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Integral inequalities prove extremely effective in obtaining error bounds for numerical inte-
gration formulas, which are particularly useful in optimization problems. This study presents
reduced results of perturbed trapezoidal inequalities derived using the triangle inequality,
Holder’s inequality, and power mean inequalities for previously constructed n*-order differ-
entiable s-convex and fgs-convex functions. These results help determine error limits for the
trapezoidal rule and the remaining term of the midpoint formula in numerical integration.
The study shows that these reduced inequalities yield better error limits. Additionally, an
example involving a fgs-convex function defined under certain conditions demonstrates the
practical application of these theoretical results.
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INTRODUCTION

Convex functions and trapezoidal inequalities are of
great importance in mathematics and optimization the-
ory, as well as many other disciplines. The special structure
of convex functions allows for the production of unique
and stable solutions, especially in optimization problems.
Therefore, these functions are considered a mathematical
guarantee of model reliability in machine learning, eco-
nomic equilibrium models, risk analysis, and engineering
design processes. In numerical analysis, they guarantee sta-
bility, convergence, and physical significance in the solution
of differential equations. In this context, the trapezoidal
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inequality is an important tool in the constraint of inte-
grals and error analysis of numerical integration methods.
When a function is convex, the trapezoidal inequality pro-
vides precise lower and upper bounds on the true value of
the integral, and is used both in the accuracy evaluation of
numerical methods and in the derivation of mean value
inequalities. Convex optimization also finds applications
in signal processing, game theory, control theory, economic
models, statistics, telecommunications, geometry, topology,
energy systems, operations research, and computer vision.
The development of inequality theory is significantly
influenced by convex functions. Various types of con-
vex functions have been defined as a-convex, m-convex,
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h-convex, («a, m)-convex, (h, m)-convex, s-convex, (s,
m)-convex, ¢-convex, quasi-convex, @-quasi-convex and
tgs-convex. [1]. Tung and Sanal [2] introduced some per-
turbed trapezoid inequalities for s-convex and tgs-convex
functions in 2015. Dénmez Demir and Sanal [3] extended
the trapezoidal inequalities given for second-order differ-
entiable s-convepx and v-convex functions to n* order dif-
ferentiable functions. Mehreen and Anwar [4] established
some Hermite-Hadamard type inequalities for tgs-convex
functions with generalized fractional integrals. Ge-JiLe et.
al. [5] presented new Hermite-Hadamard inequalities for
exponentially fgs-convex functions with conformable frac-
tional integrals. Tariq et. al. [6] suggested a new convex
mapping regarding exponentially s-convexity. Barsam et.
al. [7] derived a type of the Jensen’s inequality for tgs-con-
vex functions with specific examples. Huang and Xu [8]
obtained the generalizations of some Hermite-Hadamard
inequalities for fgs-convex functions. Maden et. al. [9]
introduced a new identity for M;A - P-function using the
Hermite-Hadamard integral inequality. Demir [10] inves-
tigated a new class of convex functions that is called expo-
nential trigonometric convex functions. Iscan et. al. [11]
obtained several new inequalities for n-time differentiable
quasi-convex functions via the Holder and the Power mean
integral identities. Khan et. al. [12] presented the class of LR
- (p, h)-convex interval-valued functions (IVFs) and con-
stituted inequalities of Jensen, Schur, Hermite-Hadamard
(HH) and HH-Fejer type for LR - (p, h)-convex IVSs by
means of Pseudo-order relations via Riemann integrals.

