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ABSTRACT

Leukemia is an aggressive form of blood cancer that develops in the bone marrow. In this 
study, we consider a fractional-order four compartmental mathematical model of leukemia 
which includes susceptible blood cells S(t), infected blood cells I(t), cancer cells C(t), and 
immune blood cells W(t), and we discuss the dynamics of transmission of the disease. We 
employ the Laplace-Adomian decomposition methods to obtain analytical solutions and the 
Runge-Kutta fourth-order approach to get numerical solutions for the mathematical model of 
leukemia. In order to illustrate the process, the convergent of the series solution is also given, 
and the corresponding plots against various orders of the differentiations are plotted using 
specific values for the model’s parameters. We compared the solutions determined from the 
Laplace-Adomian decomposition methods and Runge-Kutta fourth-order. Graphical results 
demonstrate that the Laplace Adomian Decomposition method aligns closely with the Run-
ge-Kutta fourth order method. For various fractional parameter values α the findings reveal 
that the fractional-order model offers more accuracy and stability compared to the conven-
tional integer-order model. Some plots are presented to show the reliability and simplicity of 
the method. Leukemia virus is one of the many infectious diseases whose dynamics of spread 
can be better understood through mathematical modeling and underscores the urgent need 
to ensure global accessibility to this approach, with the potential to save countless lives world-
wide.
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INTRODUCTION

Leukemia originates from a cell in the bone marrow 
that undergoes a transformation into a leukemia cell. 
After this change, the leukemia cells may start to grow and 

thrive more effectively than healthy cells. Gradually, these 
leukemia cells can outnumber or inhibit the production of 
normal cells. Between 2009 and 2014, leukemia stayed the 
5th leading cause of cancer passing away in males and the 
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6th in females. By 2016, around 2.35 million people world-
wide be situated living with leukemia, leading to about 
353,500 passing away [1-2]. Scientific biological problems 
are modeled using the fascinating field of applied anal-
ysis known as fractional calculus, which is made up of 
free-order derivatives and integrals. A tumor is an uncon-
trolled growth of abnormal cells that can invade tissues. 
This treatment is altering the immune system and allows 
them to specifically target and destroy leukemia cells 
[3-4]. Numerous researchers have also reviewed studies 
using CAR-T in the leukemia model [5-6]. By delivering 
CAR T- cells, [7] examined the MM of the interaction 
between leukemia cells and immune cells. Our funding 
has been allocated to a broad range of cancer types, which 
are classified according to the predominant cell type 
impacted [8]. As numerous studies have shown [3,9-11], 
FO modeling is becoming more and more popular in the 
field of epidemiology because it can accurately represent 
intricate and nonlinear disease processes. The Atangana-
Baleanu and Caputo-Fabrizio models are two well-known 
instances of fractional-order models that shed light on the 
dynamics of disease and the impact of healthcare capacity 
on disease transmission. As mentioned in references [12-
15]. It presents the multistep LADM, which provides a 
more accurate approximation than conventional methods 
for modeling the dynamics of T-cells [16-19]. It discusses 
convergence and error while building method spaces and 
using Caputo’s partial time derivative [20-22]. Maayah et 
al. explored approximate results and symmetrical attrac-
tors for an FO cancer-immune model using the method in 
[23,24]. Additionally, studies have investigated an in-host 
dengue contagion model with invulnerable comeback 
and proposed an innovative algorithm that integrates 
cubic uniform splines with limited difference techniques 
to solve FO diffusion singular wave models affected by 
damping-reaction forces [25-28]. Ponalagusamy et al. [29] 
explored the approximate solution of heat flow problems 
using a hybrid approach that combines the Rayleigh-Ritz 
method with STWS and RKHM techniques. In a separate 
study, Ponalagusamy [30] developed an inventive and 
effective computational procedure founded on STWS for 
comprehensive linear time-varying structures, includ-
ing both singular and non-singular cases. Ponalagusamy 
and Senthilkumar [31] conducted a comparative analy-
sis of various Runge-Kutta (RK4) orders and embedded 
methods in the simulation of multilayer raster CNNs. 
Additionally, Ponalagusamy et al. [32] introduced a new 
5th-order, 5th -stage RK4 method based on the Heronian 
mean. Chandru et al. [33] proposed a 5th weighted Runge-
Kutta algorithm, also derived using the Heronian mean, 
for solving initial value problems in ordinary differential 
equations. Furthermore, Ponalagusamy and Senthilkumar 
[34] developed a fourth-order embedded RK algorithm 
with Heronian mean incorporating error control for 
single-layer or raster cellular neural networks. Atalan 
et al. [35] developed optimization models to assess and 

