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INTRODUCTION

ABSTRACT

When regressors exhibit a linear correlation in the Beta regression model (BRM), the Beta
ridge regression model (BRRM) is employed to mitigate the impact of multicollinearity on
maximum likelihood estimation (MLE) in the BRM. The traditional MLE approach is partic-
ularly sensitive to such correlations, leading to unstable and unreliable parameter estimates.
To identify the influential data points, CooK’s distance is utilized as a classic diagnostic tool to
detect outliers. This paper emphasizes the dual challenges posed by multicollinearity and out-
liers, proposing a set of estimators for the shrinkage parameter in BRM using Cook’s distance
in combination with varied residual types. For illustrative purposes, Monte Carlo simulations
and real data are presented.

The empirical results indicate that certain classes of weighted residuals (W, SW, ASW, and
SW2) demonstrate superior performance in detecting outliers, with a high percentage of de-
tection across different scenarios. Additionally, findings suggest that the outlier detection is
not only influenced by the residual weighting scheme but is also inclined by the severity of
multicollinearity and the selected value of the shrinkage parameter k. These results provide
a baseline for further refinement of BRM, potentially in the selection of optimal shrinkage
parameter and residual type, involving multicollinearity and contaminated data.

Cite this article as: Khan JA, Akbar A, Kibria BMG. Influence diagnostic in beta ridge regres-
sion model: Simulation and application. Sigma J Eng Nat Sci 2026;44(1):490-500.

wider, making maximum likelihood estimates (MLE) unsta-
ble and inefficient [3], the variance of the MLE turns very

When multicollinearity occurs in a Beta regression model
(BRM), the beta ridge regression model (BRRM) serves as a
remedial tool in such a situation [1, 2]. In multiple regression,
when the predictors are highly interrelated, multicollinearity
occurs, which is one of the intense problems in regression
analysis. Subsequently, the confidence interval becomes
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high and such an estimator provides unreliable inference [4].
The literature documents several shrinkage and biased esti-
mation strategies for handling multicollinearity, notably the
modified ridge-type, the Liu and the Liu-type, the two-pa-
rameter, the Dawoud-Kibria, and the James-Stein type
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estimators [5-10]. These estimators aim to reduce the vari-
ance and improve estimation stability when multicollinearity
challenges standard regression techniques. Many research-
ers examined their performance in different situations, like
Taha [11] discussed the multiple diagnostic measures for
multicollinearity and further analyzed the Poisson, logistic,
negative binomial (NB), zero-inflated negative binomial
(ZINB),and zero-inflated Poisson (ZIP) models. Estimation
methods using maximum likelihood (ML), ridge, Liu, and
Liu-type estimators. Zubair and Adenomon [12] compared
different estimators for the linear regression model when
multicollinearity is present with autocorrelation. Abonazel
et al. [13] suggested a new estimator for binary data using
a Probit regression model when multicollinearity is present
in the data. Saputri et al. [14] also made a comparison among
LASSO, MLE, and the Liu Estimator. When MLE methods
are dealing with multicollinearity in the multinomial logistic
regression model, and many others.

Correspondingly, the Extreme or anomaly value in the
response/output variable results in an outlier while the
predictor (input variable) results as an influential point.
Outliers or Influential points are those data points that are
far from nearby values and noticeably distinct from the
remaining observations. Outliers can influence the coef-
ficients of the regression model, distorting the relation-
ship between variables, and also in terms of bias. Several
established statistical methods exist for the identification
of outliers, e.g., CooKk’s distance, index plots, and poten-
tial residual plots, see Hadi [15]. The presence of outliers
is a crucial problem; usually, researchers suggest excluding
such values, but exclusion can cause a loss of information
[16]. A lot of literature is available, where studies focus
only on detecting such observations with their influence.
Some of them are: Sarkar et al. [17] performed an empirical
study on a logistic regression model. Their study aims to
identify potential outliers by using graphical methods and
different measures of standardized residuals. Zakariya et al.
[18] suggested a new estimator for the detection of outliers
and named the Coefficient of Determination Ratio (CDR),
which is then compared with some standard measures of
influence, namely: CooK’s distance, covariance ratio, stu-
dentised residuals, leverage values, and difference in fits
standardized. Baba et al. [19] proposed a new detection
method for outliers for the spatial regression model and
compared that with classical methods like Cook’s distance
and some other robust methods. Similarly, Kumar et al [20]
detect outliers by using a class of CooK’s distance in sur-
vey-weighted linear regression and references their in.