In recent years, applications of convex functions to
fractional integral inequalities have attracted considerable
attention. Rehman et. al. [13] generalized Petrovic inequal-
ity for h-convex functions. Farid et. al. [14] introduced the
Hadamard and Fejer-Hadamard type integral inequalities
for convex and relative convex functions. They [15] con-
sider a generalized fractional integral operator involving
the generalized Mittag-Leffler function to construct some
new integral inequalities of Griiss type. They [16] sug-
gested Hadamard inqualities for strongly m-convex func-
tions using the Riemann-Louville fractional integral. Farid
and Mishra [17] introduced some new Caputo fractional
integral inequalities for (h - m)-convex functions. Farid et.
al. [18] constructed the Hadamard inequality for strongly
(s, m)-convex functions via Caputo fractional derivatives.
Besides, they [19] introduced the fractional Hadamard and
the Fejer-Hadamard inequalities for exp. («, H - M)-convex
functions. Rathour et al. [20] suggested Hadamard type
fractional integral inequalities by using k-analogue of
Riemann Liouville fractional integrals for strongly expo-
nentially («, H - M)-convex functions. Sanl et. al. [21] pre-
sented new Katugampola fractional Hermite-Hadamard
type inequalities for convex functions. Convex functions
have a wide range of applications and can be applied to even
more diverse areas. [22-26].

Considering the application areas of trapezoidal
inequalities, the analysis and error estimation of numerical

methods stand out in particular. They are also frequently
used in the analysis of trapezoidal, rectangular, and
Simpson’s rules, which are commonly used numerical inte-
gration methods in practice. These inequalities allow for
the estimation of the error between the exact integral and
the approximate integral obtained through numerical inte-
gration. On the other hand, in numerical interpolation and
approximate solution methods, trapezoidal inequalities are
used to estimate the error between interpolated or approx-
imate values and the true value of a function. They play a
important role in the error analysis of various numerical
methods, including finite difference methods, numerical
solutions of differential equations, and other numerical
approximations. Besides, they are used in function approx-
imation, control of numerical errors, complex analysis,
probability theory and statistics.

Doénmez Demir and Sanal [27] started their studies by
extending second order differentiable convex functions
to n™ order differentiable convex functions via perturbed
trapezoid inequalities. They [28] presented some inequal-
ities for n-times differentiable strongly convex functions.
They introduced some perturbed trapezoid inequalities for
n-times differentiable strongly log-convex functions [29].
They considered n-times differentiable strongly s-convex
functions [30]. Besides, the authors introduced the vari-
ous applications related to n-times differentiable strongly
log-convex functions [31].

It is possible to obtain improved error bounds for
numerical integration formulas via integral inequalities
such as the triangle inequality, Holder inequality, and
power mean inequalities. This study is significant as it
provides more precise estimates of the errors in trapezoi-
dal and midpoint integration methods. It can be seen that
the improved error limits are applicable to s-convex and
tgs-convex functions based on the results obtained. For
improving the accuracy of numerical solutions, theoretical
results can be directly applied to real-world problems such
as machine learning, finance, control systems, engineering
simulations, and statistical analysis. The defined error lim-
its lead to more reliable and efficient numerical solutions,
which can have a significant impact across various fields.

PRELIMINARIES
Definition 2.1 [32]: A function ¢: I° € R > R is convex
on [, if the inequality

prx+ (1 —r)y) <re) + (1 -r)e) (1)

holds for all x, y € Iand r € (0,1] . It is said that ¢ is concave
if (-¢) is convex. For numerical integration, trapezoidal
inequality is introduced as

P o@du -2y - )@@ + e0)| < =My - 0)° (2)
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where ¢: [x, y] > R is assumed to be twice differentiable on
(x, y) with the second derivative bounded on (x, y) by M, =
Supue(x,y) |(P”(u)| < oo

Definition 2.2 [33]: Let be s € (0,1]. Then, a real valued
function on an interval I ¢ R, ®: I > R is s-convex in the
second sence provided

$(nx +my) < n*dp(x) + m*d(y) 3)

for x, y € I and n, m > 0 with n + m = 1. This is denoted by
¢ € K2 [33].

Definition 2.3 [34]: A function I € R, ®: I > R is said
to be tgs-convex on [, if inequality

Pprx+ (A —7ry) <r(1-nr)px) + ()] (4)
holds for all x, y € I and r € (0,1). We say that ¢ is tgs-con-
cave if (-¢) is tgs-convex.

