research
done on nanofluids in recent years, including research on
their preparation, characterization, modeling, convective
and boiling heat transfer, and applications. These are due to
their unique properties, which include excellent load-carry-
ing capacity, extreme pressure, and friction-reducing qualities
[11]. However, hybrid nanofluids are a new class of nano-
fluids that can be made by suspending (i) different types of
nanoparticles (two or more types) in base fluid and (ii) hybrid
(composite) nanoparticles in base fluid. A hybrid material is
something that simultaneously combines the physical and
chemical properties of many materials and offers these prop-
erties in a homogeneous form. Amazing physicochemical
properties that do not exist in the separate components can
be found in synthetic hybrid nanomaterials. The properties
of these composites have been extensively studied [12], and
hybrid materials containing carbon nanotubes (CNTs) have
been applied in nanocatalysts, electrochemical sensors, bio-
sensors, and other applications [13]. Ahmad, [14] imposed
Cu-Al203 nanoparticles and water as the base fluid to study
the mixed convection flow of the hybrid nanofluid over a
nonlinear stretching sheet. This research shows that the tem-
perature of the hybrid nanofluid rises in response to thermal
radiation, but its velocity falls in the presence of a magnetic
field. However, the application of these hybrid nanomaterials
in nanofluids has not yet been identified. There has been very
little work done on hybrid nanofluids, and there is still a lot of
research being done.

Double diffusive convection of hybrid nanofluids is
examined by [15]. Double-diffusive convection in flow has
various applications, and it is widely employed in many natu-
ral and experimental systems where mass and heat diffusion
occur simultaneously. The fluid motion is produced by the
simultaneous diffusion of two factors, namely temperature
and concentration variations, which result in buoyancies. As
a result, this phenomenon in flow is known as double-dif-
fusive convection [16]. The fluid density is significantly
influenced by the solute gradient and heat, and as a result,
these linked phenomena can create unique flow behavior
even in fluids with a uniform density distribution. Double
diffusion in the naturally convective flow of water-based
fluid saturated in a corrugated enclosure and containing
hybrid nanoparticles composed of copper (Cu) and alumina
(AI203) is examined by [17]. Sharma and Gupta [18] took
into account the heat and solute transport in a rotating nano-
fluid with a porous, below-heated layer. According to their
research, the coriolis force term caused by rotation stabilizes
the system; however, the Darcy number causes the layer to
become unstable or stable depending on the wave number,
which can be small or big. In their study, Pranesh et al. [19]
looked at the convection that occurs in water when three
diffusing components are added. They discovered in their
investigation that the best estimates of the thermophysical
properties of the aqueous solutions serve as the foundation
for the critical values of the Rayleigh, Nusselt, and Sherwood
numbers. [20-22] evaluated the coupled effect of Hall and
heat transport on the MHD flow in different fluids. The Hall
impact on a vertical porous Jeffrey fluid flow with a magnetic
field was also explored by [20].