Therefore, integrating detection and robust handling
of both multicollinearity and outliers is crucial for reliable
inference in regression models, supporting robust, precise
estimations without compromising data integrity. Sinan and
Alkan [21], Ibrahim and Yahya [22], Pati et al. [23], Majid et
al. [24, 25], Arum et al. [26], Lukman et al. [27], and many
others considered the multicollinearity and outlier problem
concomitantly, but for the linear regression model (LRM).

Pfaffenberger and Dielman [28] also discussed this combat
problem in their book. They discussed the possible con-
struction of a robust method that performs equally well in
the presence of problems. For the generalized linear model
(GLM), Arum et al. [29] examined this set of problems for
the Poisson regression and Khan et al. [30] for BRRM. To
the best of our knowledge, BRM has not been discussed to
combat the problem of outliers in the existence of multicol-
linearity with different multiple shrinkage parameters.

This article will explain how residuals affect the stability
and diagnostic performance of CooKk’s distance in BRRM
under multicollinearity and their impact on coefficients
and mean squared error (MSE). It will help to tackle the
combined problem with the optimum type of residual in
CooK’s distance.

In the rest of this paper, Section 2 discusses the BRRM,
Cook’s distance with residuals, and biasing parameters. In
Section 3, a Monte Carlo simulation study has been pre-
sented. An analysis of real-life data is presented in Section
4 for illustrative purposes, followed by concluding remarks
in Section 5.

BETA REGRESSION MODEL

The BRRM, Cook’s distance, and the considered residu-
als will be described in this section.

The Beta Ridge Regression Model

Consider the response vector Y = (¥, y,, ..., ¥,)'> where
each y; denotes an independent response (output) observa-
tion for i =1, 2, ..., n; which follows Beta (a, ¢) distribution;
where « is shape parameter and ¢ is scale parameter. The
pdf of the Beta distribution is given as;

y&la-y¢-t
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where B(a, f)= The mean and variance of beta
a

(at+d)2(a+dp+1)’
link function g(u)=n=x!p=logit(uy). x'=(1, xn, ..., ;)
is the matrix of (p+1)explanatory/input variables and
B=(Bo, B, - By) is a vector of regression coefficients [31].

Ferrari and Cribari-Neto [32] and Espinheira et al. [33,
34], used the iterative reweighted least-squares (IRLS) algo-
rithm in the Beta maximum likelihood (BML) estimator to
estimate the parameter B, which is obtained as,

distribution are respectively with

ﬁBMLz(X'WAX)_l X Wy,

where z=i+ WAT(y -4’ ) and W=diag( W4,..., W), which
are estimated in the final iteration.

In the multiple linear regression model, it is assumed
that the explanatory variables are not associated. However,
in real life, the explanatory variables may be linearly cor-
related, which causes the problem of multicollinearity [3].
To alleviate the impact of multicollinearity in the Beta
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regression model, Abonazel and Taha [1] and Qasim et al.
[2] introduced the beta ridge regression (BRR) estimator as
a substitute to the beta maximum likelihood (BML) estima-
tor which is expressed as
Bore=(X'WX+kD) ' X'z k>0 )

where k is known as the shrinkage or ridge or biasing
parameter. The computation of the shrinkage or ridge
parameter k is an important issue for the researcher, which
will be discussed later.