improve the performance of healthcare systems. Dincer 
[36] analyzed mathematical modeling to determine the 
nickel inhibition constant in nitrification processes. 
Berrak and Ali [37] examined the stability of a neural 
field model incorporating small delays. Results are shown 
for convergence-error behavior and computational algo-
rithms. A summary and suggestions for more research are 
included in the study’s conclusion, which investigates the 
use of fractional differential equations in the modeling 
of diseases such as cancer and infectious diseases, with a 
particular emphasis on the relationship between cancer 
cells and the immune system. Important topics like the 
mathematical framework, error analysis, and solution 
representation are covered. Summaries of the findings 
and recommendations for further study are provided at 
the end. The work closes research gaps concerning the 
T-cells model by using a novel FO modeling system to 
realize how the virus spreads within a mass with adaptive 
invulnerability. The numerical solutions of the given FO 
model are analyzed using the ADM in combination with 
the Laplace transform. To validate the results, random 
values ​​are assigned to the initial conditions and parame-
ters. In this study, we develop and analyze a mathematical 
model (MM) for leukemia, represented by a system of FO 
differential equations. The model consists of four com-
partmental components: Fractional order S(t), I(t), C(t), 
and W(t) [38-39]. We aim to investigate the numerical 
simulations, graphical representations, parameter analy-
ses, interpretations, and solutions of the fractional-order 
model using the RK4 method and the LADM. The results 
obtained from LADM are compared with those derived 
from numerical simulations. We present solution figures 
generated through LADM and simulate them alongside 
the numerical solutions for comparison. This analysis 
highlights the accuracy, simplicity, and effectiveness of the 
LADM approach. By including FO derivatives, the model 
can more exactly enlighten derivatives that are common 
in biological organizations but are often missed in con-
ventional integer-order models, and many researchers 
have described [40-45].

This work is systematized as follows: Section 2 covers 
the preliminaries, providing foundational concepts. Section 
3 offers a detailed description of the mathematical model 
(compartmental structure) for leukemia. Section 4 out-
lines the solution steps using the LADM method. Section 
5 delves into the analysis of the fractional model, while 
Section 6 examines the solutions in detail. The Numerical 
simulations are presented in Section 7, which includes a 
subsection (7.1) focused on numerical simulations and 
result comparisons. Section 8 explores the stability cri-
teria for the FO leukemia model, and Section 9 discusses 
the convergence analysis for the model. Lastly, Section 10 
concludes the study and highlights possible directions for 
future research.
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PRELIMINARIES

The Reimann-Liouville fractional (RLF) θ-order inte-
gral operator, where the function q : R+ → R, expressed Jθ 
q(t) is expressed as

Where θ ∈ R+ : θ ∈ (0,1) and t > 0. The gamma function 
Γ(θ)is given by y

Mathematical Model (Compartment) of Leukemia
By integrating experimental data and theoretical analy-

sis, the model can guide clinical practice and contribute to 
improving patient outcomes in cancer immune treatment. 
We will use a system of ODEs to describe the dynamics of 
(CAR) T Cell Treatment. Here S(t) represents the num-
ber of susceptible blood cell class, I(t) represent the num-
ber of infected blood cell class, C(t) represent the number 
of leukemia cell class and W(t) represent the number of 
immune blood cells. Here, Figure 1 represents the leuke-
mia transmission with a compartment model. According 
to Khumaeroh et al. [4], Khatun and Biswas [8] model, we 
considered as: 

The natural mortality rates of S(t), I(t), C(t), and W(t) 
are represented by the parameters α, µ, b, and τ, respectively. 
Due to the presence of C(t) in the blood, the decay rate of 
W(t) is indicated by the letter θ, v is the rate at which T cells 
and the proliferation rate of W(t) is δ. Here, Figure 1 rep-
resents the Leukaemia transmission with the compartment 
model. The following set of ordinary differential equations 
governs our modified model Khumaeroh et al. [4], Khatun 
and Biswas [8] and karim et al. [36] is as:

	 	

(1)

	 and S(t) ≥ 0, I(t) ≥ 0, C(t) ≥ 0 and W(t) ≥ 0.	 (2)

Steps of Solutions of LADM
The ADM, introduced by Adomian in 1980, is a robust 

approach for obtaining numerical and explicit solutions to 
systems of DEs arising in physical problems. The LT, widely 
recognized as a powerful tool in manufacturing and applied 
mathematics, complements ADM effectively. The integration 
of these two methods gives rise to the LADM, a highly effi-
cient technique. In LADM, the LT is applied to convert DEs 
into algebraic equations, while nonlinear terms are expressed 
in terms of Adomian polynomials. This method is well-suited 
for solving deterministic and stochastic differential equa-
tions, including systems of linear and nonlinear ordinary and 
partial differential equations of both classical and fractional 
orders. Unlike other methods, LADM does not require per-
turbation, linearization, or a predefined step size, as in the 
RK4. Additionally, it does not depend on parameters like the 
Homotopy Perturbation Method (HPM). Although the solu-
tions obtained through LADM align with those derived from 
the standard ADM, LADM is considered more powerful.

