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INTRODUCTION

ABSTRACT

The idea of a soft set offers a consistent structure for combining multiple data types and sup-
porting a range of sources and representations. Because of its adaptability, it can be used in a
variety of industries where precise and ambiguous information supervision is crucial for reli-
able and productive evaluation. This article delves into the interplay between sequences and
series within the domain of soft complex numbers. It establishes a thorough understanding of
soft complex boundedness, offering precise definitions for soft complex convergent sequenc-
es, soft complex limits, and soft complex series. Our exploration lays the groundwork with a
broad perspective, paving the way for a detailed examination of specific properties embedded
in the Bolzano-Weierstrass theorems. Additionally, we unravel the intricacies of soft complex
Cauchy sequences and scrutinize the soft complex limits associated with both convergent se-
quences and series. This comprehensive discussion sheds light on the nuanced aspects of these
mathematical concepts, providing a deeper insight into their implications.

Cite this article as: Ur Rahman A, Noori Qadir A, Othman Sabir P. An abstract approach to
sequences and series using soft complex numbers. Sigma ] Eng Nat Sci 2025;43(5):1759—-1767.

set with parameterization mode, Molodtsov [8] introduced
a groundbreaking mathematical approach known as soft set

An adaptable scheme for handling ambiguity and
uncertainty in a variety of everyday circumstances is pro-
vided by fuzzy set [1]. One benefit is that it may depict
the differentiation between membership and non-mem-
bership, enabling more complex conceptual depictions.
Because of its versatility, complex systems with ill-defined
constraints can be better modeled. This theory has success-
fully been applied in various fields of study like differential
equations [2-5], and decision-making [6,7]. To equip fuzzy
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theory (SST), designed to address uncertainties. It has mul-
tiple applications in the visualization of knowledge, data
mining, and governance. Its capacity to manage the con-
fusion and unpredictability present in practical problem
data is a significant benefit. A more adaptable and truth-
ful depiction of intricate systems is made possible by soft
sets (SSETs), which permit the inclusion of elements with
incomplete memberships. In decision support systems,
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where precise data may be omitted or it may be challenging
to collect, adaptability is especially essential. Subsequent
research by Maji et al. [9,10] expanded the scope of SST,
presenting various operations applied to decision-making
problems. Rahman et al. [11] employed parameterized
approach to decision making using extension of fuzzy
SSETs. Vimala et al. [12] investigated some algebraic struc-
tures and their relating results using multi aspects of fuzzy
SSETs. Further contributions by Shabir and Naz [13] intro-
duced soft topological spaces, while Majumdar and Samanta
[14] explored mappings between SSETs. The study by Feng
et al. [15] investigated the intersection of SSETs with fuzzy
and rough sets. Researchers in [16,17] introduced soft real
sets (SRSs), soft real numbers (SRNs), soft complex sets
(SCSs), and soft complex numbers (SCNs), demonstrating
their properties and practical applications. Saeed et al. [18]
introduced the notions of soft elements and members. Later
on, they [19] introduced the notions of soft algebraic struc-
tures using soft elements and members. A subsequent study
in 2016, focused on fundamental operations in a soft con-
text, discussing soft functions and including results like the
Bolzano theorem [20]. Irfan [21] studied various properties
of convexity and its inverse in soft and fuzzy SSETs envi-
ronments. Salih and Sabir [22] explored specific character-
istics related to convexity and concavity within the context
of SSETs. The researchers [23-27] extended the previously
defined knowledge of convexity to some of its other vari-
ants in soft and fuzzy SSET environments. Further study
related to ambiguous focus on fuzzy complex numbers [28]
that extend traditional complex numbers to accommodate
uncertainty and imprecision, enabling degrees of member-
ship and uncertainty in both real and imaginary compo-
nents. Demir [29] discussed the idea of soft complex valued
metric spaces and looked at a few topological facets of
them. Next, for a variety of soft mappings on soft complex
valued metric spaces, certain fixed soft element theorems
were developed. Selvachandran et al. [30,31] studied the
relations and distance measures between complex vague
SSETs. Sabir [32] studied the extension of complex fuzzy
set. This extension enhances the representation of fuzzy
information within mathematical contexts, particularly in
systems where imprecision and ambiguity play a significant
role. Wardowski [33] demonstrated the natural relationship
between soft operations and soft objects in soft topological
spaces and proposed a novel concept of soft element of a
SSET. Oztiirk [34] examined the connection between bipo-
lar SSETs and bipolar soft points and originated the idea
of bipolar soft points. A novel interpretation of soft point
was introduced by Senel [35], which allows one to construct
all soft points that vary with any parameter that occurs in
a SSET. Taskoprii and Altntas [36] provided a topology
whose members are sets of soft elements and explained how
this topology relates to basic soft topology. Allam et al. [37]
first proposed the idea of a soft element and then modified
the idea of a soft point to eliminate any connected issues
with the soft point. Polat et al. [38] introduced a number of