What happens when we look at how an external mag-
netic field interacts with double diffusive convection in
hybrid nanoliquid? Due to its engineering applications in
crystal formation in liquids, geophysics, geothermal reser-
voirs, etc., convective heat transfer associated with magnetic
field impact has gained interest recently [23, 24]. Numerous
studies have looked at how different configurations and cir-
cumstances affect convective heat transport when subjected
to external magnetic fields. Using the shooting method,
[25] investigated magnetohydrodynamic Casson fluid flow
over a deformable porous channel and found that the influ-
ence of the magnetic field and Casson parameters reduced
the fluid velocity and particle displacement. By using the
symmetrical finite volume method, [26] investigated mag-
netized nanofluid flow in a symmetrical E-shaped chamber
in the presence of an inclined magnetic field. They discov-
ered that the increase in Richardson number increased the
heat transfer rate, while the magnetic field effect decreased
flow circulation. In the presence of a magnetic field applied
at an angle to the horizontal axis, Roy, [27] investigated
the natural convective flow and heat transfer of a hybrid
nanofluid confined in an enclosure with several heat
sources at the bottom wall. A magnetized Ag-MgO water
hybrid nanofluidic stream inside a cube-shaped enclo-
sure with an inner circular cylinder installed inside the
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cube is computationally investigated by [28]. According
to this study, the magnetic factor lowers energy transmis-
sion, whereas the Rayleigh number increases it. High heat
transference is revealed by the cold mode of the cylinder,
whereas high velocity magnitudes within the cube are
explored by the hot mode. For steady two-dimensional and
incompressible flow with a convective boundary condition
in a curved-coordinate porous system with ohmic heating,
Rashad [29] examined the variation of heat on the MHD
Williamson hybrid nanofluid (Ag-TiO2/H20) model. This
study found that while convective boundary conditions and
thermal radiation increase surface friction, growing per-
meability, Biot, and Eckert numbers enhance temperature
profiles while reducing heat transfer. In 2024, Anee et al.
[30] presented the study for analysing the magnetohydro-
dynamic convective heat transport of hybrid nanofluids in
a chamber with multiple heaters (such as hot microchips).
They used the multiple-relaxation-time, lattice Boltzmann
method and graphics processing unit computing for ana-
lysing their work. The radiative magnetohydrodynamic
(MHD) mixed convective alumina-copper/water hybrid
nanofluid flow via an angled shrinking plate was also stud-
ied by Wahid et al. [31]. Their research shed important light
on basic transport phenomena as the movement of mass,
momentum, or heat.

Taking motivation from Pundir’s recent work [15], we
are interested in understanding the influence of magnetic
field on hybrid nanofluid double diffusive convection since
the aforementioned study does not account for magnetic
field, which is presently having a lot of practical applica-
tions. The outline of the paper is as follows: We provide
a brief mathematical model of the physical situation in
Section 2. In Section 3, linear stability analysis for both real-
istic and non-realistic boundary conditions is provided. In
Section 4, findings and discussion are presented. The anal-
ysis ends with a few key points in Section 5.

MATHEMATICAL FORMULATION OF THE
PROBLEM

An unbounded horizontal layer of hybrid nanofluid of
thickness d is considered between the perfectly insulating
planes located at z° = 0 and z° = d under the influence of
an externally imposed constant magnetic field. At the lower
plane (2" = 0) and higher plane (2" =d), the temperature
is assumed T, + AT and T, respectively with AT < T".
Also, at the lower plane (z" = 0) and, higher plane (z' = d),
the concentrations are assumed C,” + AC and C; respec-
tively. In this analysis, astrisks represent the dimensional
variables, and non-dimensional variables are excluﬁive of
asterisks. Here, the gravitational force is taken as gk. The
temperature and concentration changes in nanofluid are
assumed to be very small. It is assumed the nanofluid mix-
ture is uniform and in a local thermal symmetrical state.
To linearize the mathematical equations, the Oberbeck-
Boussinesq hypothesis has been used. Also, for the mathe-
matical formulation, we have taken into account that
(i) Newtonian flow is regarded as laminar, and the nano-

fluid under consideration is incompressible.
The nanoparticles are being perched in the base liquid
using either surface charge technology or surfactant,
preventing the hoard so that the nanoliquids are stable.
During the convection, there is no chemical reactions
take place. The base liquid phase and both types of
nanoparticles are symmetrical with respect to tem-
perature. Also, the thermo-physical ability of nano-
fluid is fixed (Boussineq Hypothesis).
Size matters in making nanofluids with novel proper-
ties, so in this study, the spherical nano-particles are
measured. Radioactive heat transport is not consid-
ered as it is exceptionally small.
The principle equations of conservation that character-
ize the flow of a hybrid nanofluid layer in dimensional form
are as follows [15] and [32] :-

(ii)

(iii)

(iv)

vertically imposed magnetic field T
Nano-particles
| [lna -
s
A A A
o% o Lo . T : .
A® o e 0 A
2=} Tg+AT*, C5 + AC*

