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ABSTRACT

This work investigates the consequence of hall current on the boundary layer along a stretch-
ing sheet in the occurrence of magnetohydrodynamics, heat transfer and viscous dissipa-
tion. In the direction of the flow, a uniform transverse magnetic field is applied. Here, the 
controlling equations are modified into nonlinear ordinary expressions, implementing the 
similarity transformation. Validation is accomplished by applying the MATLAB bvp4c skill. 
We then visually display the impact of varied parameters by introducing temperature and 
non-dimensional velocity into the problem. Moreover, it is found that the relevant parameters 
significantly affect the flow patterns and other important physical quantities by organizing 
and categorizing their effects on the coefficients of skin-friction and heat transfer rate using 
the Nusselt number, which are of concrete relevance. Our study shows that increasing the Hall 
current parameter results in an enhanced primary velocity flow pattern, accompanied by a 
reduction in secondary velocity and temperature flow patterns.
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INTRODUCTION

 A basic idea in fluid dynamics, laminar boundary layer 
flow specifies how a fluid behaves when it passes over a 
solid surface with layers that are smooth and organized. 
Every layer of the fluid slides easily over the layer below it 
in this kind of flow, which is composed of parallel layers. 
Laminar boundary layer flow is very important to engi-
neers working on heat transfer surfaces, pipes, and air-
plane wings and laminar boundary layer flows have been 

comprehensively reviewed by various researchers, offering 
a deep understanding of a key aspect of fluid mechanics to 
the research community [1–4]. Boundary layer flows over 
a continuous surface of a solid body have been comprehen-
sively reviewed by a variety of researchers, each contribut-
ing to our knowledge base in different aspects, including 
fundamental theories, mechanisms and theories of stability 
and transition, control techniques, effects of surface con-
ditions, numerical analysis, experimental techniques, and 
inter/multidisciplinary studies, among others, of boundary 
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layer flows associated with or involving boundary layer 
flows on continuous surfaces of solid bodies, like the body 
of an airplane, the fuselage of an airplane, or airplane wings, 
among other aerospace surface structures and other bodies 
like tanks and buses, among other applications [5,6]. The 
effects of heat radiation on gray fluids that absorb and emit 
near a black vertical plate were studied by cess [7].

Unsteady free convective transport accompanied by 
MHD mass transfer along a vertical porous plate is an inter-
esting phenomenon to explore and has numerous applica-
tions in environmental sciences, engineering, and physics. 
To understand phenomena of plasmas, core dynamics of 
the Earth, and metal liquids in industries, it is necessary to 
understand the nature of the magnetohydrodynamic fluids 
or MHD. It leads to more complex fluid dynamics and is 
used in heat transfer systems and cooling systems accom-
panied by free convection currents and is induced by den-
sity differences caused by fluid temperatures. Taking into 
account the diffusion of chemicals within the fluid leads to 
more complex dynamics because of the inclusion of mass 
transfer. It is necessary to understand the dynamics of mass 
transfer because of its applications in environmental pollu-
tion and other different applications in the field of chemical 
engineering. In general, exploring magnetohydrodynamic 
unsteady free convection transport together along with a 
vertical porous plate increases our understanding of fluid 
dynamics and is used in different applications in the field 
of technology. Numerous researchers [8–11] have investi-
gated the dynamics of forced and natural convection pres-
ent in magnetohydrodynamic transport. Similarity analysis 
on the boundary layer forced and natural convection of 
incompressible fluid was first proposed by Ferdows [12]. 
The study focused on the flow process in a non-conducting 
porous plate.

Stretching sheets are prepared by elongating a film of 
a polymeric material. This is a widely relevant topic in a 
polymeric industrial setup. Some of the applications of 
this technology involve preparation of films, packing, or 
even textiles. This operation of sheet stretching is a widely 
important aspect of tailoring materials for a specific appli-
cation, and it helps a great deal in altering the properties 
of a particular material considerably. Stretching sheets are 
used within the polymeric industry for making a number of 
products such as shrink wraps, tapes, food packing plastic 
films, or synthetic fibers for textiles [13–16].

Quality of product can be largely affected if there is vari-
ation in the rate of cooling. Moreover, through the appli-
cation of electrically conductive fluids within a magnetic 
field, control over the rate of cooling can be easily exercised. 
This will make it relatively simpler to provide the desired 
properties to the product. In order to study and ensure the 
desired product quality, one requires complete knowledge 
about heat transfer. In case of radiative heat transfer of a 
complex nature inside a medium located around specular 
reflectors, the medium interacts with the radiation in differ-
ent manners such as scattering, emission, and absorption. 

