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ABSTRACT

Hamiltonian systems possess important properties, such as the preservation of the symplectic 
structure and the conservation of energy. Traditional numerical iteration methods generally 
violate these properties. This paper proposes a data-driven deep learning algorithm to solve 
separable Hamiltonian systems. It is computationally efficient and scalable. The proposed 
algorithm tries to hold the balance between symplectic and energy-conserving. Addition-
ally, it can work efficiently with few data points, and the obtained solution is continuous. 
The algorithm consists of three main steps: (i) obtaining data points from a solver, (ii) data 
augmentation, and (iii) ensuring energy conservation. The algorithm was evaluated on the 
simple harmonic oscillator, nonlinear oscillator, and Lotka-Volterra systems. The proposed 
algorithm has demonstrated successful performance across all these systems despite the few 
data. In conclusion, it has been experimentally demonstrated that the proposed method is 
effective even with few data points. Furthermore, the proposed algorithm can effectively work 
regardless of the solver chosen in all examples.
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INTRODUCTION

Solving differential equations with deep learning algo-
rithms dates back approximately three decades [1, 2]. 
To date, two main approaches have been widely used in 
research for this purpose. One approach involves solving 
differential equations using equation-driven deep learning 
algorithms [1, 3, 4]. Another one is using data-driven deep 
learning algorithms [5, 6]. Recently, the utilization of both 
equation-driven and data-driven deep learning algorithms 

has gained popularity in the numerical study of dynamical 
systems [7]. One of the most significant motivations for this 
approach is that it can incorporate the laws of physics [8], as 
the time-dependent dynamics of a system are governed by 
physical laws such as energy and momentum. An example 
of this is Hamiltonian systems, which are dynamical systems 
that conserve energy [9]. To solve Hamiltonian systems, a 
significant amount of research has been conducted utilizing 
both approaches. However, they have employed automatic 
differentiation, which is more computationally expensive, 
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or utilized complex deep learning models. In this context, 
this paper proposes a data-driven deep learning algorithm 
to solve separable Hamiltonian systems without automatic 
differentiation and complex deep learning architectures.

In recent years, an equation-driven approach for 
Hamiltonian systems has been introduced by Mattheakis 
et al. [4]. They proposed a Hamiltonian neural network 
architecture designed to approximate Hamiltonian tra-
jectories. Motivated by [4], this paper utilizes their model 
but in a different manner. The first difference is that a 
data-driven model is employed here. The second point is 
that they employed automatic differentiation to obtain the 
derivatives of the model with respect to the time variable. 
However, the derivatives of the neural network were not 
computed here, as the data was obtained from an ordinary 
differential equation solver.

For Hamiltonian systems, there has been increased 
research that employs the data-driven approach. In partic-
ular, Greydanus et al. [10] presented Hamiltonian Neural 
Networks (HNN). They designed a neural network that 
represents the Hamiltonian function. Automatic differ-
entiation was used in the training of HNN. The nota-
ble aspect of the study, and another difference from this 
paper, is the learning of the Hamiltonian function using 
pixel data. Subsequently, HNNs were developed to solve 
chaotic systems by Han et al. [11] and named adaptable 
HNN. Meanwhile, HNNs were utilized to learn the tra-
jectories of Hamiltonian systems in [12]. Furthermore, 
there are various works concerning the representation of 
the Hamiltonian function using neural networks [13–15]. 
These works employed automatic differentiation, which, 
as previously mentioned, is computationally expensive. 
Moreover, they utilized advanced architectures, such as 
autoencoders [13] and symmetry-preserving extensions of 
HNNs [14], among others.

Physics-inspired neural networks have been introduced 
for solving differential equations [8, 16–22], where they 
incorporate the laws of physics. Karniadakis et al. [8] pro-
posed the physics-informed neural network (PINN). They 
constructed a loss function to satisfy differential equations 
and added a new term to the loss function to ensure the 
conservation of physical laws. The derivatives of the neu-
ral network were obtained using automatic differentiation 
once again. Recent advancements in PINNs encompass 
improvements in training algorithms, architectural designs, 
and computational efficiency. A neural network-based 
architecture called SciNet was presented by Iten et al. [16] 
with the goal of simulating human physical thinking in 
order to extract basic physical principles from empirical 
data without the need for prior knowledge. SciNet demon-
strates how these neural networks can independently dis-
cover physical notions. Yu et al. [17] developed Gradient 
Enhanced Physics Knowledge Neural Networks (gPINNs) 
to improve training performance and accuracy, using resid-
ual gradients of PDEs. To further improve performance, 
they also combined gPINNs with a residual-based adaptive 