Figure 1. Schematic diagram of the problem considered.
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V.u' =0, (1)
V.H" = 0, (2)
p (@ 7w+ 25) — (- DH = —pgk =V + 072w, (3)
oH” * * * Yk gk *2 gk
¥+u.VH — H".V'u" = AV*"H", (4)
(po)s ((u‘-V‘)T* +%)—KV*ZT*+(pc)p1[D31\7*<pl* VT*+(Dy, /Ty )V'T*. V'T*)
+(pOYya D5, 7057 () 7T 7T ], (5)
ac” * * * __ *2 iy
F+(u.V)C = DsV* C, (6)
0] 2 1% D " .
at*l + @V d1 = Dp V™ &7 + ( Tl)V T, 7)
003 * %2 3 % Dr Sy
2+ (W V") &y = Dg,V <1>2+(T03)v T*.  (8)

In the Boussinesq hypothesis, the density equation is

Pr = Ppl1 = Br(T* = Tg) = Bc(C™ = Co)l,

also,

P = dipp, + d2pp, + (1= 1 — 2oy
Here p,;, p,, and pjare the nanoparticles mass densities
and base fluid density. We obtain

P=d1pp, +&20p, +(1=b1=02) 7, [1=Br (T =Tg) =B (C*=Co)].

Since the volumetric fraction of nanoparticles is small,
taking the density of the base fluid as that of the density of
nanofluid i.e. p=py, as adopted by [32], the specific weight
becomes

Pg=d1pp,+ b2y, +(1=b1=02)p[1-fr(T"~T)
~e(C=C)lg. ©
Here, the velocity of the nanofluid layer is taken as
u'=(u', v, w’); T'(°K) is the nanofluid temperature; 3,(°K) is
the thermal volumetric coefficient; ¢"}, ¢, are the nanopar-
(H,, H,’, H;) is Magnetic field;;
w(N s/m?) is the viscosity; Dy,, Dg, (m?/s) are the Brownian
diffusion coefficients; D, Dy, (m?*/s) are the thermopho-
retic diffusion coefficients; D, (m?*s) is the solutal diffusiv-
ity. Also, we have assumed that the solute concentration and

ticle volume fractions; H' =

nanoparticle volume fractions are fixed at the boundaries.
Now the boundary conditions are defined as:

w* =0, +,11d—_0 T* =Ty + AT”,
C*=C; +AC*, d; = dio, H' X k=0, (10)
bz =y atz” =0,
w* =0, ——,12 =0,T"=T;,C* =C;,

(11)

¢1 =(1>’{1'H*><k=0. d; = §5, at z" =d.

Here d stands for the width of the layer. For the case of
rigid boundaries, the parameters A, and A, taken to have a
zero value, and for the case of a free boundary, the values of
the parameters are infinity.

Now, introduce the non-dimensional variables
(% V% 2), ¢, &y P, T, (0, v, w), t and C is defined as

() — (¢1-910) (¢3-¢30) _P *a?

&y 2= d ! ¢ (#11-910)’ > = (#31-030)" p nay’
(T"-T¢) u v, w, aw’, v, W) aft (c*-Cg) H —

=" ( )= af a2 TR v Ac* Hb

The non-dimensional form of Eqn. (1)-(8) is

V.u=0, (12)
V.H=0, (13)
o (5 + (. Vyu)=QPm(H.V)H — Vp + V2u + =Cé,
14
—Rn;¢,€, —Rn,¢, &, +RaTé,—Rmé,, (1)
OH _ — 2
o +u.VH — H.Vu = PmV“H, (15)
ar — N, N4, N5y,
o VT = T2V, VT + =L=LVT.VT
; . (16)
+ %V¢Z.VT + —“LG B2yT.VT + V2T,
2 2
¢ = 1w
=+ @.V)C = V2, (17)
2t (V) = = Viehy + +24 LV2T, (18)
B¢2 + (u V)¢2 — —VZ(PZ AZ VZT (19)