Let us consider the following FO differential equation 
given by

Where cJ∝Vi(t) is Caputo–Fabrizio operator of i number 
of unspecified functions P(t).

Figure 1. Leukaemia transmission with a compartment model.
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Now from Equation (2), on (1) yields:

Utilizing the ADM, the unknown function is decom-
posed as:

Where,  
and Aij is the using the definition of an adomian polyno-
mial, one obtains:

Now from equation (4), w1j, w2j,……… wnj, J ≥ 0:

which simplifies to the equations be 

Applying FO and Caputo-derivative methods, we have

	 	

(3)

 

where  and 

If the equations (3) be  

and  respectively. Now from Equations (3) we get, 

	 	

(4)

With initial conditions

	 S(0) = S0, I(0) = I0, C(0) = C0, W(0) = W0	 (5)

On the provided fractional-order model, numerical 
solutions are examined by utilizing the (ADM) in conjunc-
tion with the LT. Both the initial conditions and parameter 
values are randomly assigned in order to validate the gen-
erated results.

Variables and Parameter Analysıs of  the  Fractional 
Order Model

Table 1-2 in this section presents the definitions of each 
compartment along with detailed descriptions of the param-
eters used in the model (Altrock et al. [2], Khumaeroh et al. 
[4], and Khatun and Biswas [8]).

Table 1. Variables and parameter description of the fractıonal order leukemia model

Variables / parameters Descriptions Area Unit
S Susceptible blood cell class S ≥ 0 Concentration
I Infected class I ≥ 0 Concentration
C Leukemia blood cell class C ≥ 0 Concentration
W Immune blood cell class W ≥ 0 Concentration
A Recruitment rate of susceptible blood cells A ≥ 0 Concentration/day
µ Natural death rate μ ≥ 0 Concentration/day
α Changing rate of susceptible class to infected class α ≥ 0 1/day
γ Infected cells natural death rate γ ≥ 0 Concentration/day
β Decay rate of Infected cells β ≥ 0 Concentration/day
r Progress rate of Leukemia blood cell r ≥ 0 1/day
θ Carrying capacity of Leukemia blood cell θ ≥ 0 Concentration/day
v Exterior distillation rate of T-Cell Treatment v ≥ 0 Concentration/day
τ Natural death rate of Recovered cell τ ≥ 0 1/day
δ Immune cell of proliferation rate δ > 0 1/day
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Solutions
Taking the LT on both sides in Eq. (3), we attain the 

succeeding:

	 	

(6)

	 	

(7)

	 	

(8)

	 	

(9)

Assuming that the solution S(t), I(t), C(t),W(t) are in 
form infinite series by

	 	
(10)

and non-linear term involved in the model are S(t), I(t), 
C(t), W(t) are decomposed by Adomaim.

where An, Bn and Cn are Adomain polynomial given by

	 	

(12)

Substitute Equation (10)-(12) in the Eq. (9) we get,

	

(13)

Using initial condition in Equation (13) we have,

	 	

(14)

We iterate term in Eq (14) we get,

Table 2. Purpose of the specific parameter of MM of leukemia (Khumaeroh et al. [4], Khatun and Biswas [8] and Karim 
et al. [36]). 

Parameter Cancer: endemic balance prior to 
intervention

After treatment, the endemic 
equilibrium is free of cancer

The cancer endemic equilibrium 
following treatment

A 1 1 1
α 0.001 0.01 0.001
β 0.00005 0.00001 0.00005
μ 0.0002 0.003 0.0002
γ 0.001 0.001 0.001
δ 0.01 0.03 0.01
r 0.18 0.019 0.18
b 0.001 0.001 0.001
k 0.005 0.04 0.005
v 0 0.5 1
τ 0.001 0.006 0.05
θ 0.002 0.01 0.002
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(15)

The followings were obtained from equation (15) we 
get,

	 	 (16)

When n = 0, from first Eq. of (15)

	 	

(17)

When n = 0 in second Eq. of (15) we get,

	 	

(18)

Also, when n = 0 in third Eq. of (15), we get

	 	

(19)