CooK’s Distance and Residuals
To identify the outlier, Cook [35] proposed the Cook’s
distance (CD) for the LRM, and Pregibon [36] utilized this
approach for GLM. CooKs distance (CD) quantifies the
extent to which omitting the ith observation alters the esti-
mated regression model. For the BRM, the CD statistic can

be written as,
(Buz-Brn)) X WX (Buz-Brasc)
(k+1D)$ !

where, By, is the estimated BRM coefficients vector and
Bumrc) is the estimated BRM coefficients vector after delet-
ing the i™ observation. The following simplified form of
equation (3) is given by McCullagh and Nelder [37].

where, 7; is the i residual, which is explained in Table 1.
In the BRRM, 2*mean (Cook’s distance) [38] is used as
the cutoff point for the detection of an outlier. The highest
value of CD is a sign that the i observation is the outlier.
The following Table 1 presents the residuals that are con-
sidered in CD.

Choosing Biasing Parameter

Determining the ideal shrinkage/biasing parameter (k)
is not possible but can only be estimated from the data.
There are several methods to estimate the shrinkage param-
eter (see, e.g., [41, 42). Unlike linear regression, the effect
of multicollinearity in GLM has not been significantly dis-
cussed in the literature using the ridge regression approach.
Exceptionally, Mansson and Shukur [43] introduced
some ridge parameters for the logistic regression model,
and Algamal and Alanaz [44] compared different biasing
parameters for Poisson ridge regression. Mansson and
Shukur [45] established a Poisson ridge regression (PRR)
estimator and used several biasing parameters. Since PRR
can have a severe bias, Qasim et al. [46] suggested bias-ad-
justed PRR estimators. Amin et al. [47] examined the per-
formance of inverse Gaussian ridge regression estimators.
Lukman et al. [48] and Amin et al. [49] recommended some
methods for estimating the shrinkage parameter based on
the Gamma ridge regression. Khan et al. [30] used BRRM,

cD. = 7 hy (4) but they selected kK randomly. Here, some well-known
bo(etD 1-hy shrinkage estimators are given in Table 2.
Table 1. Summary of residuals and their notations
Sr. # Residual Notation Reference
) . ®) - _yt_f(xt)
earson =t
VI (xt)
2 Deviance (D) r, = signly, —u )/d
! (A ¢ t)\/_t Davison and Snell [39]
— f(x
3 Working (Wor) = ytf(—f()t)
Xt
4 Response (R) =Y~ f(xr)
. * Y :7’;:
5 Weighted (W) Ty = Nk
t
w y: _ ﬁ: Espinheira et al. [33]
6 Standardized Weighted (SW) re = \/— P :
Vi
7 Standardized Weighted 2 (SW2) L \/j
(1 - htt)
wa ri— E\ (T?)
8 Adjusted Standardized Weighted (ASW) e = T D)
ar\r, Anholeto et al. [40]
r,—E(r,)
9 Adjusted P (AP) i =— :
justed Pearson t = ?
Var(r;)
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Table 2. Summary of shrinkage estimators