The dimensionless boundary conditions take the form:-

w=0, ay+/1lﬁ_o $,=0, $,=0,T=1,C=1at z=0, (20)

w=0,2- /12622 =0, ¢,=1, p,=1, T=0,C=0atz=1. (21)
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The non-dimensional parameters are; Chandrashekhar

number (Q = ””;—I;bz); the Prandtl number (Pl‘ = p'ij); the
. _ pyﬁrd3AT*>.

temperature-based Rayleigh number (Ra = )
the concentration-based Rayleigh number (Rs = %ﬁmc*);

S
the density-based Rayleigh number
* * * * d3

(Rm = [Pp, P10 T+ Pp, P20 — P(1 — Pl — P30)] ZTf); the
nanoparticles  concentration = Rayleigh  numbers
_[(opy=p)(@11-010)](g4%) _ [(epy=p)(@31-030)](ga%)
(Rnl = uay ) and (an == uay )

magnetic prandtl number (Pm =ai); the Lewis
i

number (Le =g—’;); the modified diffusivity ratios

Dy, AT*

(pC)p, (P31=D30)
N, =——+=*——)and =P 721 7207} The terms
< A1 D31To*(¢11—¢10)) (NB1 pc )

containing the product of ¢, and ¢, with T are neglected to

linearization the equations.

LINEAR STABILITY ANALYSIS

Basic State

The basic state of present problem expressed as:-

u=0,p=p,(2), ¢ = 1,(2), P2 = P2, (2),

T =T,(2),C = Cy(2), H = H,(2). (22)
Using (22), Eqn. (12)-(19) take the form:-
d d
QPmeEHb e Rn; ¢y, — R0y, + RaT),
+2C, —Rm =0, 23)
Le
dZ
d?Ty, N, (d¢1p dTp Na;-Npy (dTp 2
dz? L_nl( dz E) Lng (E)
Nby (dap dTh | NagNe, (aTp)? _
+Ln2(dz 'dz)+ Ln, (dx) =0 (25)
d%c, _
dzz (26)
d’¢qp a1y _
dz21 +NA1 dz? 0, (27)
d*pap d*Tp _ 0
dz? A2 gzz T T (28)

Boundary conditions becomes:-

$15(0)=0,¢,,(0)=0,T,(0)=1,C,(0) =1, ¢4, (D) =1,

$2p(1) = 1, T,(1) = 0and C,(1) = 0. (29)

Infrequently cases of nanofluid layers, ﬁ and
Ln,
$21-d20
Ln, are large and of order 10 - 10° and N, and N, will not
be greater than 10° and 10°. Using this approximation, the
basic solution of the present problem is;

are very large and of order 10° - 10° Also, Ln, and

$1p(D=2,01,(D)=2,Ty(D=1-2and G, (@) = 1~z (30)

Perturbed State
The basic state now considered under the influence of
small perturbations. So, the perturbation parameters are
P=Dp+D,P1 = b1p + P12 = Pap + D3,
u=u(0)+uw,v',w),T=T,+T',C=C,+C',
H=H,+ H'(H/ H, H,.

The resultant linear governing equations then become:-

V.u' =0, (31)
V.H =0, (32)
! !
o = QP L — Vp' + V2 — R, $1€, — Rn,¢56;
Pr ot dz (33)
y~ | RS
+ RaT’é, +L—:C é,,
Oty _ prvepy ! = W
at PmVeH, = az’ (34)
o'yt = y2rr 4 NB (9T 0#1) _ 2NayNe, 91"
at w'=VT +Ln1(6z 62) Lny 0z
Mg (0" _ 005 _ Mg o1 43
Ln, \ 0z 0z Ln, oz’
ac' 1o
at W= LeV ¢ (36)
Wi 4w = L2 + gy 37
at Lng 1 Lng ’ ( )
3y L g2gr o Nay oo
at+w —LnZV ¢2+Ln2VT. (38)
The conditions imposed on the boundaries are
, ow' a‘w’ , ,
w =0,¥+/11?=0,¢1=0,¢2=0, ( )
/ 39
T'=0,C'=0, 2= =0atz=0,
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, ow' a2
w'=0,=>~12, d;; =0,¢; =0,¢3 =0,
(40)
T'=0,C' =0, a”z =0atz=1

The parameter Rm represents the pressure gradient in
static state. The parameters Rn, Ny4;, Ny, Ny, and Ny, do
not appear in the equation for regular binary fluid.