The heat transfer rate can be enhanced through the con-
finement of radiation within the medium using spherical 
reflectors. In order to provide better thermal performance 
for an efficient rate of heat transfer as observed in practical 
applications such as solar energy collection systems as well 
as thermal insulation systems, it is essential to make proper 
modifications in the design of specular reflectors and con-
trol the properties of the medium involved [17–21].

 Hall currents affect fluid flow immensely in various 
applications, but their importance is most prominent in 
magnetohydrodynamics (MHD) applications, where mag-
netic fields are applied to electrically conductive fluids. 
There will be additional forces acting on the fluids when the 
Hall current is also taken into consideration, as it depends 
upon the combined effects of the electric current and the 
magnetic field applied. Various applications of engineering, 
such as the production of power using MHD, semiconduc-
tor devices, plasma research, and microfluidics, all involve 
knowing the effects of Hall currents on the flow of fluids. 
The effect of the Hall current on an unsteady natural con-
vection flow is explained by Sattar and Hossain [22]. They 
took into account the concentration and plate temperature 
as time-dependent variables. The properties of mass trans-
fer and stable double-diffusive free convective heat in a 
chemically-reacting micropolar fluid were investigated by 
beg [23]. 

 A stretching sheet is a flat surface that expands or 
stretches in a single direction at a speed proportional to its 
distance from the origin. If a fluid flows through a stretched 
sheet in a continuous two-dimensional hydromagnetic flow, 
things like the effect of magnetic fields, fluid dynamics, and 
behavior of boundary layer become very important to the 
study. Recent research has investigated the constant two-di-
mensional hydromagnetic flow of a fluid past a stretching 
sheet. The effects of viscous and Joule dissipations on the 
flow characteristics were the focus of the enquiry [24]. The 
work introduced the aspects of Brownian motion in the 
transport equations. The repercussions of diffusion-thermo 
and thermal-diffusion on the axisymmetric magnetohydro-
dynamic flow were studied by Hayat and Hendi [25]. They 
used the HAM method to inspect the implications of vis-
cous dissipation, Joule heating, Hall and ion-slip currents, 
and a first order chemical process. The problem was scruti-
nized by running the Chebyshev collocation method jointly 
with the successive linearization method (SLM) consider-
ing variable thermal diffusivity, Hall and ion-slip currents, 
and chemical reaction. Marin [26–28] has reviewed a great 
deal on materials’ thermoelectricity and micropolar bodies. 
Ferdows et al. [29] have investigated the impact of Hall cur-
rent and viscous dissipation on boundary layer flow. 

 This study investigates the effect of various parameters 
in natural convection in the presence of a strongly mag-
netic field on a stretching sheet. It focuses on the aspects 
of heat transfer and boundary layer flow. This study aims 
to integrate the dynamic effect of hall currents and viscous 
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dissipation. The equations, numerical method, and math-
ematical modeling required for simulation are described 
later on.

MATHEMATICAL DESCRIPTION

We study the behavior of an electrically conducting, 
incompressible, viscous, and stable fluid moving in the 
x-direction down a vertical surface while taking heat trans-
fer into account. As illustrated in Figure 1, the flow is fur-
ther influenced by a strong magnetic field B0 of constant 
intensity oriented along the y-axis. As a stretching sheet 
gets farther from the leading edge, its velocity component , 
changes proportionally. Here, the velocity components in 
the x, y and z direction are, respectively, .

An electrically conducting fluid is typically affected by 
Hall current when a magnetic field is present. Because of 
the Hall current effect, there is a force in the z-direction, 
which causes a cross-flow and makes the flow three-di-
mensional.Jy = constant is the result of the conservation 
of charge equation , where the current density is 

. Jy = 0 at the plate and hence everywhere since 
this constant is zero because the plate is non-conducting. 

 To simplify the problem, we assume that the amounts 
of heat transfer and flow in the z-direction are constant. 
By using the standard boundary layer theory, Boussinesq 
approximations and the previously indicated assumptions, 
the governing boundary layer equations can be formulated 
as follows:

	 	 (1)

	 	 (2)

	 	 (3)

	 	
(4)

Physical Boundary Conditions

	 	 (5) 

Similarity Analysis 

	 	
(6)

 

Transformed equations

	 	 (7)

	 	 (8)

	 	 (9)

The modified boundary conditions are as follows:

Figure 1. Geometrical model.
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 	 	 (10)

MATERIALS AND METHODS

To solve equations (7), (8), and (9) while adhering to 
the restriction outlined in condition (10), we will now uti-
lise the bvp4c approach. It is a mathematical method that 
MATLAB has built-in. For the various parameters, the 
temperature coefficient and velocity graph findings are 
explained in detail.