SIMULATION STUDY

Simulation Technique

Sr.# k Reference
The following scheme is considered for the generation
(p—2)6° of simulated datasets:
Lo k= Thisted,[50] I.  The dependent variable of the BRM is generated from Beta
p g
FE distribution as y;= B i = =
y;=B(a, ¢p) fori=1,2,...,n,where y;,= E(y,)
p6* Hoerl and Kennard [51] = 3 is arbitrary mean and ¢ = 5 is dispersion parameter.
2 ky =72 II. Two explanatory variables x; and x, are kept fixed
hE throughout the whole simulation study. To introduce
A2 Dwividi and Shrivastava multicollinearity, Khan et al. [30] are followed. They
3 k3=% [52] used x;= 1—pZZij+pZij(p+l),i=1,2,...,n;j=1,
BF 2 where Z,;, Z,,, Z;5, Z;, are independent standard pseu-
- o do-random random numbers, and p is defined as the
4k, = Median f_z} Kibria [41] degree of multicollinearity, p = 0.8, 0.9, 0.95.
@j III. Then, we introduce the outliers in X;; at 5%, 10", 15",
20%, and 25% point as X =Gy + X for i =5, 10, 15, 20,
25;j =1, 2, where a, = X; + 100.
. o IV. Sample size is considered n = 25, 50, 100, and 200 with
5 ks = Median Muniz and Kibria [42] 1000 replications.
V. The biasing parameter is chosen by using the methods
given in Table 2.
VI. We used the detection rate as a percentage.
The simulated outlier detection rate in percentage of
the BRM Cook’s distance under consideration of different
6 k= Median Muniz et al. [53] facto.rs s1.1ch as dispersi.on parameter, sam.ple size,leyels of
ot multicollinearity, and different types of residuals, which are
———— presented in Tables 3 to 8 for ky, ky, ks, k,, ks and k4 respec-
(n=p)5)" +Amaxd, tively. For better insight, the average detection rate along
with standard deviation for all methods over all n and p are
obtained and presented at the end of Tables 3-8.
Table 3. Detection rate (%) of estimated outliers in the BRM with different residuals with k,
n p P AP D R w SW ASW SW2 Wor
25 0.8 222 22.0 26.0 22.1 24.1 24.1 24.3 23.0 20.6
0.9 22.8 21.9 26.3 22.9 24.2 24.2 24.4 23.6 24.1
0.95 25.0 24.1 26.1 25.1 24.6 24.6 26.3 25.1 22.8
0.99 22.2 21.4 25.1 21.6 23.6 23.6 23.3 21.5 19.8
50 0.8 88.1 86.6 89.6 88.0 89.9 89.9 90.2 87.0 88.1
0.9 88.1 87.8 88.4 86.9 88.1 88.1 88.8 86.2 87.1
0.95 88.1 87.6 88.5 88.0 89.3 89.3 88.7 86.4 86.4
0.99 85.6 85.6 86.4 85.6 87.9 87.9 88.0 84.3 85.1
100 0.8 99.0 99.1 98.9 99.1 99.4 99.4 99.2 98.7 98.7
0.9 99.3 99.1 98.9 99.5 99.2 99.2 99.5 98.1 98.6
0.95 99.2 99.1 99.3 99.3 99.9 99.9 99.8 99.5 98.7
0.99 99.3 99.3 98.8 99.2 99.1 99.1 99.4 98.6 98.3
200 0.8 100 100 100 100 100 100 100 100.0 99.8
0.9 100 100 100 100 100 100 100 100.0 100.0
0.95 100 100 100 100 100 100 100 99.9 99.9
0.99 100 100 100 100 100 100 100 100.0 99.8
Mean 77.4 77.1 78.3 77.3 78.1 78.1 78.2 77.0 76.7
SD 32.8387 33.090 31.609 32.8801 32.5043 32.50436 32.3332 32.52489 33.1884
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Table 4. Detection rate (%) of estimated outliers in the BRM with different residuals with k,