After eliminating p’ from the above equations, we
obtain:-

L2 g2y = gpm 2T 4 yh — Rn, Vg4
41
— R, V3 ) + RaViT' + = V4 C', (41)
Combining Eqn. (34) and (41), we get
2 )
(3 — Pmv?) [ZZ V2w’ — V4w’ + Rn, V26 + Rn, V3¢
(42)

— RaVAT’ = 7ic’| + QPmv2 22 Pwr_ o,
The differential Eqn. (35)-(38) with (42) along with
boundary conditions (39) and (40) comprise a linear BVP.

Now to analyse the perturbations into normal modes,
we take

[W(Z), Cbl (Z), CDZ (Z), G(Z)'
T'(2)]exp{ik,x + ik,y + nt}. (43)

W', ¢1, 2, T',C'] =

Here, the wave numbers in x direction, y direction are
(k2 + k2)2 Also, n (com-
plex) is the frequency. Using Eqn. (43) in Eqn. (35)-(38)
and (42), we get

k, and k, respectively while k =

QPm(D?-k?)D%w
(n-Pm(D2-k?))

%(DZ—kZ)W= +(D2—k2)2W 4+Rn, k2,

(44)
+Rngk?®, — Rak?6 — -,
W (D?—k?—n+722 p- At p o2
Lnq Lnq Ln,
45
— 242502 ) -T2 Dp, — 222 Db, = ), )
Ln, Lny Lny
_ _ Y n2_ g2 —
W—n-=(D*=k))I=0, (46)
_Nap2 _pye — (D2 — k2) — _
e G DL (Lnl(D k?) n)!bl—O, (47)

Na 1
W -2 (0 —kz)O—(E(DZ — ) —n)®, =0. (48)

To study the linear stability analysis, the corresponding
boundary conditions for Free-Free boundaries are:-

W=0, D2W=0, ®;=0, ®,=0,0=0, [=0atz=0,1. (49)

And for Rigid-Rigid boundaries:-

W=0, DW=0, &, =0, d,=0,0=0, [=0at z=0, 1. (50)

A COMPARATIVE STUDY

We solve the aforementioned eigenvalue problem under
various boundary conditions. For every boundary condi-
tion in the stationary case (n=0), we compare the outcomes.
The aforementioned set of equations has exact solutions for
non-realistic boundary conditions (F/F), while numerical
solutions are obtained for realistic boundary conditions
(R/R, F/R, and R/F).

Realistic Boundary Conditions
In this case, the eigenvalue problem for R/R boundary
conditions

W=0, DW=0, &, =0, d,=0,0=0,T=0atz=0,1, (51)
R/F boundary conditions
W=0, DW=0, ®,=0, ®,=0,0=0,T=0atz=0, (52)
W=0, D*W=0,d,=0, d,=0,0=0,T=0atz=1, (53)
and F/R boundary conditions
W=0, D*’W=0,®,=0, $,=0,0=0,I=0atz=0, (54)
W=0, DW=0,9,=0,®,=0,0=0,T=0atz=1, (55)

are solved. For the three types of boundary conditions men-
tioned above, we solve the associated eigenvalue problem
using the Galerkin technique. The test (weighted) functions
in this method are identical to the base (trial) functions.
Initially, the variables are written as linear combination of
basis functions as:-