Theorem 2.1 [35]: Let ¢: (x, ¥) > R be continuous and

twice differentiable on (x, y) and assume that the second
derivative ¢": (x, ¥) > R satisfies the condition:

v<¢g"<o (5)

for all u € (x, ). Then, we have the inequality
o - (u-=2) ¢

2
+ [(y 22 (u
24 2

o\ o' W-¢' ) 1y
—T)]—y_x gl MUOLL IO

<j@-wfo-or-=f

for all u € (x, y). Then, the perturbed midpoint inequality
is presented as

|6 (2) + £ 0= 0)- ¢ @)~ 7 ()]

7
<5 @-no-x?. 7
32
Then, we have the following perturbed trapezoidal
inequality:

L0 S -0)(¢' 0=’ (D)5 [ (0|

12
1 8
<sl@-v-0% ®

Application to the Midpoint and Trapezoidal Formula

Let d be a division of the interval [x, y], i.e. x = y, <
Uy <..<u,;<u,=y1i=0,1,2,..,n-1and consider the
quadrature formula

[} ¢wydu = T(¢,d) + E(, d) 9)

and
I} o(wydu =T'(¢,d) + E'($, d) (10)
where
T, d) = T (uies — u)p (H552) (11)
and
T'(¢d) = B (i — udp (“5222) (12)

are the midpoint and trapezoidal versions and E(¢, d) and
E'(¢, d) are the associated errors, respectively. Here, we
derive some error estimates for the sum of midpoint and
trapezoidal formula [36].

Proposition 2.5. [36]: Let ¢: I € R > R be a differentia-
ble function on I° such that ¢’ € L([x,y]) where x, y € I° with
x < y.If |§/| is convex on [x, y], then one obtains

E@, D)+ |E' (¢, D) < 5515 Qir = u)?[1¢ ()|

' 13
18] (1)
for every division d of [x, y].

Theorem 2.6 [35]: Let ¢: I S R > R be a differentiable
function on I° such that ¢" € L([x,y])where x, y € I° with [x,
y]. If |@"|? is s-convex on [x, y] for g = 1, then we have

1
’ 1 (2 1_5 n-1 (s+4) " q
B Dl <= () =i {<(5+2)(s+3) l¢" ()]

2 2 n E
+ (; + mB(s + 1; Tl)) |¢ (ui+1)|q>
(14)

(s+4) " q
+ ((s+2)(s+3) l¢" (it 1)l

1

" (g + (S+1)Z(s+3) B(S + 1' n)> |¢"(ui)|q)q}

for every division d of [x, y].
Theorem 2.7. [37]: Let | " x = uy < 1y < ...

< u, = y, be a division of the interval [x, y], and let
fie[ui + 6%,ui+1 - 5%], i=0,1,..,n-1beasequence of

< Uy,

intermediate points and h; = u;,; - 4, i=0, 1, ..., n - 1, then
we have the following quadrature rule:

Let ¢: I € R > R be a twice differentiable on (x, )
whose second derivative and I° belongs to L,(x,y) i.e.
lo"Il, = f:l|¢>"lldt<oo. Then, the perturbed Riemann’s
quadrature formula holds:

[2pdt = A(p, ¢, 1,,€,8) + R($, ¢ 1,,£,8)  (15)

where
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n-1
A1 6, 0)= =) D (5= LD
67’[ 1 N
* EZ IR IO
52 n-1
-y hi® (9" (uisr) — ¢'(u))

and the remainder term, R(¢, ¢, I,£0) satisfies the

estimation:

1% [h(1 -6 .
R, 91, 6)5520[ Dyt ] 191l

21, 5

<(1 5) Loy
< 3 '_705 1

(=}

such as § € [0,1] and ui+6% <& <upq— 6%. The follow-
ing perturbed midpoint rule holds:

[ #(©)dt = M(¢,¢', 1) + Riu($, 9, 1) (16)
where
M(, ¢ 1) = T hup (52) (17)
and the remainder term R, (¢, ¢’, I,)) satisfies the estimation:
IRy (9, ', 1)1 < 1"l T 2 (18)
The following perturbed trapezoidal rule holds:
[ 6(®)dt =T(,¢', 1) + Re(, ', 1) (19)
where

T(d) ¢ In) - _Z h (¢(u1) + ¢(ul+l))