properties on soft topological spaces, based on the notion
of soft elements, which provide us with an alternative view-
point for the advancement of soft set theory. These quali-
ties include the neighbourhood structure of a soft element,
soft interior, and among others. Hameed and Khalil [39]
proved some new theorems on the equality of infimum soft
sequences. Asma et al. [40] and Kirisci [41] discussed deci-
sion making applications based on uncertain environments.

Novelty and Motivation

The scientific literature reviewed above makes it evident
that while certain scholars have studied soft elements, soft
members, and soft complex numbers, there needs to be
moreresearch on the description of soft complex sequences
and seriesin theliterature. The SCNs provide an effective tool
for handling equivocal and imperfect data in an organized
way. Their capacity to express indeterminate values with-
real and imaginary aspects is one of its advantagessince it
enables a more thorough explanation of intricate situations.
Because of its adaptability, it may be utilized for analyzing
systems with multifaceted unpredictability, which is prev-
alent in a wide range of practical uses. Furthermore, while
maintaining uncertain knowledge, SCNs offer an adaptable
structure for carrying out computations. The SCNs and soft
complex sequence (SCSQs) are useful in many domains
where handling ambiguous or imprecise data is crucial.
They can be employed to simulate systems with ambiguous
or fuzzy parameters in engineering, enabling more reliable
and flexible control schemes. The SCNs, which take into
account erratic characteristics and unclear market data, can
help in risk evaluation and investment optimization in the
financial sector. The SCSQs can also be used in medical
diagnosis to examine patient information as well as med-
ical records, taking into account the inherent uncertainty
in diagnosis and treatment results. Additionally, SCNs can
also improve the processing of ambiguous or partial data
in artificial intelligence and machine learning, resulting in
more trustworthy and precise decisions. All things consid-
ered, SCNs have implications in a variety of domains, such
as financial services, engineering, and artificial intelligence,
where managing uncertainty is essential to solving prob-
lems successfully. Thus, keeping in mind above mentioned
advantages and adaptability of SCNs, this study is aimed to
introduce the novel concept of a SCSQ, examining its con-
vergent components using SCNs and soft real sequences
(SRSQ). Additionally, it establishes a convergent series on
SCNss, exploring their relationship.

Section 2 reviews some basic concepts related to soft
sets, soft elements, soft members, soft complex numbers,
etc., and this is how the rest of the article is structured. In
Section 3, the soft complex limit and associated theorems
have been characterized and described using SCNs and
SCSQs. Section 4 has a discussion of the boundedness of
SCSQs, soft complex Cauchy sequences using SCNs, and
their corresponding results. In Section 5, the convergence
of these SCNs soft complex series and the corresponding
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outcomes have been examined. Lastly, Section 6 presents
the overview, future scope, and implications of the antici-
pated effort

Preliminary Knowledge

The following section is meant to review fundamental
definitions and operations for SSETs, SRSs, and SCSs, as
outlined in [13,16,17,42].