W=y, 0 =280, T =%, GI;,

@, =X Di d)li! D, = Xis1 Ei Py, (56)
where A, B;, C,, D, and E, are constants and the basis func-
tion W, ©,, I';, @,;, ®,;, are represented by power series sat-
isfy the corresponding boundary conditions. Substituting
Eqn. (56) into (44)-(48), multiplying the resulting equa-
tions by w; (2), ®j (2), I; (2), <Dj1 (2), and d)jz (2), performing
the integration by parts with respect to z between z = 0 and
z = 1 and using the boundary conditions, leads to the fol-

lowing system of linear homogeneous algebraic equations

LjiAi + M]LBL + IV]'iDi + Olel = 0, (58)
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P;A; + QG = 0, (59)
RjiAi + S]LBL + ’I}iDi = 0, (60)
UjiA; + VB + Y E; = 0, (61)

where,
G = —(QPmk? +3Pmk*)(DW;, DW;) —(QPm + 3Pmk?)
(D*W;, D*W;) — Pm(D*W;, D3W;)—  Pmk®(W;, W;),

H;; = (RaPmk*){(W}, 0;) + (RaPmk?){DW;, DO;),

PmRsk?

PmRsk*
L; = W
Le

i I+ (DW;, DI;)

J;; = PmRn k"W, &,,) — PmRnlkz(DWj,Dthi),

Kj; = —PmRn,k*(W,, @,;) — PmRn, k*(DW;, D®,;),

L][ = (61‘:”/1');
M, = _(%_%+%_M>
Jt Ln, Ln, Ln, Ln,
[~(D6;,DO,) — k*(6;,6,) +(6;,D8))),
Np Np
Ivji = _L_nl< D(pll)! ji = __2<0er¢21'>:
1
k? 1
Py ={,W;),Q;; = _L_e(l}'ri) —L—e(Dl}.DFi),
NA1 NA1k2
(d)l];W) <D¢)1pD@11)+ L <d)1j'0i)f
1
2
T, = (qulj, Dby) +— (qbl], @),
NA2 N, k2
<¢2]rW): ji — <D¢2]'D021)+ (@21,@)
2
Y}‘ (Dd)Z]'D(pZL) + (d)ZJ'd)ZL)

Here the inner product (...} is defined as (...) = [J(...)dz.
The above set of homogeneous algebraic equations can

have a non-trivial solution if and only if

Gi Hp Li ], Ky
Li My 0 N, 0y
Pi 0 Qi 0 0]=0. (62)
Ri Si o0 Ty 0
Uji Vii 0 0 in

For R/R boundaries, trial functions are:-

WL L+1 221+2 +ZL+3 @ I-' ¢ll_d)21 Zi—ZHl, (63)
for R/F boundaries, trial functions are:-

W;=22""3 43241 521420, = I} =®,; = &, = z'~ 2", (64)

and for F/R boundaries conditions, trial functions are:-

]/Vizzi+4+zi+2 _22i+3‘ 01‘ — 1'; — d)li — d>2i =Zi —Zi+1. (65)
Here (i=1,2,3...n).
From a rigorous numerical experiment, it has been
found that the order of the polynomial, n = 5 is sufficient

to reach the required accuracy, which is shown in Table 1.

Non Realistic Boundary Conditions
We take the solution of Eqn. (44)-(48) satisfying the
boundary condition for Free-Free (F/F) case:-

W = W,Sinnnz, ©® = 0,Sinnnz, ' = [Sinnnz,
®, = &, Sinnnz, G, = ,pSinnnz. (66)

Substituting Eqn. (66) in the above equations, we get the
matrix equation as:-

[aij][WO 0 Iy P10 Pz0]" = 0. (67)
Here &=mn*+k* and a;, =62+ L
pr n+Pmé ’
a;,=—Rak?, g, = —Rik ,014= R0y k%, ay = Rnpk?, a0 = 1,
A2 =—(0+n), a3=0, 0y, =0, 0,5 =0, a3, =1, a3, =0,
5 T4
assz =—(n+—), a3, =0, a35=0, a4 =1, s =Fi6'