To apply finite difference-based solver bvp4c the dimen-
sionless equations (7)- (9) respectively transformed as:

 

Also, initial and boundary conditions (10) are 
transformed:

These transformed results are used in MATLAB to per-
form the numerical computation of the solution.

RESULTS AND DISCUSSION

We explore the physical consequence of several criti-
cal parameters on the temperature distribution, secondary 
flow distribution, and primary flow distribution in this 
section. Magnetic parameter (M), Grashof number (Gr), 
Hall current (m), Prandtl number (Pr) are the parameters 
of interest. Figures 2-16 shows the graphical depictions of 
these impacts.

Effects of Prandtl Number
The temperature and momentum boundary layers pro-

portional thickness are described by a dimensionless num-
ber called the Prandtl number. The ratio of momentum 
diffusivity to heat diffusivity can be used to express it.

Comparing thermal diffusivity with momentum 
diffusivity, the former is smaller for high values of Pr. 
Consequently, there is a higher momentum boundary layer 
compared to a lower temperature boundary layer. Lower 

primary flow velocity ensues from the fluid experiencing 
higher resistance to motion. The motion of fluid is slower 
nearer the boundary; this is evidenced by a steeper velocity 
gradient which approaches the wall. On the contrary, when 
Pr is smaller, thermal diffusivity is higher than the momen-
tum diffusivity. In this case, the fluid can move more freely 
because the momentum boundary layer is thinner than 
the temperature boundary layer. This leads to a less steep 
velocity gradient near the wall and thus a higher primary 
flow velocity. Globally, the secondary flow is less influenced 
by Pr than the primary flow is influenced by it. However, 
there may still be an effect from the differences in Prandtl 
number on the global stability and structure of flow. Due 
to higher viscosities, a large Pr number could dampen sec-
ondary flow or a small Pr number could enhance secondary 
flow through reduced viscous resistance. Higher Pr num-
ber: Sharp velocity gradient near the wall, small momen-
tum boundary layer, and localized fluid flow. Smaller Pr, 
faster fluid flow, a large momentum boundary layer, and 
a gradual velocity gradient region close to the wall. More 
severe temperature gradient close to the wall, small thermal 
boundary layer, smaller temperature gradient for higher Pr, 
and localized conduction. Less severe temperature gradient 
close to the wall, large thermal boundary layer, and diffused 
conduction. Figures 2-4 describe Prandtl number effects on 
primary, secondary, and temperature profiles.

Figure 2. Primary velocity flow patterns for Pr.
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Effect of Magnetic Parameter
One of the significant aspects of fluid dynamics, espe-

cially in the context of magnetohydrodynamics, is the effect 
of the magnetic parameter on the velocity profile.

The main velocity in MHD fluids is considerably 
affected by the presence of the magnetic parameter, which 
is named the Hartmann number. The increase in the mag-
netic damping corresponding to a larger value of the param-
eter M, results in a homogeneous velocity profile and a 
reduced boundary layer. This similarity in the velocity pro-
file, from a parabolic to a flat profile, highlights the signifi-
cance of the magnetic field in the control of fluid velocity in 
MHD processes. The velocity perpendicular to the princi-
pal direction of the principal velocity, normally because of 
the emergence of the magnetic field, is named the velocity 
profile of the second kind in MHD. For the use of MHD 
pumps, generators, and the control of the fluid process in 
various engineering systems, it is necessary to understand 
the penetration of the magnetic parameter in the second 
velocity profile of the MHD process. The second velocity 
profile of the MHD process is immensely influenced by the 
magnetic parameter. A flat velocity profile occurs in the 
middle region of the process, and a high velocity gradient 
occurs in the boundary layer as the magnetic parameter, m, 

Figure 3. Secondary velocity flow patterns for Pr.

Figure 4. Temperature variations for Pr.
Figure 5. Primary velocity flow patterns for Magnetic pa-
rameter (M).
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increments due to intensified magnetic damping, accompa-
nied by a decrement in the second velocity.

 In many technical and commercial applications, the 
impact of the magnetic parameter on the temperature flow 
patterns in MHD flows is crucial to take into account. Due 
to variations in flow dynamics and heat transfer properties, 
the existence of a magnetic field affects both the velocity 
and the temperature flow patterns. 