(20)
_ Ez;{zz—ol hi2 (¢/(ui+1) _ ¢’(ui))
and the residual term
’ n-1hi®
|Rr (¢, ¢, )] S2i=017”¢)||1- (21)

Theorem 2.8 [3]: Let s € (0,1] and ¢: I & R, > R be
n times differentiable mapping on I°, x, y € I° with x < y
where 7 is even number. If |¢™] is s -convex on [x, y], then

the inequality in the following holds:

17 o) + ()
‘yTxfx ¢(w)du — — +

n—4
=" n(n 1)2(2' az)- ap+--+432.a,] [pD(x) + ¢ ()]
(y O3 n.(n—1).a, + - +4.3.a, + 3.2.a5 + 4a,]
) 2.nl.a,
) [Zn;ﬁn; +2.a,] (6200 + gD
(y O ay + -+ ay + 2a,]
2.nl.a,

< =" [|¢(n)(x)| + |¢(n)(y)| [ZL . lail I lair(i+1)r(s+1)

2 nllan| i+s+1 i+s+2

[0 ) - 0]

[6"00) = ¢ ()]

Theorem 2.9 [3]: Let s € (0,1] and ¢: IS R, > Rben
times differentiable mapping on I°, x, y € I° with x < y and
p>1,3+z=1where n is even number. If the mapping ||

is s -convex on the interval [x, y], thus one obtains

1 () + ()
‘yTxL ¢(w)du — — +

— )" (n—1).(n— 2).ap + - + 432.0,
_G=0)"n( )2_(2[_%) a a ][¢<"‘4)(x) +o )]
=—0)"3n(m-1).a, ++43.a, +3.2.a; + 4a,]
+
2.nl.a,

-0 ?na, ++2.a], . . ez
- Znla, [T D) + 9D (3]

(y )" Ha, + -+ ay + 2a,]
2.nl.a

[6"20) - 9]

[0 D) =™ D)

— nllanl s+1 I'(s+2) s+1 T'(s+2)

1 1
(y—x)"[ n il ]{ Jo® 0| +|<b<"><y)|qr<s+1>]q 4+ [e™ol +|4><")<x>“r(s+1>1"}
n ol l
(ip+1)P

Theorem 2.10. [3]: Lets € (0,1] and ¢: IS R, > Rben
times differentiable mapping on I°, x, y € I° with x < y and
p>1,5+z=1where nis even number. If the mapping |¢|?

is s -convex on [x, y], then the inequality in the following

holds:

1 )+ ()

|y—— xJ; dw)du — — +

—)"*n(n—-1.(n—2).a, + -+ 43.2.

_ —-x)""n(n )2(:] un) a, a,) [¢(n—4)(x) + ¢,(n—4)(y)]

(y—x)" Sn.(n—1).a, + -+ 43.a, + 3.2.a; + 4a,]
2.nl an

O=—0"?nag+-+2.a] e

— Tl [¢( 2)(x) + ¢( 2)0,)]
(y )" Ha, + -+ a; + 2a,]

2.nl.a,

< =0 [En IuL] %{[( n _lail )|¢(">(x)| +(2n |al|r(s+1)r(l+1)) |¢(n)(y)|p]%

2n'\an\ =041 i=0j15+1 T(i+s+2)

+|(Zo ) ¢ o|” + ( {LQM)I(P(")()/)I'J]’%}

[0 () = ¢ (0)]

[#"0 ) = 9]

0 j4s+1 T(i+s+2)

Theorem 2.11. [3]: Let ¢: I € R > R be n times differ-
entiable mapping on I°, x, y € I° with x < y where n is even
number. If [¢™] is tgs-convex on [x, y], then the inequality

in the following holds:
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1 ¢ + o)
|yTx_L dw)du — — +

n—4 .o
B y—x)"*n.(n l)é(:, a2).an + 4+ 4.3.2.a,) [¢("‘4)(x) + ¢("'4)(y)]
(y "3 [n.(n—1).a, + -+ 43.a, +3.2.a; + 4a,]
' 2.nl.a,
_G-x g"-nf?na‘*' +2.a,] [ 20 + 9D ()]
(y )" a, + -+ a; + 2a,]
2.nl.ay,