Ng
a43—0a44—n+ a45—0a51—1a52= nj&,a53=0,

5
a54—00155—n+L—nz

Table 1. Comparison of results for different orders of Galerkin approximation for Ln,=100 for different values Q.

n=2 n=3 n=4 n=5

Ra;°© a¢ Ra ¢ a¢ Ra ¢ a¢ Ra;° a¢
Q=0 53.5797 1.42 53.5797 1.42 53.5792 1.41 53.5792 1.41
Q=10 213.5874 1.71 213.5874 1.71 213.5872 1.71 213.5872 1.71
Q=20 361.5517 1.76 361.5513 1.75 361.5513 1.75 361.5513 1.75
Q=30 503.9994 1.83 503.9994 1.83 503.9994 1.83 503.9994 1.83
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The non-trivial solution of the above homogeneous sys-
tem of equations require that
_Rs(n+s
Le ‘n+Lie

mesnz) (n+6)

n+Pmé k2

_ (Lny(n+8)+6N4,) Rn. — (Lny(n+8)+6N4,)
nLkn{+6 1

_ (52,18
Ra—(6 +5+

(68)

Rn,.

nLny+§

Non Oscillatory Convection
When n = 0. The stationary Rayleigh number is given
by:-

(Ln18+6NA1)

Rast = (6% + Qmr?) (%) —Rs Rn,

 (Lnp5+8Na,) (69)

3 Rn,,

After neglecting the solute Rayleigh number (Rs) and
Chandrashekhar number (Q), Eqn. (69) gives

53
t
Ra* = — (Ln; + Ny, )Rn; — (Ln, + Ny, )Rn,. — (70)
The same result has been obtained by [33].
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RESULTS AND DISCUSSION

The effect of the main controlling parameters on the
onset of convection in hybrid nanofluid is examined with
the objective of understanding the control over convec-
tion. It has been observed that the thermal Rayleigh num-
bers of hybrid nanofluid are unaffected by the modified
particle density parameter increment for non-oscillatory
convection.

Linear Stability Analysis

Linear stability analysis is divided into one subsection: It
is dedicated to a comparative study of stationary or non-os-
cillatory cases for different boundary conditions.

Comparative Study (Non-Oscillatory Case)

Here, we have plotted the graphs for the main con-
trolling parameters, such as Chandrashekhar number (Q),
which represents the magnetic field effect, thermo-nano-
fluid Lewis numbers (Ln;, Ln,), nanoparticle concentration
numbers (Rn;, Rn,) in the (Rs, Ra®) plane for Free-
Free(F/F), Free-Rigid (F/R), Rigid-Free (R/F) and Rigid-
Rigid(R/R) boundaries.

The effect of the Chandrashekhar number (Q) is
depicted in Figure 2 for various boundaries in the (Rs,
Ra®) plane when other parameters have fixed values. In
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Figure 2. Variation of Ra® as function for different values of (Q) on (Rs, Ra®) plane.
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Figure 4. Variation of Ra® as function for different values of (Ln,) on (Rs, Ra®) plane.
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each of the four cases, F/F, F/R, R/F, and R/R, the stabil-
ity of the system increases as the value of Q increases.
This shows that the system stabilizes with an increas-
ing value of Q, indicating the onset of convection delay.
This phenomenon can be explained by the fact that
viscosity is introduced into the fluid, and convection
distorts the magnetic lines when a magnetic field pene-
trates the medium with a significant degree of strength.
Consequently, the development of disturbances is
impeded by these magnetic lines, delaying the onset of
instability. Also from the graphs in Figure 2, one can
conclude that the stability of the system is most domi-
nant for F/R boundaries and least for F/F boundaries.
This result is similar to the findings of [34].