Again when n = 0 in 4th Eq. of (15)

	 	

(20)

Similarly, when n = 1 then equation (10) in first 

Equation we get

	 	

(21)

Similarly, when n = 1 then equation (15) in 2nd equation 

we get
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	 	 (22) 

Also, when n = 1 in third Eq. of (15) we get
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	 	 (23)

Similarly, when n = 1 then equation (15) in fourth 

Equation we get

	 	

	

	

	

	 	 (24) 

Similarly, the remaining terms can be derived, ulti-
mately yielding the solution in the form of an infinite series 
be

	 	
(25)

 

RESULTS AND DISCUSSION 

We conduct a numerical simulation to gain deeper 
insights into the dynamics and control of T cell treatment. 
With the initial values S0 = 149.079, I0 = 1.082, C0 = 1.5971, 
W0 = 252.26, θ = α, and parameters given in Table 1, 2, the 
simulation’s results were evaluated to produce the series 
solution of arbitrary order that follows.

	 	 (26)

	 	 (27)

	 	 (28)

	 	 (29)

Numerical Simulation and Comparison of Results
This section will compare the numerical solutions deter-

mined using the RK4 method with the analytical solutions of 
the FO at CAR T cell therapy model for leukemia obtained 
using the LADM. T-cell parameters α = 0.001, β = 0.00005, μ 
= 0.0002, and γ = 0.001, A = 1.5, are using serve as the founda-
tion for immune cell characteristics in the ensuing numerical 
simulations. It is assumed when determining the estimated 
value of Table 2. Here, Figure 2 illustrates the stability region 
of the FO system for 0 < α < 1, as determined by the criterion 
outlined in Eq. (8.1). Also Figure 3 represents the analytical 
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solution for S(t) and approximate solutions obtained using 
the LADM for various fractional-order values of α within the 
range 0 < t < 1. We execute simulation for the static ending 
time 50 days and plotted Figures 3-11 given below. Using the 

LADM, the study computed numerical results for S(t), I(t), 
C(t), and W(t). We have found that these results are studied 
in altered values of the FO parameter α. Numerical simula-
tion of S(t), I(t), C(t), and W(t) plotted in Figures 3-11 given 
below. Over an interval of 0 < t < α for various values ​​of α=1, 
0.75, 0.50, 0.25 respectively and all outcomes have been com-
pared with the analytical solution of the considered problem. 
Figure 4, I(t) highlight the significance of the effect of each 
parameter’s sensitivity on the important reproduction quan-
tity through two-dimensional plots that show the reactions 
to two different parameter values. Furthermore, Figure 5, 
C(t) and, Figure 6, W(t) are represents the analytical solu-
tion for approximate solutions obtained using the LADM for 
various fractional-order values of α within the range 0 < t 
< 1 respectively. Here, Figs. 3-6 illustrate that the fraction-
al-order leukemia model offers greater flexibility, allowing 
for varied responses across different compartments of the 
proposed model (3). Notably, we assumed relatively small 
initial values, which justified the use of a short time interval. 
For extensive time intervals, larger initial values should be 
considered to ensure that the population values remain pos-
itive, and the reverse applies for shorter intervals. Figure 7 
represents the plot comparing Susceptible, Infected, Cancer 

Figure 3. Analytical solution for S(t) and approximate solutions obtained using the LADM for various fractional-order 
values of α within the range 0 < t < 1.

Figure 2. The stability region of the FO system for 0 < α < 1, 
as determined by the criterion outlined in Eq. (8.1)
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Figure 5. Analytical solution for C(t) and approximate solutions obtained using the LADM for various fractional-order 
values of α within the range 0 < t < 1.

Figure 4. Analytical solution for I(t) and approximate solutions obtained using the LADM for various fractional-order 
values of α within the range 0 < t < 1.
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Figure 6. Analytical solution for W(t) and approximate solutions obtained using the LADM for various fractional-order 
values of α within the range 0 < t < 1.

Figure 7. Plot comparing Susceptible, Infected, Cancer and immune blood cells LADM and RK4 method fractional order 
αi = 1 where 0 < t < 1.
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and immune blood cells LADM and RK4 method fractional 
order αi = 1 where 0 < t < 1 Figure 8-11 present a comparison 
of the solutions obtained after three terms with those derived 
using the RK4 method for a classical order α. As shown in 
Figure 8 -11 represents the effect of the variation of parame-
ter α = 1, 0.75, 0.50, 0.25 respectively on the number S(t), I(t), 
C(t), and W(t). In this paper, red colors at dotted signed rep-
resents RK4 and blue colors represents LADM. We conclude 
that the analytical solution is much closer to numerical solu-
tions. Hence, our proposed method is reliable and efficient. 