<[5 + ()] [Eip ]

n‘ Tlanl @+2)(+3)1

[6"9() - oI ()]

(6P — ¢ V()]

Theorem 2.12. [3]: Let ¢: I € R > R be n times differen-
tiable mapping on I°, x, y € ° with x < yand p > 1, 3+ =1
where 7 is even number. If the mapping |¢™|? is tgs-convex
on the interval [x, y], thus one obtains

1 $(x) + ()
‘EL p(uw)du I — +

- )" (n—1).(n—2).a, + -+ 4.3.2.a,]

[#7-0G0) + 9]

2.nl.a,
L= - D, a; J:u a: 43.a, +3.2.a3 + 4a,] (6D () — D ()]
- X)n—z[zn,n('lna+ 4 2.0, [6™D(x) + p"-D ()]
# O el i) - g o)
- (y_x)n[ layl ] ”¢(n)(x)| +o™m)| 4
~ nllagl = (Lp+1)P 6

Theorem 2.13. [3]: Let ¢: I € R > R be n times differen-
tiable mapping on I°, x, y € °with x < yand p > 1, 3+2=1
where 7 is even number. If the mapping |¢"|? is tgs-convex
on [x, y], thus the inequality in the following holds:

1 P() + ()
‘yTxfx ¢(w)du — — +

_ -x)""*nm- 1)2(2';2)- an + -+ 43.2.a,] [¢(n—4)(x) + g9 0,)]
(y 0" 3. (n—1). a;;, a+ 4.3.a, + 3.2.a; + 4a,] [¢("‘3)(y)

OG-0 Pnag+ -+ 2.0y (n-2)
- XN (6@ 200 + o2 ()
(y )" Ha, + -+ a; + 2a,)
2.nl.a,

AR

[6"1 () - D ()]

< =" [Zn lagd]*™

2 nllan| [41=0 41

Ple@ ol + pPo P o]

RESULTS AND DISCUSSION

Corollary 3.1: Under the assumptions of Theorem 2.8
and n = 2, we have the following inequality:

v —)[a; +a; + 2a,]

T [#'0) — ¢ @]

1 y
= [ #0600+ 000 +

Zz |a;|T(i+1)(s+1)
i+s+2

<O (167Gl + 16" 0 B o

4.)asz| 0jts+1

Corollary 3.2: Under the assumptions of Theorem 2.9
and n = 2, the following inequality is obtained

vy —x)la; + a; + 2a,]

1 y
|ﬁ [ st (e +609) + e [#'0) - 900l

(y-x)?2 la;l |¢ €15
= 2|a| [Z 1]{ el

(ip+1)P.

1
19" WIr(s+D)]a |, [l¢"O)I1
T(s+2) I s+1

1
I¢"(x)|qF(S+1)]E
I(s+2) ’

Corollary 3.3: The assumptions of Theorem 2.10 and
n =2 yields

1 v - 2 1 2 0
= [ #toau— (o0 + o) + O ent el

(') — ¢'(0)]

-1 1
< =02 [ lail]t 2 _lail 2 1aITG+DTGEHDY | B
- 4|azl Lizo Oiv1 {[( i:0i+s+1) [¢" P + (E T(i+s+2) )|¢ (y)l”]
1
la;| 2 ladlGHOMGHDY | >
(st o s (e o)

Corollary 3.4: Under the assumptions of Theorem 2.11
and n = 2, the following inequality holds

- ’ - 2 1+ 2
|ﬁ f $du ~ (p@) + ¢ () +W

(') —¢'(0)]

<Z () + 4" 0] [Tho .

2.]as|

Corollary 3.5: Under the assumptions of Theorem 2.12
and n = 2, we have the following inequality:

(y —%)[az + a; + 2a,]

1 y
= [ #eau = (00 +00) + 2

[0’ —¢' (0]

< o= [ - _lad

[WJ (X)\q+|¢ (J’)|q]
— 2lasl =
(1p+1)P

Corollary 3.6: The assumptions of Theorem 2.13 and
n =2 yields

(y —%)[az + a; + 2a,]

1 y
= [ #eau = (000 +90) + 2 [#'0) - 90l

<

2 [52 ]! P4 Col + 16 O [P0 ].