n P P AP D R w SW ASW SW2 Wor
25 0.8 22.4 21.0 24.8 21.2 22.9 22.9 23.7 23.7 21.8
0.9 20.8 18.4 23.7 21.6 23.7 23.7 22.2 21.8 19.3
0.95 16.9 17.6 21.5 17.3 22.6 22.6 22.0 19.7 17.1
0.99 15.7 16.7 19.0 15.0 20.5 20.5 19.4 18.3 15.9
50 0.8 88.5 85.1 89.1 88.9 89.7 89.7 89.4 87.7 86.0
0.9 85.2 83.3 84.6 84.4 88.1 88.1 85.9 83.3 83.4
0.95 84.0 82.7 84.7 83.6 86.6 86.6 85.7 83.3 82.1
0.99 82.6 82.6 85.2 83.1 87.9 87.9 87.2 85.0 80.4
100 0.8 99.1 98.6 99.3 99.1 98.9 98.9 99.5 98.2 97.8
0.9 99.1 98.7 99.1 99.2 99.7 99.7 99.4 98.8 98.1
0.95 98.4 98.4 99.0 98.3 99.2 99.2 98.9 97.9 97.5
0.99 98.4 98.0 98.3 98.7 99.5 99.5 98.8 98.8 97.2
200 0.8 99.9 100 99.9 100.0 100 100 100 99.9 99.6
0.9 99.9 100 99.9 99.9 100 100 100 99.9 99.9
0.95 99.8 100 100.0 99.8 100 100 100 99.9 99.6
0.99 99.8 100 99.8 99.8 100 100 100 100.0 99.6
Mean 75.656 75.068 76.743 75.618 77.456 77.4562 77.006 76.012 74.706
SD 34.3913 34.4444  33.0259  34.4832 33.1877 33.1878 33.3449 33.4645 34.1913

Table 5. Detection rate (%) of estimated outliers in the BRM with different residuals with k;

n P P AP D R w SW ASW Sw2 Wor
25 0.8 19.0 18.8 19.1 18.0 20.9 20.9 21.0 18.7 17.8
0.9 18.3 17.9 18.8 17.3 21.3 21.3 20.7 19.0 16.6
0.95 15.9 16.2 21.6 15.1 19.5 19.5 19.7 17.9 14.0
0.99 14.1 14.5 22.5 15.9 19.9 19.9 18.8 17.9 16.8
50 0.8 85.2 85.7 86.3 86.3 87.3 87.3 88.1 84.5 84.2
0.9 86.2 85.2 87.5 86.4 87.1 87.1 87.7 84.3 84.4
0.95 86.4 86.1 86.6 86.8 87.9 87.9 87.1 84.4 84.5
0.99 87.9 88.1 87.3 88.3 86.8 86.8 87.5 84.4 86.2
100 0.8 98.6 98.9 99.2 98.8 99.4 99.4 99.1 98.6 98.2
0.9 98.7 99.0 99.4 98.6 99.1 99.1 99.1 98.7 98.4
0.95 98.5 98.6 99.2 98.6 99.3 99.3 99.3 98.9 97.6
0.99 99.0 98.9 98.6 98.9 98.7 98.7 98.6 98.2 98.8
200 0.8 99.9 99.9 99.7 99.9 99.8 99.8 99.7 99.5 99.7
0.9 99.9 99.9 99.9 99.9 100.0 100.0 100.0 99.9 99.6
0.95 99.9 99.9 99.9 99.8 99.8 99.8 99.8 99.8 99.6
0.99 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.8
Mean 75.468 75.475 76.6 75.537 76.675 76.675 76.637 75.293 74.7625

SD 35.4088 35.4087 33.8807 35.5526 33.9545 33.9545 34.1153 34.5127 35.3806
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Table 6. Detection rate (%) of estimated outliers in the BRM with different residuals with k,

n p P AP D R w SW ASW SW2 Wor

25 0.8 14.9 6.5 20.5 14.3 23.2 23.2 17.6 22.4 11.9
0.9 13.5 3.6 21.2 14.1 22.6 22.6 12.9 20.3 9.7
0.95 11.3 44 18.3 12.9 21.9 21.9 13.2 20.2 7.7
0.99 13.4 5.7 20.6 16.2 21.7 21.7 14.8 19.9 7.7

50 0.8 63.2 23.6 77.0 66.4 77.0 77.0 44.9 74.9 45.5
0.9 57.0 18.7 76.8 59.5 75.3 75.3 40.8 71.6 394
0.95 53.5 20.0 77.0 57.1 78.0 78.0 45.0 74.5 36.0
0.99 50.8 29.9 77.6 55.0 81.0 81.0 51.7 76.9 355