Numerical experiments are performed. The results indicate 
that, for the specified parameter values, the solutions gener-
ated by LADM using integer order align closely with those 
produced by RK4 at the given time. The model of leukemia 
dynamics within a host are investigated using a fractional-or-
der model that emphasizes adaptive immune memory. 

Stability Analysis
The disease-free equilibrium point of the leukemia 

model (1) is given as 

Figure 8. Plot comparing mathematical model of Leaukemia LADM and RK4 method FO α = 1.

Figure 9. Plot comparing mathematical model of Leaukemia LADM and RK4 method FO α = 0.75.
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 and Endemic equilibrium with the innate 
immune response point

Theorem 1: Consider the following autonomous 
 nonlinear FO system:The 

following systems equilibrium points are solutions to the 
g(n(t)=0. If all eigen values (μj) of the jacobian matrix  
meet the condition n* meet the condition 

	 	 (30)

Then the equilibrium point n* is locally asymptotically 
stable.

Proof: Now, let us focus on the asymptotic stability of 
the endemic (positive) equilibrium for the model described 

Figure 10. Plot comparing mathematical model of Leaukemia LADM and RK4 method FO α = 0.50.

Figure 11. Plot comparing mathematical model of Leaukemia LADM and RK4 method FO α = 0.25.
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in (3). To analyze this, we evaluate the Jacobian matrix at 
the endemic equilibrium, which is expressed as follows:

The J is evaluated at the endemic equilibrium point P*. 
[4] is given as:

	 	
(31)

 

Now from equation (8.2), we can write as:

	 	 (32)

If V(φ) denotes the discriminiant of polynomial φ(μ) = 
μ4 + l0 μ3 + l1 μ2 + l2 μ + l3, where all the coefficients are real.

	 	

(33)

We have the proposition [44].
Theorem 2. Assume that P* exists in R4

I.	 Proof: Put Ψ1, Ψ2, Ψ3 are Routh-Hourwitz determinants:

When α = 1, the equilibrium point P* is locally asymp-
totically stable if 

	 	 (34)

For all α ∈ [0,1), P* is locally asymptotically stable, these 
(8.5) be sufficient but no essential. We will investigate the 
equation (8.1) from n = 1 to 4.
II.	 If l3 > 0 be then point P* is locally asymptotically stable.
III.	If V(φ) > 0, l0 > 0, l1 < 0 and α > 2/3 then P* is equilib-

rium unstable.
IV.	If V(φ) < 0, l0 < 0, l1 > 0, l2 < 0, l3>0, then P* is equilib-

rium unstable.

Convergence Analysis
The obtained solution is a rapidly converging series that 

consistently approaches the exact solution. To verify the 

convergence of the series (15), we employ classical tech-
niques, drawing on the approach outlined in [17].

Theorem 1: Let, R be a Banach space and N: R → R be a 
constructive nonlinear operator such that ∀ r, r1 ∈ R, ∥ N(r) 
- N(r1 ) ∥ ≤ p ∥ r - r1 ∥ , 0 < p <1. Then N has a unique point 
m such that Nr = r, where r = (S, I, C, W). The series given in 
(15) can be written by LADM as:  

  and assume that r0 ∈ Bj (r) where Bj (r) = {r1 ∈ 
R: ∥r - r1 ∥ < j}, t then we have
I.	
II.	

Proof: For (I), using mathematical induction for y = 1, 
we have

Put the result is true for k - 1 then

(II)	 since  and 
therefore we have  then  
Hence the theorem is verified.

CONCLUSION 

We have successfully developed a scheme for numerical 
solutions mathematical model of CAR T-cell therapy of frac-
tional order by using the Adomian decomposition method 
and the Runge-Kutta fourth order method. The results of the 
Laplace Adomian decomposition method and the Runge-
Kutta fourth order method are compared with each other. 
Furthermore, the approximate solution by Laplace Adomian 
decomposition method is in complete agreement with the 
Runge-Kutta fourth order method for Figs.7-11 respectively. 
Further, this validates Laplace Adomian decomposition 
method for efficiency and accuracy in solving the proposed 
model for leukemia. In these simulations, the study demon-
strates the impact on memory on invulnerable dynamics. The 
dynamic behavior of the structure was visualized as various 
parameters were varied using the LADM. Finally, this study 
made a significant insight into the T-cell therapy transmission 
dynamics. More compartments like as cytokine, vaccination 
may be added with the Mathematical model of leukemia frac-
tional order differential equation to get more accurate solu-
tions that can be treated as future research of this work. 
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