Definition 1 Let U be an introduction to the universe of
discussion and  be a set of parameters. Let 2(9) shows the
set of power of U and & be a subset that is not empty of &.
A pair ({, &) is called a SSET over U, where ¢ is a mapping
given by {: @ — 2,

Put otherwise, a set above U is a family of parameter-
ized discourse universe subsets U. For § € &, {(§) might
be seen as a set of § approximation SSETs elements ({, &)
and if § € O then {(§) = @, thatis{g = {(§):j € & € B,
{: @ - 2, The family of all these SSETs over U denoted
by 05 (0). o ~

Definition 2 Let { g, [ € Q5 (0) then { 5is a soft subset
of I’s, symbolizedby {5 € I's,if @ < Sand{5cT'sV € 6.
In this case ¢ 4 is described as a soft subset of I's, and s is
described as a soft super set, I4 & 15 52 { o

Definition 3 A pair of soft subsets { 5 and [s over U are
considered equal if { 5 is a soft subset of [ and [ is a soft
subset of { .

Definition 4 The soft subsets complement ({, &) denoted
by (, &) is determined by ({, &)< = ({, 8): &: & - 2D is a
mapping provided by ¢ (@) =0 —7(§),V § € @ and { and
{ is said the soft complement function is equivalent to ¢.
Clearly (¢) is similar to ¢ and ((, ®)°)° = ({, ®).

Definition 5 The difference between SSETs (¢, %) and
(T, ®) over U displayed by ({, #) - (T, #) is the SSET (D, %)
such that D(§) = {@\T'(4),V q € .

Definition 6 The union of SSETs and (T, ;‘ ) Over U is
the SSET (D, €), where, C = @U 3 forall§ € C,

(@ if q€a
D(§) = f@)if qgepB (1)
@) if Gey

where,q = §— 3,8 = 5— @ andy = & N 3 and written
as (¢, 8) U([,3)=(D,C).

Definition 7 The intersection (D,C) between two
SSETs ({, &) and (T, 3) over U, denoted ({, @) A (T, 3),
(¢, @ and (I', ¥) can be defined as C =@ A 3 and
D@={@NF@vyel

Definition 8 Given a non-empty parameter set & and
a non-empty set V. Then a function 1: & > U is defined
as a soft element in U. A soft element T of U belongs to
a SSET ({, &) of U which is symbolized by t € ({,®) if
2(§) € {(¢),V ¢ € B. Thus for a SSET (, &)of U concerning
the index set 8, it gives {(§) ={«(§): 7 € ({,®),v{ € B}.
In that case, T is said to be a soft element of the SSET (7, 8).

For SSETs ({, &) and (T, &). (I, &) within Q5 (T) the
relation ({, @) € (T, &). holds iff each soft element belong-
ing to ({, &) is also a soft element in (', &).

Definition 9 Consider R as the collection of real num-
bers, let 2® be the set of all bounded, non-empty subsets of
R, and & be a set of parameters. In this context, a mapping
¢: &@— 2®jis termed a SRS, denoted as ((, 8).

In particular if (f , ©) is a singleton, then recognizing
({, &) together with the equivalent soft element, it will be
defined as a SRN.

Definition 10 The sequence {fn} it is claimed that a set
of SRNs is convergent to the soft real limit fi in R(&), when it
has the soft real limit I, otherwise it is claimed as divergent.

Lemma 1 [42] There is a soft convergent sub sequence
for every SRSQ.

This outcome confirms clearly that there is a convergent
sub sequence for any bounded SRSQ.

Definition 11 Let C denote the collection of complex
numbers, A (C) be the collection of all bounded non-empty
subsets of the complex number set and & be a set of param-
eters. Then a mapping {: ® - 2@ is said to be a SCS. It’s
shown by ({, &).

Definition 12 In particular, if ({, &) a SSET with a sin-
gleton, then identifying ({, &)it will be defined as a SCN
together with the corresponding soft element. We used the
symbols &, &, and @, to denote SCN.

Example 1 Let C be the set of complex numbers. The &
be a set of parameters given by @ = {{y, 4», 3, Gs, §s}. Then
(¢, &) can be considered as a SCN where

((,®) = Gy, (2 + i), (o, {20, (3, (2 — 1),
(dia, (41)), (ds, (5 — 6i))} .

Definition 13 A SCS ({, &) is claimed as soft pure imag-
inary set if { (1) is a subset of the set of pure imaginary num-
bers for each 1 € 6.

Let us denote the set of all SCSs by X(g) and the set of
all SCNs by X©.