100 0.8 77.4 46.4 86.0 78.4 83.2 83.2 65.6 82.0 68.4
0.9 77.3 46.7 88.6 78.2 86.9 86.9 68.4 84.9 67.7
0.95 71.1 41.9 85.3 73.2 84.4 84.4 63.3 82.3 57.7
0.99 71.7 52.3 93.9 75.6 92.8 92.8 73.1 90.9 57.6

200 0.8 92.4 81.2 93.1 92.5 92.4 92.4 89.3 91.3 89.9
0.9 83.4 73.6 87.0 83.9 86.6 86.6 81.3 84.7 78.8
0.95 80.7 67.9 88.7 82.4 88.2 88.2 80.8 86.1 74.2
0.99 82.9 76.0 94.5 84.4 94.7 94.7 90.4 93.7 74.9

Mean 57.156 37.4 69.131 59.006 69.368 69.36875  53.31875  67.2875 47.6625

SD 28.4823 27.2630 29.7933 28.5224 28.5714 28.57145  27.54289  28.45745  27.6908

Table 7. Detection rate (%) of estimated outliers in the BRM with different residuals with k

n P P AP D R w SW ASW Sw2 Wor
25 0.8 23.0 16.4 23.8 23.1 25.2 25.2 239 24.8 21.2
0.9 23.7 15.1 26.1 234 25.0 25.0 24.1 24.6 20.7
0.95 21.0 14.0 25.6 21.4 23.4 23.4 20.7 23.4 18.8
0.99 17.4 8.8 23.5 21.1 25.0 25.0 19.7 23.9 12.1
50 0.8 83.5 69.1 88.7 85.0 91.0 91.0 86.4 89.1 74.7
0.9 81.3 71.7 87.8 83.3 91.2 91.2 86.0 89.4 72.1
0.95 79.9 69.1 86.0 82.7 89.6 89.6 85.6 85.4 74.1
0.99 71.2 50.0 86.3 75.4 91.6 91.6 72.8 88.3 54.7
100 0.8 99.2 97.7 99.5 99.1 99.7 99.7 99.7 99.3 97.5
0.9 98.6 97.5 98.9 98.7 99.3 99.3 99.0 98.5 96.2
0.95 98.7 96.8 99.3 99.1 99.0 99.0 99.4 99.1 96.9
0.99 97.2 92.0 99.2 98.1 99.8 99.8 98.7 99.3 92.7
200 0.8 100.0 100.0 99.8 100.0 100.0 100.0 100.0 100.0 99.5
0.9 99.9 99.9 99.9 100.0 100.0 100.0 100.0 100.0 99.7
0.95 99.8 99.9 99.9 99.9 99.9 99.9 99.9 99.8 99.6
0.99 99.8 99.0 100.0 99.9 100.0 100.0 100.0 100.0 99.2
Mean 74.6375 68.562 77.768 75.637 78.731 78.7312 75.9937 77.8062 70.6062

SD 33.0554 35.9579 32.0525 32.7649 32.4691 32.4691 33.0646 32.3556 33.8821
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Table 8. Detection rate (%) of estimated outliers in the BRM with different residuals with kg