refinement method. First-Order PINNs (FO-PINNs) were 
developed by Glasdstone et al. [18]. It reformulates high-
er-order PDEs into a series of first-order equations. Thus, 
FO-PINNs reduce training time per iteration by avoiding 
the computation of higher-order derivatives using auto-
matic differentiation. Moreover, it enhanced accuracy com-
pared to standard PINNs. Wang et al. [19] developed the 
NAS-PINN, which employs Neural Architecture Search 
(NAS) to automatically identify optimal neural network 
architectures for solving PDEs. Using PINNs, Norambuena 
et al. [20] suggested a computational approach to optimal 
quantum control problems. They show that PINNs are 
more flexible and energy efficient than traditional control 
methods when it comes to solving state-to-state transmis-
sion in open quantum systems. For conventional numeri-
cal integrators in Hamiltonian systems, maintaining phase 
space structures and energy conservation over extended 
time scales is a major difficulty. In this regard, SympFlow, 
a neural network-based symplectic integrator that incor-
porates time-dependent Hamiltonian functions, was 
developed by Canizares et al. [21]. By leveraging physics-in-
formed machine learning techniques, SympFlow effectively 
addresses these challenges. Another work, called the phys-
ics-enhanced neural network, was presented by Choudhary 
et al. [22]. They applied HNN to chaotic systems.

Moreover, there is a research perspective focused on 
defining Hamiltonian systems using neural networks that 
preserve the symplectic structure [23–25]. Tong et al. [23] 
presented a fourth-order integrator using a neural net-
work architecture called TaylorNet. Additionally, sym-
plectic networks (SympNets) were introduced by [24]. 
Hamiltonian systems are learned using SympNet in the 
paper. Subsequently, SympNets were improved by [25], and 
the architecture was designed to locally preserve the sym-
plectic structure.

Another aspect of the study involves learning dynami-
cal systems using Poisson neural networks [26], as well as 
employing deep learning to represent the Koopman opera-
tor [27] and using thermodynamics-aware time integrators 
for learning dynamical systems [28].

In this paper, a data-driven deep learning algorithm is 
proposed to solve separable Hamiltonian systems. The algo-
rithm is applied to the simple harmonic oscillator, nonlin-
ear oscillator, and Lotka-Volterra as examples. The results 
were then evaluated and compared with the scipy.integrate.
odeint method in Python. The algorithm outperforms its 
counterparts, even with few data. The requirements for the 
proposed algorithm are a separable Hamiltonian system and 
a traditional solver, such as Euler, symplectic Euler, Verlet, 
or Runge-Kutta. Numerical symplectic integrators cannot 
conserve energy. Conversely, numerical methods that con-
serve energy cannot preserve the symplectic structure [29]. 
Thus, the algorithm is designed to ensure conservation in 
both cases. To achieve this, a symplectic integrator, such as 
symplectic Euler or Verlet, is employed to obtain data. The 
contributions of this work are outlined as follows:
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•	 The proposed algorithm solves Hamiltonian equations 
with few data.

•	 It provides a continuous solution and scales to high 
dimensions.

•	 It balances the preservation of symplectic structure and 
energy conservation.
The structure of this paper is organized as follows: 

In Section 2, Hamiltonian systems will be introduced. 
Subsequently, the algorithm will be described in Section 3. 
Section 4 includes the examples. In Section 5, the results 
will be presented. Finally, the results are evaluated, and the 
discussion will focus on future work.

Hamiltonian Systems
A Hamiltonian system is a dynamical system character-

ised by a function ℋ: ℝ2d → ℝ that satisfies the following 
equations:

	 	 (1)

where q = (q1, q2, …, qd) ∈ ℝd and p = (p1, p2,…, pd) ∈ ℝd 
are  usually called as position and momentum vectors in the 
phase space, respectively. Additionally, t represents the time 
variable here.

In this paper, separable Hamiltonian systems of the 
form

	 	 (2)

are considered, where 𝒯(p) represents the kinetic energy 
function and 𝒱(q) denotes the potential energy function. 
One of the most significant properties of Hamiltonian sys-
tems is the conservation of energy. This property arises 
from the fact that the derivative of ℋ with respect to t is 
zero, as demonstrated by Equation .

	 	 (3)

Therefore, it can be concluded that ℋ remains constant 
for all t. From this perspective, the deep learning algorithm 

proposed in this study ensures that the solution of the sys-
tem adheres to the constraint of energy conservation.

MATERIALS AND METHODS

The proposed method consists of the following three 
steps:
1.	 Solve the system with few data points t values (denoted 

by ts) within the specified time interval using a symplec-
tic solver, such as symplectic Euler or Verlet.

2.	 Develop a deep learning model and train it on the data 
points obtained from the solver, utilizing the Mean 
Squared Error (MSE) loss function. After the training 
phase, augment the dataset by generating additional 
t points (denoted by tm) using the trained model. 
Specifically, the model predicts the values of q and p 
corresponding to the additional tm data points within 
the specified time interval.