4Ia | i+1

Applications in Numerical Integration

Numerical integration is a technique used to approxi-
mately calculate the definite integral of functions that are
integrable or difficult to integrate, using numerical meth-
ods. This technique is widely used in applications arised
many fields such as engineering, physics, data science, sta-
tistics, and medicine. For approximating the integral of a
function over a definite interval, trapezoidal and midpoint
integration methods are used for n -times differentiable
convex functions. In this section, we introduce some error
estimations for the trapezoidal formula in terms of absolute
values of the second derivative of ¢ which may be better
than those already existing in the literature.
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Let d be a division of the interval [x, y], i.e. x = uy < u; <
w<Uy <u,=y,h=u,,-u,i=1,2,3,.,n-1and consider
perturbed trapezoidal rule

[7p®dt =T(p,¢', 1) + Rp (¢, ', 1) (21)
where
T(p, ', 1) = Tl () + p(uper) by
()
+ Letat 2o gt () — ¢ (w)hy

4.a;

is the trapezoidal variants and Ry (¢, ¢', I,,) is the associated
error.

Theorem 4.1: Let’s assume that s € (0,1] and ¢: I € R,
> R is a function with second-order derivatives on I° such
that ¢ L([x,y]) where x, y € I° with x < y. If |¢"] is s -convex
on [x, y], then we have

[Re (86" 10| [ S0 7ok + Z

|aj|l"(j+1)l"(s+1)
]+S+1

4.|ay| jts+2

23
2ollg" @)l + 1" (uir DIIR® =

for every division d of [x, y], x =uy < uy <..<u,  <u,=yi.e.
Proof 4.1: Applying Corollary (3.1) on the subinterval
[u, u,, 15 (i=1,2,3,.., n-1) of the division d yields

[Rr (¢ 9", 10)| =

2
Zw(u )+ bl —me @)+ ' ) j o

i=0

a, +a; +2a,
4a,

M:

1 (Ui
|[¢(ul) + ¢ uir)] — [¢"(u) + &' (i) _h_j_ ¢(t)dt‘

i

i
°

(j+1)T(s+1)

Zz lajIr

j+s+2

[23 . oyl

jrs+1

< | S0l @l + 16" 10

Theorem 4.2: Let’s assume that s € (0,1] and ¢: I ©
R, > R is a function with second-order derivatives on I°
such that ¢" L([x,y]) where x, y € I° with x < y, p, ¢ > 1 and
s+2=11If|p"|7is s -convex on [x, y], then one obtains

| (9,9, 1)) < 22 [E la| ]Zn 1{[\¢ @l 19" (um)\mm)]

2as| s+1 I(s+2)

+[\¢ sl | 14" (ui>|4r(s+1)]q}his (24)

s+1 r(s+2)

for every division d of [x, y], i.e.x = uy <u; <..<u,  <u,=y
Proof 4.2: Applying Corollary (3.2) on the subinterval
[u, uy 15 (i=1,2,3,..., n- 1) of the division d yields

a, Jra1 + 2a,

n-1
IRe (b9 10| = Zw(uo + Gurs)lh -

Z[¢ @+ 't = [ o

a, +a1 +2a,

Z |[¢<ul>+¢<um>1 (/4 + @' o)y~ 3 f ¢<r)dx‘
=0

+

o-0? \a;I \¢(ul)w \¢(ul+,)\"r(s+n]q M6 is I 1" (u.)wr<s+n]q
2|a1\ [Z Z + T(s+2) 1 +l s+1 T(s+2) ‘

Theorem 4.3: Let’s assume that s € (0,1] and ¢: I € R,
- R is a function with second-order derivatives on I° such

that ¢" L([x,y]) where x, y € I° and +2=1with x < y, p,
q > 1. If |¢"|P is s -convex on [x, y], then the inequality is
obtained as

IRe (60", 10)] < 7 [2]2:01.'1'1] Ty 1[[(2, o) 19" @l

1
|a;|T(s+Dr(i+1) " P
+ (230 PR |6 P

T(j+s+2)

(25)

+[(Zho ) 197 a1

j+s+1

1
+ (5 ) |¢"(ui>|v]”}hﬁ

T(j+s+2)

for every division d of [x, y], i. e. x = uy < uy < ...
U, =y.