 The effects of the magnetic parameter on the primary 
velocity flow patterns, secondary velocity flow patterns, 
and temperature distribution are shown, respectively, in 
Figures 5-7.

Effects of Hall Current
The behavior of the primary, secondary, and tempera-

ture distribution in MHD is further complicated by the 
Hall effect, which arises when a magnetic field is applied at 
right angled to the flow of an electrically conducting fluid. 
Because of the way the magnetic field and fluid motion 
interact, the Hall current can drastically change these 
characteristics.

In Magnetohydrodynamic flows, the main velocity, sec-
ondary velocity, and temperatures are strongly affected by 
the Hall current given by the following equations:

The main velocity is impacted by the inclusion of 
potential asymmetries and the change of the Lorentz force 
because of the Hall current. Because of the induced cur-
rents that are opposite to the magnetic field and the main 
flow, the secondary velocity is amplified and could possi-
bly have more complexity. Because of the induced currents 
that are opposite to the magnetic field and the main flow, 
the secondary velocity is amplified and could possibly have 
more complexity. There could be effects of raised local tem-
peratures and differences in the thermal boundary layers 
because of changes in the temperature profile owing to dif-
ferences in the convective heat transfer and Joule heating. 

 The effects of the Hall parameter on the primary veloc-
ity flow patterns, secondary velocity flow patterns, and 
temperature distribution are shown, respectively, in Figures 
8-10.

Effect of Grashof Number
A dimensionless integer called Grashof number, Gr, 

denotes the relative significance of buoyancy force to vis-
cous force in fluid mechanics and conduction of heat. The 
following description illustrates the significance of the 
Grashof number in different ways, concerning the phenom-
enon of natural convection, a type of fluid motion driven by 
buoyancy force:

Main Velocity Profile: The main velocity profile would 
show the fluid moving upwards in the vicinity of the heated 
surface and subsequently moving downwards in the oppo-
site direction. The Grashof number depends on this. The 
buoyant force will be large when there is a higher velocity, 
which is expressed through the Grashof number.Figure 7. Temperature variations for magnetic parameter.

Figure 6. Secondary velocity flow patterns for magnetic pa-
rameter.
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Secondary Velocity Profile: The presence of any 
obstruction to the flow direction, such as walls or other 
obstructions, may produce a couple with the principal 
buoyancy-driven flow, giving rise to secondary flows, 
swirls, and vortices. The intensity and nature of the second-
ary flows are functions of the Grashof number.

Temperature Profile: The Gr, or Grashof number, too 
has its say in the temperature profile for free convection. 
Since more fluid is moved due to buoyancy forces, a higher 
Grashof number leads to a more apparent temperature gra-
dient and results in a higher heat transfer rate. Therefore, 
the temperature of the fluid will distribute more uniformly 
far away from the heated surface and steeper near it.

As one can conclude, the Grashof number affects both 
the temperature profile and the primary and secondary 
velocity flow patterns in fluid movement due to natural 
convection. Larger buoyancy effects would lead to more 
energetic fluid motion and, therefore, enhanced heat trans-
mission, which can be demonstrated by higher Grashof val-
ues. Figures 1-13 present both the primary and secondary 
velocity profiles and the temperature distribution for dif-
ferent Gr values.

Table 1 demonstrates the validity of our work in com-
parison to some previously published research. Here, 
we compare the heat transfer rate values for various 
parameters with those from published papers. We see 
that our work is valid with some previously published 

Figure 8. Primary velocity flow patterns for hall current (m).

Figure 9. Secondary velocity flow patterns for hall current (m).

Figure 10. Temperature variations for hall current (m).
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papers.  Lastly, Table 2. shows the consequences of sev-
eral scientific parameters that arose at the plate surface 
in the problem, including skin frictions caused by pri-
mary and secondary velocity (Cfx ∝ f ''(0) and Cfz ∝ g'(0)) 
and the Nusselt number (Nux ∝ - θ'(0)). Skin friction is 
increased with increasing m, Ec, Gr, and δ and decreased 
with increasing M and Pr. Raising the skin friction coef-
ficient causes the surface to experience more shear stress, 
higher drag force, and improved fluid-surface momen-
tum transfer. It causes a greater pressure drop, a lower 
flow rate, more drag, less lift, improved heat transfer, and 
faster reaction times. With increasing M, Gr, and δ the 
Nusselt number increases, but it decreases with grow-
ing M and Pr. Increases in the Nusselt number indicate 
changes in the convective heat transfer coefficient, vari-
ations in the thickness of the thermal boundary layer, 
and augmentation or decrease of heat transmission. The 
repercussions include variations in surface temperature 
and an increase or reduction in the rate of heat transfer. 
The Sherwood number coefficient increases with grow-
ing m, Pr, Gr, and δ, but it decreases with increasing M 
and Ec. A greater convective mass transfer coefficient 
and a thinner concentration boundary layer are implied 
by an increase in Sherwood number. Faster response 
speeds and increased absorption efficiency are among 
the effects’ after effects.