n p P AP D R w SW ASW SW2 Wor
25 0.8 18.5 12.0 20.5 17.5 23.7 23.7 22.4 20.6 14.8
0.9 23.8 12.8 28.3 25.3 25.6 25.6 25.0 24.8 18.8
0.95 22.4 13.8 25.0 22.2 27.0 27.0 22.6 26.8 19.4
0.99 17.4 5.3 22.8 20.1 27.8 27.8 16.0 27.1 9.4
50 0.8 88.8 80.9 88.0 88.9 91.8 91.8 89.1 89.1 83.4
0.9 86.9 79.3 88.1 88.1 89.9 89.9 86.5 87.8 81.7
0.95 87.9 73.5 89.8 89.7 91.3 91.3 87.2 89.4 79.5
0.99 71.7 50.8 86 76.6 91.6 91.6 74.5 89.2 57.8
100 0.8 98.5 98.6 99.1 99.1 99.2 99.2 99.2 98.7 97.0
0.9 99.2 96.9 99.1 99.1 99.5 99.5 99.5 99.3 96.9
0.95 97.1 94.6 97.9 97.4 98.9 98.9 98.5 97.6 93.9
0.99 97.0 89.6 99.4 97.5 99.7 99.7 97.5 99.3 90.9
200 0.8 99.9 99.9 100.0 100.0 100.0 100.0 100.0 100.0 99.6
0.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.9
0.95 99.9 100.0 99.8 99.9 99.8 99.8 99.8 99.8 99.7
0.99 99.8 99.5 99.9 100.0 100.0 100.0 99.9 99.9 99.5
Mean 75.55 69.218 77.731 76.3375 79.1125 79.1125 76.1062 78.0875 71.3875
SD 33.6581 37.1052 32.3560 33.4640 31.8705 31.8705 33.3501 32.09845  35.0324

RESULTS AND DISCUSSION

Tables 3-8 show the performance of CooK’s distance in
BRRM. From Tables 3-8, it can be seen that k, performed
the best, followed by k,, k; and finally k, performed the
worst in the sense of identifying outliers among 6 estima-
tors. The performance of the shrinkage estimators (k; to k)
also depends on the type of residuals. For example, k1 per-
formed better for D Res in the sense of identifying outliers,
while k,-k, performed better for both W Res and SW resid-
uals. It is interesting to note that the rate of identification of
outliers is highly influenced by sample size; the percentage
increases when the sample size increases and it detects all
outliers when the sample size is very large. This behavior is
almost the same for all the residuals.

By observing the results, it can be seen that p (levels of
multicollinearity) affects the detection rate. When mul-
ticollinearity is high, it decreases the detection rate. This
feature is clearer for a small sample size. It may be noticed
that for a large sample size, all residuals performed almost
equally well, but for a small sample size, W, SW, and ASW
perform better.

In this study, SWeighted2 residual is one of the best
options, which performs well with CooK’s distance in the
detection of outliers, according to the highest detection
percentage. Also, Espinheira et al. [34] and Khan et al. [30]
showed that the SWeighted2 residual is the best choice to be
used in likelihood displacement (LD).

Application: Crude Oil Conversion Data

To examine the influence of outliers in real life; crude
oil conversion data is used. Data is based on a data set from
Prater [54]. It has four predictors, x,x,,X;, and x, with a
dependent variable (y). This data set is used by Atkinson
[55] and he applied LRM and observed that the error term
is not symmetrical and transformed the dependent variable.
Then, Lemonte et al. [56] considered that the dependent
variable of this data follows a beta distribution. Ferrari and
Cribari-Neto [32] used the data for the detection of outliers
and found observation 4 as an influential. Then Qasim et al.
[1] used the same data set and showed that there exist some
multicollinearity issues, especially between variables x, and
x5. Khan et al. [30] considered this data with dual problems
(outliers and multicollinearity) and detected several num-
bers of observations as outliers.

Now, we used that data to consider both problems and
examine the impact of different residuals in Cook’s distance
and then their influence on the co-efficient (s). The Beta
ridge regression model is then used to determine the con-
sidered residuals mentioned in Table 1.

Different shrinkage parameters are used for the detec-
tion of outliers which are presented in Table 3. It can be
observed that P, AP, and D residuals detect almost the same
residuals with any biasing parameter. Similarly, several out-
liers detected by the class of weighted residual are the same.
Working residual detects a maximum number of outliers.
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Another important feature of the result is that there is no
impact of k in the model. Any type of mentioned k has no
influence on the detection rate or on observations. Similar
results are also found in Khan et al. [21], where they choose
k randomly between 0-1, and no value has the power to
detect outliers more firmly.