Proof 4.3: Applying Corollary (3.3) on the subinterval
[u, uy, 15 (i=1,2,3,.., n-1) of the division d yields

<u,, <

n-1
D800 + Bl g - R

i=0

[Rr (¢, 9", )| =

Zw @)+ ') - j POt

n—
a, +a; +2a,

Z ‘[¢(ul)+¢(u,ﬂ>l— o

/() + ¢ Qay )Ty —— f ¢(t>dr‘

°

IA

1
1 2 Ul P yn-1 2 gl 2 |grG+OrGE+DY |, g
[ ':°1+1 fo{[( =0 19" @I + X0~y —) 19" @is)I?

4laz| JHs+1,

+ [(S0 ) 19 + (330 M) \¢”(ui)l”]'l’}hi3

JHs+1 T(j+s+2)

R->Risa

"

Theorem 4.4: Lets assume that ¢: [ ©
function with second-order derivatives on I° such that ¢
L([x,y]) where x, y € I° with x < y. If |¢"| is tgs-convex on [x,
y], then for every division d of [x, y], 1. e. x = uy < 1y < ... <
u, < u, =y, wehave

| s + ¢ Ind (26)
Proof 4.4: Applying Corollary (3.4) on the subinterval
[u, u, 15 (i=1,2,3,.., n-1) of the division yields

n-1

2 1 2 2
9710 = | 10000+ sl —MZM W)+ G’ = [0

-1

3

a, +a; +2a,

‘[qﬁ(ul) + B~

1 [uin
(6 + 6 G )~ f l ¢(t>dt‘

|
o

[25 laj

0 Gi+2)(j+3)

T e + ¢

2\uz|

R > Risa

"

Theorem 4.5: Lets assume that ¢: I C
function with second-order derivatives on I° such that ¢
L([xy]) where x, y € P with x <, p, g > 1, 3 +2=1.If [p"]*
is tgs-convex on [x, y], then one obtains

|Rr (¢, 1n)| <

ZIaI 6

[2: la|

Up+1)P

]Zn 1 |¢ @1+1¢" (y)w] W (27)

for every division d of [x, y], i. e. x = uy < u; <
u,=y.

W<, <
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Proof 4.5: Applying Corollary (3.5) on the subinterval
[u, Uy 15 (i=1,2, 3,..., n - 1) of the division d yields

n-1
= 2
1R 9,1 = [ (8000 + ) — TR

i=0

Z[q& @)+ ') - f g0t

-1

<> ‘[¢(u )+ B )] -
=0

i

2
T )+ ¢ )~ j ¢(z)dt‘

el e 1[I¢ (x)mw (y)l“] B,

(1p+1)P

Theorem 4.6: Let’s assume that ¢: I € R > R is a
function with second-order derivatives on I° such that ¢"
L([x,y]) where x, y € I° with x < y, p, ¢ > 1, 5+5 =1 If [o]?
is tgs-convex on [x, y], then the inequality in the following
is obtained

o] < 2 [0 ™ B 2 B0l + P (28)
for every division d of [x, y], 1. e. x = uy < u; < ...
U, =y.

Proof 4.6: Applying Corollary (3.6) on the subinterval

[u, uy 15 (i=1,2,3,.., n-1) of the division d yields

<u,, <

IRr (0, 1)] = MZM W)+ G~ [0

n-1
o +a; +2a,

h ‘[qﬁ(u» + B~

9/ + ¢ Gl [ ey

=0

11 1 .
1 2 M Ply2 lajl P -1y 4n q " PIph .3
< (2] T [Bre e m e @l + 19 PR

SOME APPLICATIONS IN SPECIAL MEANS

In this section, we will apply the inequalities which we
found using the tgs-convex functions in Ref. [3], by consid-
ering the fgs-convex function example.