Figure 13. Temperature variation for grashof number.

Figure 12. Secondary velocity flow patterns for grashof 
number.

Figure 11. Primary velocity flow patterns for grashof number.
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CONCLUSION

In this study, we explore the impact of the Hall current 
on the MHD boundary layer flow of a compressible viscous 
fluid over a stretching sheet, considering the effects of vis-
cous dissipation.

The investigation yields the following findings:
Ø	 The temperature flow patterns, along with the primary 

and secondary velocity flow patterns, decreases as the 
Prandtl number rises.

Ø	 The temperature distribution and secondary velocity 
flow patterns both rise when the magnetic parameter 
increases, whereas the primary velocity flow patterns 
falls.

Ø	 Higher primary velocity flow pattern is achieved at the 
expense of decreased secondary velocity and tempera-
ture flow patterns when the Hall current parameter is 
increased.

Ø	 The primary and secondary velocity flow patterns rise 
with an increase in Grashof number, but the tempera-
ture gradients fall. 

Ø	  As m, Ec, Gr, and δ increase, skin friction increases; as 
M and Pr increase, skin friction decreases. 

Ø	 The Nusselt number rises as M, Gr, and δ increase but 
falls when m and Pr increase.

Ø	 As m, Pr, Gr, and δ increase, the Sherwood number 
coefficient rises; however, as M and Ec increase, it falls. 
These studies have far too many potential applications. 

They include; examining how Hall currents affect MHD 
boundary layer flow of non-Newtonian fluids; analyz-
ing how hall currents affect MHD boundary layer flow of 
nanofluids with viscous dissipation; examining how hall 
currents affect MHD boundary layer flow through porous 
media with a stretching sheet; examining unsteady MHD 
boundary layer flow with Hall currents, viscous dissipa-
tion, and a stretching sheet; and developing and comparing 
effective numerical methods. 
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Table 2. Variations of physical parameters

m M Pr Ec δ Gr f"(0) g'(0) -θ'(0)
2 0.1402 0.0215 1.3041
4 0.2 0.72 3 0.5 8 0.1504 0.0173 1.3062
6 0.1538 0.0130 1.3068

0.1 0.1520 0.0100 1.3065
0.2 0.1467 0.0199 1.3054
0.3 0.1414 0.0298 1.3044

0.5 0.1749 0.0200 1.2158
0.72 0.1467 0.0199 1.3054
2 0.0074 0.0192 1.7761

0.3 0.1469 0.0199 1.3048
3 0.1522 0.0199 1.2821
6 0.1582 0.0199 1.2621

5 0.1467 0.0199 1.3054
8 0.9525 0.0223 1.3335
10 1.4777 0.0239 1.3513

0.1 0.1467 0.0199 1.3054
0.5 0.2493 0.0203 1.3100
1 0.5682 0.0216 1.3242

Table 1. Comparision of results of heat transfer rate

Pr Yih [30] Ali [31] Reddy [32] Present study
0.71 0.8086 0.8086 0.8086 0.8085
1 1 1 1.0001 1.0002
3 1.9237 1.9237 1.9230 1.9239
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NOMENCLATURE

= Grashof Number

 = Magnetic parameter

σ = Electrical conductivity
µe = Viscosity of the fluid
m = ωe τe  Hall parameter
δ = C/B =  Velocity Parameter
λ= cos α
E = Intensity of electric field
ne = Electron number density
E = Intensity of electric field
v = Kinematic Viscosity
k = Thermal conductivity
u_e= External velocity

 = Magnetic field parameter

 = Eckert number

Nu = Nusselt number
ρ = Density of fluid
β = Volumetric coefficient of thermal expansion
Cp = Specific heat capacity at constant pressure
A = constant
l = length

 = Shear stress component due to primary velocity

 = Shear stress component due to secondary 

velocity

 Skin friction due to pri-

mary velocity

 Skin friction due to sec-

ondary velocity

 = Nusselt number
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