Definition 14 Assume that ¢ is a SCS or number.
Subsequently, Re { is a real part and Im ¢ is an imaginary
part of @ and are stated as follows:

Re {(§) = {Re(zﬁ): @ € Z(C'I')}, Re {(4) = Re({(§) (2)
and
Im{(§) ={Im@): & € (@}, Iml@ =ImlE) (3)

For every {j € . It is shown that Re { and Im  are SRSs
or numbers.

Definition 15 Let (¢, &) be a collection of SCS. Then the
modulus of ({, &) is symbolized by ({, &) and is defined by
Il = {I@1:@ € {(A); A € &),

Limits of a Sequence in SCNs
Definition 16 If fi,, and ¥, be any two SRSQs then
@, = fi, + iV, is a SCSQ denoted by
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Mechanism for the characterization of Soft Complex Sequences

:
.
. .
R L LT R

@ Classical
Complex

Collection of Soft Real Sequences

sy

Soft Approximate Function

‘ Collection of Soft Complex Sequences

Figure 1. Mechanism for the characterization of SCSQs.

(@)oo= (@1, T T3y oo, Wy L@ €EX@ for  all
n=1{123,..}

Mechanism for the characterization of SCSQs can be
viewed from Figure 1.

Definition 17 The sequence {@,, } of SCNs is called con-
vergent to soft complex limit g € X ©), when it has the soft
complex limit g, otherwise it is claimed as divergent.

Definition 18 If {5, } represents a sequence of SCNs.
We conclude that @, approaches the soft complex limit g (as
n - o) whenever for every SRN # > 03 A, a soft positive

integer (SPI) depending on 7j such that
|55, — 0| < i, for all n > AGH) 4)

If &, approaching the limit of the soft complex g, we
Writeimﬁn=@orﬁn — gasn - o,
= fl, + iV, €X®@ with&isa
Oand ¥, = (i),n € N.

2n

Then, we claim that lim @, =0 =0+i0is the number of
the soft complex, where 0(4) = 0(4) +i0(4) = 0 + i0. In fact,
given 7j > 0 it gives that k = min{fj(§): ¢ € 8} > 0. Since & is a
finite set of parameters. Because of the Archimedean char-
acteristic of real numbers, ny € N, such that nl—o < k. Given
the fact that

Example 2 Consider @,

finite set of parameters where fi, =

== ;)7

1 1 1
—-0l=—=—<k=
2n ‘ 2n  n, 4.

1Y\ ... = ..
0|(4) - ‘(5)@—0@)

for every § € & and n = n,. It means that|@, — 0| <.

Theorem 1 Let {&,,} be a sequence in the SCNs. Write
@, = i, + i?, where fi, and ¥, are sequences of SRNs.
Then the given sequence convergent in X© iff {ji,} and
{#,} converge in R (8).

Proof. Suppose [, — fi and 7, - ¥. We now prove
that @, = fi + i¥. Indeed, fix 7j > 0 and find, by the stated
convergence, there exists i such that n > A. It given that
|, — fi| <ii/2and [V, — V| < #j/2. Then, for n > f, it gives

@, —(a+iv)| =|( &, - @) +i (v, -v)| <|@, - 4
+|17n —17| <1j/2+1j/2=1j.
Conversely, suppose that @, = fi + i¥. Then, givenij > 0,
we find SPI & such that for n > f, it holds that
|&@, — (fi + iV)| <. So clearly
|[¢” —ﬂ| < |)~c}1 —[t| +|17” —17| = |iﬁn o, +1iv, )| <7, (5)

and

v, =V <7, -v|+|@, - @ =|&, - (@, +7,)| <7 (6)
Proposition 1 Let{&, } and {&,,, } be convergent infinite
sequences of SCNs. Then the sequences {@;, + @y, },

(&1, — @} and {&y,, . @y} are convergent, and

lim(@,, +@,, ) =lima,, + lima,,,

n—ow n—w

lim(a,, - wzn)—hmw —11mw2”,

n—>0 n—so00

lim(&,, - @,, ) = (hmwln )(hmwzh )
s e e

In addition, if @,, =0, for all ne N and lim @qy, # 0,
then the sequence {@y,, / @2, } of SCNs is convergent and

limw,

hm wl” =#.
e\ @, lima@,,

n—s%

Proof. Let Tlll_)rg Wi =0, and 7111_{23 Wy = 0, Suppose
some SRN 7 >0 be given. It follows from the idea of
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limits sequence that there are SPI &, (i}) and h, () depend-
ing on #j such that [&1n — &1] <i/2 whenever n > f; and
|& .y — 02| < 7/2 whenever n = fiy. If n > h, where # is the
maximum of #; and f,, then

@10 + @op — (01 — 02)| < @10 — 04l
+ | @on — G2 <ii/2+ii/2= 4.