Proposition 5.1: Letbe x, yER, 0<x<y,n € N,n >
2 where n is even number. Then, the inequality in the fol-
lowing holds:

ne¢! G+ — A(xn,yn) + In(G(y™, x™)) + -
+(y—x)"_‘*[n.(n—1).(n—2).an+-»-+4—.3.2.u.4] (-1)n—3 ]
2.(n-1).(n-2).(n-3)(n-4).an H(x"—4,yn—%)
4 (y—x)”_3[n.(n—1).an+-~-+4.3.a4+3.2.a3+4a2][ (-)n—2
2.(n-1).(n-2).(n-3).an H(x"—3,yn=3)
+ (y—0)"?[nap+-+2.a;] [ (DL (29)
2.(n-1).(n-2).a, H(x"—2,yn-2)
+ =" ap++a;+2.a0] (G ]
2.(n-1).an H(xn—1yn-1)

6% X)”[ ] [ Jayl
= lanl lHGryM] [ZE=0 Gr2)+3)]

Proof 5.1: The proof is obtained from Theorem 2.11 [3]
such that ¢(u) = -In u", u € (2, ).
Proposition 5.2: Letbe x .y E R, 0<x<y,V p, g> 1,
%— 1, n € N, n > 2 where n is even number.

'Glr-n

neelGxy)+1 _

A(xn,yn) + ln(G(y"y,x"")) +
-—20)"*nm-1).(n—2).a, ++432.a,]
2.(n—-1).(n-2).(n-3)(n—4).a,

=" 3nMm-1D.a, ++43.a, +3.2.a; + 4a,] [
2.(n-1).(n—-2).(n—3).a,

O-0)" P na, + -+ 2.a][ D]
2(n-1D.(n-2).a, [HG" 2y

=" ag + o ay +2.0,] [ (D" ]

o
H(G=4, ym=%)

e
lH(xn—3’ yn—3)J

(30)

+

2.(n—1.a, [H(x”‘l,y"‘l)
< =" [E lal ][
- +1 1 -
eqq lan| (Lp+1)5J HGmym0)]

Proof 5.2: The proof is obtained from Theorem 2.12 [3]
such that ¢(u) =-ln u", u € (2, o).

Proposition 5.3: Letbe x ,y E R,0<x<y,V p, g> 1,
%+%= 1, n € N, n > 2 where n is even number. Then, the
inequality in the following holds:

neel(xy)+1 _

A(en, yn) + In(G(y™, x™)) + -

-0)"*nm-1).(n—2).a, ++432.a,]] (D3
2(n-1D.(n-2).(n-3)(n—4).a, H(x"=%, yn=t)
y—20)"3n.(n—1).a, ++43.a, +3.2.a; + 4a,][ (-D)"2 |
+ Zi—D.(n=2).(n=3).a, [H(x"‘3,y"‘3)J
G =0 na, 4 2a)[ (D] (31)
T 2D -2, |H@E D)
O =" a + -+ a+2.a] [ (D"
+ 2.(n—1).a, lH(x"‘l,y"'l)}
< o= [yn lad]* lail
= lelanl P OE] g lH(X"; yp)] [2’ =0 (1+2)(1+3)}p

Proof 5.3: The proof is obtained from Theorem 2.13 [3]
such that ¢(u) = -In u", u € (2, ).

CONCLUSION

This study focuses on trapezoidal inequalities, triangle
inequality, Holder inequality, and power mean inequality
to improve error bounds. These inequalities are applied to
s -convex and fgs-convex functions. The results show that
better error bounds have been reached for the trapezoid
and midpoint formulas. This shows an improvement in the
accuracy of numerical integration methods. Theoretical
studies on tgs-convex functions provide an example of how
they can be applied in practice. This strengthens the rela-
tionship between theory and practice. Consequently, this
study demonstrates how to effectively apply and improve
mathematical tools used to increase the accuracy of numer-
ical integration techniques and improve error analysis.
These findings may be useful to obtain more reliable results,
especially in optimization problems.

NOMENCLATURE

I Identric mean

A Aritmetic mean
G Geometric mean
H Harmonic mean
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