Figure 3 illustrates how the stability of a system
under different boundaries is affected by the change in
the value of the thermo-nanofluid Lewis number (Ln,).
The stability of the system reduces when the value of Ln,
increases in all scenarios, i.e., F/E, F/R, R/F, and R/R. The
stability of the system is described as: F/R>R/R>F/R>F/F
i.e. the system is most stable at F/R and least stable at F/F
boundaries.
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The impact of the thermo-nanofluid Lewis number
(Ln,) for different boundaries is depicted in Figure 4. We
observed a complex nature with the change in the value of
Ln,. As Ln, increases, the stability of the system falls in the
cases of F/F and R/F, whereas it increases for the F/R and
R/R boundaries. Stability is greatest for F/R boundaries and
lowest for F/F boundaries. Similar results were obtained by
[33].

Figure 5 shows the behavior of stability criteria for
different types of boundaries for changes in the value of
nanoparticle concentration number (Rn,). In all cases, i.e.,
F/E F/R, R/F, and R/R, the system’s stability decreases with
an increasing value of Rn,.

Figure 6 depicts the impact of nanoparticle concen-
tration number (Rn,) on the stability of the system for all
four boundaries combinations. In all cases i.e. F/E F/R,
R/E, R/R, stability of the system decreases as the value of
Rn, increases. The behavior of nanoparticles concentration
Rayleigh numbers is clear and consistent with what Chand
and Rana reported [35, 36] . In general, if both Rn, and Rn,
take the negative values, the hybrid nanofluid layer will be
more stable.
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Figure 5. Variation of Ra® as function for different values of (Rn,) on (Rs, Ra®) plane.
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CONCLUSION

We have tried to understand how hybrid nanofluids and
magnetic fields can influence the onset of double diffusive
convection. We carried out a comparison analysis based on
various boundary conditions using linear stability analysis.
Four different velocity boundary conditions, namely R/R,
R/E F/R,and F/F have been analyzed. The Galerkin technique
is used to solve the eigenvalue problem for the R/R, R/E and
F/R boundaries, whereas exact solutions are obtained for the
F/F boundaries. In the non-oscillatory condition, we exam-
ine the outcomes among four boundary conditions.

The conclusions are as follows:-

For each of the four boundary surfaces, the stability of
the system rises as Q grows.

With rising values of Ln,, Rn;, and Rn, for every bound-
ary, the system’s stability diminishes.

With an increasing value of Ln,, an intriguing stability
phenomenon in the system was found. With an increas-
ing value of Ln,, the system becomes unstable in two
combinations (F/F and R/F), but it has the opposite
effect on the other two combinations (R/R and F/R).
Furthermore, based on the studies mentioned above,
we can deduce that the system’s stability is stated in the
following order: F/R > R/R > R/F > F/E This means that
the system is most stable for F/R boundaries and least
stable for F/F boundaries.

>
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NOMENCLATURE
a Wave number, m™!
c Specific heat of nanofluid, , kJ / kg °©
C Concentration of the solute, mol/m’
C, Upper layer concentration,
Dy, Dg,  Brownian diffusion coefficients of two
nanoparticles, m?/s
Dy, D, Thermophoretic diffusion coefficients
D, Solutal diffusivity, m?/s
g Acceleration due to gravity, m/s?
H Magnetic field, T
Le Concentration based Lewis number
Ln;,Ln,  Themo-nanofluid Lewis number
n Growth rate
N,, Ny,  Modified diffusivity ratio
Ng, Ng,  Modified particle density increment
Pr Prandt] number
T Temperature, K
T, Temperature of upper layer
Ra Temperature based Rayleigh number
Rs Concentration based Rayleigh number
Rm Density based Rayleigh number
Greek symbols
ay Fluid’s thermal diffusivity, m*/s
Br Temperature based volumetric coefficient, K
Be Solutal Volumetric fraction
K Thermal conductivity of nanofluid, W/ m °C
U The viscosity of the nanofluid, Pa s
¢, Nanoparticle volume fraction
Pot> Pp2 Nanoparticles mass densities, kg/m®
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