Thus, lim (@, +@Tm) = 1lim @y, + lim @y,

Let 9 be some complex number. We prove that
llmﬁ?UZn =90, Now, given any SPI h, we can choose
a soft positive & small enough to ensure that |5]6 < 7.
Now lim Wy = 0, and therefore, there exists some SPI
h such that |&,, — 0,1 <& whenever n> h. But then
I pm — i9'g2| = [9][&@ 20 — 0, < 6|19| This gives the fact that
lim @55, = 90,.

On apply this result with J =—1, we see that
lim =@, = —0,. It follows that ,111'2,51" — @yp = 01 — 0o
Next we prove that if {&3,} and {@.,} are infinite
sequences of SCNs, and if lim @3, = 0and lim Wiy =0, then
lim (@3, 4n) = 0. Suppose some SRN ij > 0 be given, it fol-
lows from the definition of limits sequence that there exists
SPSIs ﬁ3 and 'fl4 such that |&3,| < /7i whenever n = 3 and
|@4n| < /7 whenever n > Fan. Suppose # be the maximum
of hzand Ay, if n > A then that |@s3,| < Vi and |@anl < .
Therefore, |&3,@ 4| < /7. It shows that lim (@3, W 4p) = 0.
¢, and
g, for all positive integer n, where §; = lim @1n

We can apply this result with @5, = @y, —
Wyn = Wop —
and ¢, = lim @zn. Now lim @3, = 0 and lim @y, =0 follows
that o

0= 7lli_{g(53nﬁ4n) = Ai_f{}o((ﬁln = 01)(@2n — 62))
- éjzﬁzn - élﬁln + QlQZ)
= lim (w1nw2n) Qz llm (w2n) 91 llm (wm) + llm (9192)

n-o

= lim (z’frmifrz,,

= 1111_{2’5717113271 — 0,0,
Therefore lim &,,&,, = 6,0
oo
Finally, suppose that @,, # 0 for every positive inte-

gers n, and that g, # 0. Then for any given SRN 7j > 0, there
exists some SPIs &5 such that

. .. 1 .. 1.
|2 — 021 <E|92|2nand|wz,1 0Ozl <;|Qz|,
whenever nz= hs For n = hs, then

[@onl 2 10| = 1&an — 62l > 57— |’ and therefore,

- —éz_f’z" @ — 6,1 < i
= |~ - o~ = 7., 2n — Y2
Wyn Q2 0,3 16,
. 1 1 b
Thus, lim—— = —. It given that lim 2z ==L as
n—oo Wan 02 n—oo Wan Q2

required.

Theorem 2 If § is the convergent soft complex limit for
the SCSQ @,, then it is also the convergent soft complex
limit for @, (s € N).

Proof. Since {@&,} converges to soft complex limit
¢ then for any SRN i >0, there exists SPI A@i) such
that |&, — ¢| < #, for all n > AaGj). If we take m = n + s,
for all s €N, then m >n> h(ij) implies m = n + s and
|&p4s — 6] < 1. Hence ¢ is the convergent soft complex
limit for the SCSQ @, 4s.

Theorem 3 A convergent sequence of SCNs has a
unique soft complex limit.

Proof. Let {¢5,} be a soft complex convergent sequence.
Suppose that lim @, = 9, and lim @y, = 0,. We wish to
prove g, = g,. For given ij > 0, by the Definition 18, there
exists a soft real positive integer f; such that n > f; implies
|5, — Qll < ij/2. Moreover, there exists a soft real positive
integer h, such that n> fi, implies |&, — §,| < /2. For
n > max {hl, hz}, by the triangle inequality it gives

|@1 - Qzl = |91 + Wy — Wy — Qzl = |5n - Q1|
+[@n — 0, <7 +71=ii.