Next, the influence of these outliers is examined on the
model. To generate Table 9, firstly, detected outliers are elim-
inated one by one from the model, and then combinedly,
as detected by residuals. For this purpose, coefficients and

Table 9. Outliers detected using different k

MSE are considered. Results are available in Table 10, where
it is found that no observation has as much influence, which
makes the major change in results. Elimination of observa-
tion 7 makes the coefficient of gravity smaller. Observation
14 is one of those observations that are detected by almost
every residual as an outlier. It is evident that the elimination
of that observation has a major impact on MSE. Exclusion
of observation 14, minimizes the MSE. Due to the deletion
of observation 1, the MSE of the model increases; even the
MSE is greater than the full model MSE.

k—kl k, ks ky ks ke

Res

P 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31 2,14, 31 1,2, 14, 31 1,2, 14, 31
AP 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31

D 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31 1,2, 14, 31
Wor 1,2,11,21,25,31 1,2,11,21,25,31 1,2,11,21,25,31 1,11,21,25,31 1,2,11,21,25,31 1,2,11,21, 25,31
R 2,3,7,14, 31 2,3,7,14,31 2,3,7,14,31 2,14, 31 2,3,7,14, 31 2,3,7,14, 31
w 1,2, 14, 21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31 2,11, 14, 21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31
SW 1,2, 14,21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31 2,11, 14, 21, 31 1,2, 14, 21, 31 1,2, 14,21, 31
ASW 1,2, 14, 21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31
SW2 1,2, 14,21, 31 1,2, 14,21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31 1,2, 14, 21, 31 1,2, 14,21, 31

Table 10. Parameter estimates and relative changes in estimates due to one-by-one exclusion and mean squared error
(MSE)

b, b, b, b, MSE
Complete -0.01220 -0.04003 -0.01830 0.01060 0.00080
(Al
1 -0.01334 -0.04337 -0.01847 0.01086 0.00082
2 -0.01401 -0.04304 -0.01828 0.01079 0.00076
3 -0.01360 -0.04066 -0.01807 0.01057 0.00078
7 -0.00951 -0.04932 -0.01874 0.01074 0.00075
11 -0.01305 -0.03368 -0.01793 0.01038 0.00079
14 -0.01438 -0.03308 -0.01853 0.01095 0.00069
21 -0.01099 -0.04309 -0.01811 0.01039 0.00079
25 -0.01134 -0.04350 -0.01813 0.01045 0.00078
31 -0.01092 -0.03931 -0.01871 0.01069 0.00076
P -0.01669 -0.03937 -0.01915 0.01162 0.00059
AP
D
Wor -0.01257 -0.04647 -0.01814 0.01058 0.00072
R -0.01375 -0.04477 -0.01908 0.01135 0.00052
w -0.01570 -0.04129 -0.01899 0.01143 0.00059
SW
ASW

SW2
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After that, all detected outliers are eliminated regard-
ing residuals. Results showed that the removal of outliers
detected by response residual provides the minimum MSE,
as those outliers are also quite different than others.

CONCLUSION

This paper explores Cook’s distance for thebeta ridge
regression model with multiple residuals and different
estimators of the shrinkage parameter k. The comparison
of residuals using Cook’s distance for outlier detection is
assessed through a Monte Carlo simulation study and a
real-lifedataset, leading to important conclusions. Firstly,
for theBRRM,CooK’s distance can assist in determining
the choice of residuals based on the study’s objectives. If
the researcher’s goal is outlier detection, then a class of
weighted residuals is the optimal choice. Detection proba-
bilities are higher for larger sample sizes. Additionally, it is
noticed that the outlier detection is affected by the choice
of the ridge parameter and influenced by the level of mul-
ticollinearity. Secondly, eliminating all outliers detected
by response residuals results in a minimum mean squared
error. Since the detection of outliers depends on the esti-
mation of the shrinkage parameter k, and we only consider
six estimators, it will be interesting to consider all available
estimators in the literature.
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