This shows that |¢, — ¢,| < for all 7j > 0. It follows that
|6, — 6, = 0and hence, §; = ..

Theorem 4 The SCSQ {@,} is convergent iff the SRSQ
{l3,1} is also convergent.

Proof. Let {¢3, } be a soft complex convergent sequence,
and let 415 @n = € For given 7 > 0, by Definition 18, there
exists a soft real positive integer & such that n > f implies

|&@, — 6| <. So by the triangle inequality we can show
that ||@,] — 101| < 1@, — 8] <#. Conversely, can be shown
similarly.

Remark 1 The SCSQ {&@,} converges to zero iff the
SRSQ {|&, |} converges to zero.

Bounded by the Sequence of SCNs

Definition 19 Soft complex number sequence {4, } is
claimed as bounded if a SRN M € P(# > 0) exists such that
|&5,] < MVneN. A sequence is unbounded if it is not
bounded.

. ~ _ . (1 ®)

Example 3 Consider @, = l(;) EXT(neN)

where & is a finite set of parameters. Then, it gives

that @, is bounded since clearly there exist 1€ 7 and
&1 = | ()| @ = |2) @] = [2| < Tforeveryd € 6.

Definition 20 Let {&,} be a SCSQ. We say that {&, } is
a soft complex Cauchy sequence if for all SRNs 7 > 0, there
exists a positive soft integer h such that |&, — @,,| < #, for
alln,m > h.

For 7j to be less than the difference between any two soft
elements that occur before and following the term’s .

Proposition 2 Let {@,, } be a sequence of SCNs that con-
verges. Then it is bounded.

Proof. Suppose that the SCSQ {&,} converge to a
soft complex limit ¢ € X, Then for i=1>03heN
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such that |&, — 0| <1 for all n= A It follows that
[@n] <101+ 1@, — 0l <16l +1.

If we set M = max {|¢], |&,|, |&,|, |&s5], ..., |&Fn_1|} then
|&,| < @ + 1foralln € N. This implies that the SCSQ {&5,,}
is bounded.

Theorem 5 Let {45, } be a bounded sequence of SCN.
Then {@,} has a convergent subsequence.

Proof. Since {@,,} is bounded sequence of SCNs, then
{Re @,} and {Im@,} are bounded sequences of SRNs. By
Lemma 1, {Re%@,} and {Im@,} has a convergent subse-
quences {Re @y, } and {Im @y, }, respectively. Now {Re @y, } is
a subsequence of the convergent sequence {Re @y, }, and so
converges to the same soft complex limit. Hence, {ﬁnkr} is
a convergent subsequence of {4, } as its real and imaginary
parts are both convergent sequence of SCNs.

Theorem 6 If {@,, } is a SCSQ bounded and converges to
soft complex limit € X©. Then &,* = §2

Proof. Suppose {@,} be a SCSQ bounded and it is con-

vergetog € X @, So, by Definition 18, for a SRN 7 > 0, there

is a soft natural integer # in which |&, — ¢| < #Iél’ n> h,
also since {&@,, } is bounded, therefore, |{7,} | < M(n € N), this

means that

@, - 0°| = |@y — )@y + 0)| = 1@y — 811, + 0.

The  triangular  inequality = has  given us
|@, + 6| < |@,| + 161, this implies that
|&, + 6] < M +|6],n € N. Now it gives

(@~ &°| < 1@, — 8I(M +181),n = R (7)
implies that

|€7n2 - §2| < Mflél (M + |g]) = 7j,n = &. This completes

the proof.

Theorem 7 If {&@,} = {fi + iV} is a sequence of SCNs
then {&,} is a Cauchy sequence iff both sequences of SRNs
{1} and {#,,} are Cauchy sequence of SRNs.

Proof. If we suppose {@, } is a Cauchy sequence, then
for every SRN # > 0 3 a positive soft integer A such that

|, — Bp| <7 @,m = ). Then for n > f, it gives that

i, - =\, -, <@, -a,) +(7-v,)

=|zﬁﬁ—zﬁm|si7'
and
7, - =7, -7, = (@, -, ) + (7, -7, )
=|zﬁn -, <7

So both {fi,,} and {¥,} are Cauchy sequence of SRNs.

Conversely, suppose that both {fi,,} and {1, } are Cauchy
sequence of SRNs. Then for every SRN # > 0, since {fi,,} is a
Cauchy sequence, there exists a positive soft integer 2, such
that for all n,m > #,, then

|fin — fim| < #/2. Similarly, since {#,} is Cauchy then
there exists an positive soft integer f, such that for all
nm > hy Then |V, — V| <2 If A= max{fll, fiz}, then
for n,m > h, it gives

13

|w-n _lﬁ'ml =|(‘i:tn +i17n)_(1i’2m +i m)|
V)| =it = i,

-[(, - a,)+i(v,-v,)

+WV,-v,

<7.

So {@,} is a Cauchy sequence of SCN.

Theorem 8 Every soft Complex Cauchy sequence has
a bound.

Proof. Suppose that {&,} is a soft Complex Cauchy
sequence. Then by Definition 18, for every SRN i = 1 > 0,
there exists a positive integer & such that|&, — @,,| < 1, for
all n,m > k. So for n > h, it gives |&,| < 1 +|ﬁ"fl|.

Theorem 9 Every convergent SCSQ is a soft complex
Cauchy sequence.

Proof. Let {@,} be a SCSQ and convergent to § € X' ©),
For ij > 0, there exists a positive integer & such that

@ — ol <1(s > h).

This implies that for n,m > f, it gives
|ﬁn_ﬁm| < |ﬁn_9|+|ﬁm_9| <77

Theorem 10 Every soft complex Cauchy sequence is
convergent.

Proof. Let {&,} = {fi, + i¥,} be any soft complex
Cauchy sequence, where fi, and ¥, are Cauchy sequences
of SRNs. Then {fi,,} and {#,} are convergent sequences of
SRNs to fiy and ¥y, respectively.

Convergence of Series in SCNs

Let {@,} be a sequence of SCNs, we make a new
sequence that is specified by &, =@, &, =& +
Wy, 003 = W1t @y + Wgy e, Oy = By + @y + @3 + - + @y
where @n is called the sequence of n partial sums of
sequence of SCNs {@,,}. The sequence {@,} is symbolized
by @, + @, + @3 + -+ = Xp=1 Dy called an infinite series
of SCNs. If lim &, = & exists then the series is claimed as
convergent and @ is its sum, i.e.

o n
@, =lim Y&, =lima, = @.
n—sw n—so

n=1 =1

Ifaseries of SCNs is not convergent, it is called divergent.

Example 4 The soft complex series Y5~ i" does not
convergent. Because the SCSQ of its parial sums is periodic
and therefore doses not have a limit.
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Theorem 11 If the infinite series of SCNs Y, @, is
convergent then lim @, = 0.

Proof. Let Gy =& + &y + @3 + -+ @yoyg + @
be the n'" partial sum of the series of SCNs. Suppose that
the series is convergent and @ be the sum };_; @,, this
implies that 71111130 Wy = &, we get that @, = &, — dn_4, by
Wy + @y + W3+ + Ty = Dy_q, taking limit on both
sides, it gives that

lim@, =lima, -limo, | =w-w=0.

n—so n—sow n—w

Remark 2 Consider the infinite series of SCNs
Y=o @n = @o + @1 + @y + - if H =Ty +Tpe1+ Dy
+ -+~ then Tnis called remainder of the infinite series of SCNs.
If & is the sum of infinite series of SCNs then & = @, — 7.

Theorem 12 A series Yo, @, of terms with SCNs is
convergent iff for every SRN # > 0, there exists a positive
integer  such that |z'f7n + @y + o+ z'frn+p| <1, for all
n=handp>0.

Proof. Suppose Y. @, is convergent, and let
@y, =@y + @, + -+ T,y be the nt* partial sum of the
series of SCNs. Suppose that the series is convergent and &
be a sum of series, it means that lim &, = &, for every SRN
ij > 0 there exists a positive integer_iz'”lpgsuch that|d, — &| <7,
for alln > h.

Let #, =@, +®@y 1+ ®@p2+ - be the remainder
of the infinite series of SCNs, we get that & = @, —,
so that |&, —&| = |&—d,| = |7, <7, for all n=h,
OF |&p+ Bpp1+ Bnsp + 1<, for all n>h. So that,
[@ + @1 + Dpsz + o+ + Tyyp| <ii, foralln = hand p > 0.

Conversely, we know that
Yme1 Wy =@y + @y + -+ @, +- and if & is its par-
tial sum then, & =d&,— 7 and |f]<|®, — & From
Tl = |@n + Tpg1 + Dnyz + 0+ Dpyp| <ijforalln 2 h and
p =0 so that|d, — &| < #, it means that lim @y = 6.

Definition 21 Let &, € X© (n > 0), a series Y_, @,
converges to @y, if for every SRN 7j > 0, there exists a pos-
itive integer h such that | Y52, @) — @,| < #, foralln = .

Definition 22 A SCNis series )i @, converges abso-
lutely if Xn=11@z| converges.

Proposition 3 If the series ), @, converges absolutely
then, Y\, @, converges.

Proof. Let &, =@ + @, + T3+ -+ Tp_; + @, be
the series of partial sums in the context of its convergence.
Then for every SRN # > 0, there exists a positive integer f
such that Z;’-’;m+1|€5j| <#,vn = h. Ifn,m= hthen,

=|15 +@ e+ W

m+l m+2 n

5

J=m+l

a& _-a%n
% %

< E |wj|s E |wj|<77.
j 1 1

J=n+ j=n+

Finally, it gives that {&, } is a Cauchy sequence in SCNs
so by Theorem 9 it is a convergent sequence in SCNs and
Yim=q @y is convergent.

Theorem 13 Let @, = fi,, + i?;; (n € N) be a SCSQ and
& =H+ i € X®. Then the soft complex series

Yime1 @y = @ iff the soft real series Yo, fi, = fi and
Y=V = 7.

Proof. First we write the sequence of partial sums of the
series Y| @, as Wy = W1y + idoy, Where @iy = Yy fln
and @, = Yip—q V. This implies that Y5, @, = & iff
lim ép, = @. Now by Theorem 1 on convergent SCSQs we get
that nhﬂ, p = & iff 1115130 W1, = and lim Wyp = V. Therefore,
D=1 @n = &

Conversely, since &, = fl and @,, = ¥ are partial sums
of the real soft series Y.;7_; fi,, and Y5>, ¥, respectively, so
the result is obtained directly.

CONCLUSION

The SCNs offer a useful tool for organizing and manag-
ing ambiguous and incomplete data. One of its benefits is that
they may articulate imprecise values with both real and imagi-
nary features, which allows for a more in-depth description of
complex circumstances. Due to its flexibility, it can be applied
to the analysis of systems with complex randomness, which is
frequent in many real-world applications. In light of the afore-
mentioned benefits and flexibility of SCN, by using SCNs and
SRSQ, the novel notion of a SCSQ has been presented, and
its link with SCNs has been demonstrated by a convergent
series analysis. Further, the soft complex limit of SCSQs has
been introduced, which is an initial route for the convergence
of SCSQs. Some famous soft convergence theorems are pre-
sented. Important theorems such as the Bolzano-Weierstrass
theorem have also been explored. Soft complex boundedness
of SCSQs is also well described. There are also some related
soft complex theorems present. Cauchy Sequences in SCNs
have also been reflected, as is their relationship with bounded
sequences in SCNs. Furthermore, by using SCSQs with spe-
cific characteristics, we introduce the infinite series and its
convergent in SCNs. The presented work can be used in order
to characterize the various notions of differential and integral
calculus in SSET environment. Moreover, the various theo-
rems and ideas in fuzzy measure theory and fuzzy functional
analysis can also be modified for SSET environment using
the SCNs, and SCSQs. The suggested approach has enor-
mous potential in a number of different fields for its future
possibilities. Scholars could further explore ways to improve
the suggested approaches to better manage situations in the
actual world when specific and vague knowledge coexist.
Additionally, there is an exciting opportunity for combining
the suggested idea with modern innovations like machine
learning and artificial intelligence, where the structure’s ver-
satility may help create stronger and more effective algorithms
for pattern recognition and data analysis.
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