3.	 Finally, the augmented dataset is trained using an ener-
gy-conserving loss function for the same deep learning 
model. Upon completion of this training, the model is 
capable of providing a continuous approximate solution 
for the specified time interval t.
Figure 1 provides an overview of the solution steps.
In this study, both the symplectic Euler and Verlet 

schemes are employed as solvers for all examples. For 
the Hamiltonian system, the symplectic Euler and Verlet 
schemes solve system using the algorithms provided in 
equations and , respectively:

	 	
(4)

	 	

(5)

Figure 1. The proposed method consists of three steps. In the first step, the system is solved with a solver for a small num-
ber of points, ts. In the second step, training is performed using the data points obtained, with a model that employs an 
MSE loss function, and additional data points are predicted for tm using the model. In the final step, training is conducted 
with a model that employs an energy-conserving loss function, and predictions are made for tp. As a result, the final model 
gains the capability to make predictions for any t.
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In these equations (4) and (5), h represents the step size 
and qi, pi are the solutions at the i-th time point. Moreover, 
it is explicit that ∇q ℋ(q, p) = ∇q 𝒱(q) and ∇p ℋ(q, p) = ∇p 
𝒯(p)  for seperable Hamiltonian systems.

As mentioned above, given an initial point defined as 
z0 = z(t0 = 0) = (q0, p0) and a time interval t, the system 
described in Equation is initially solved using either the 
symplectic Euler or Verlet scheme. As a result, a dataset is 
obtained that comprises {(t0, z ̂0), (t1, z ̂1), …, (ts, z ̂s)}. Secondly, 
this dataset is used in the deep learning algorithm that has 
the architecture in Figure 1.

In this model, the architecture is similar to multilayer 
perceptron (MLP) except the last layer (6) where the output 
is:

	 	 (6)

Here, N(t) represents the output of model before the last 
layer. The last layer have been just designed for satisfying 
the given initial point [4]. Accordingly, f is defined as:

	 	  (7)

Equation so that z ̂ (0) = z(0) when t = 0. After train-
ing the model with the MSE loss function defined in 
Equation, predictions of  z ̂  can be made for various t points. 
The model has just fitted to the dataset. In contrast to the 
Hamiltonian, the model has been employed to approximate 
a different trajectory so far. However, the model provides 
flexibility for augmenting data points. For s < m, m sam-
ple is taken by uniform distribution from given interval 
t. Then for each ti, i = 1, 2, …, m, model makes a predic-
tion. Thus, an augmented dataset is obtained, denoted as 
{(t1, z ̂1), (t2, z ̂2), …, (tm, z ̂m)}, which will be utilized by the 
model in the second training phase with the energy-con-
served loss function defined in Equation. In the final 
step, the energy-conserved loss function was designed to 
enhance the model’s performance.

As a result, this method guarantees excellent perfor-
mance even when using sparse data points obtained from 
a symplectic solver. The proposed method outperforms 
competing strategies by avoiding neural network derivative 
calculations. It reduces computational load and increases 
numerical stability. The approach is also scalable. By simply 

changing the parameters, it can be applied to a wide variety 
of complex physical problems.

MSE Loss Functions
In the first training, the widely recognized loss func-

tion known as the Mean Squared Error (MSE) was utilized, 
defined as follows:

	 	 (8)

The significance of this training lies in its capacity to 
learn from the dataset, thereby facilitating the augmenta-
tion of data points after the training process.

Energy-Conserving Loss Function
The second loss function, referred to as the energy-con-

serving loss function, is defined as follows:

	 	

(9)

This loss function consists of two components: the first 
part ensures that the model preserves the basic structure of 
the data, while the second part ensures the conservation of 
the Hamiltonian. Here, γ is a crucial hyperparameter because 
it controls the balance between fitting the data and ensuring 
the conservation of the Hamiltonian. Its value directly affects 
the degree to which the Hamiltonian is preserved through-
out the optimization process. This implies that, if γ is cho-
sen sufficiently small, the model places more emphasis on 
energy conservation, thus prioritizing the conservation of 
the Hamiltonian over the precise fitting of the data.

EXAMPLES

Deep learning algorithms are highly effective tools for 
learning invariant patterns, capturing complex patterns and 
relationships within a dataset. Even when trained on rela-
tively small datasets, they have the ability to effectively gen-
eralize by identifying underlying patterns and extending 
beyond the given data. In this study, the proposed model 
is applied to Hamiltonian dynamical systems, especially the 

Figure 2. In both models, the structure is identical to that of a fully connected deep learning model, except for the final 
layer. In each model, the final layer is designed as z ̂ (t) = z(0) + f(t)N(t), where N(t) represents the output of the last layer 
of the fully connected model, ensuring the initial conditions of the system are satisfied. The input is the time t, and the 
output consists of  z ̂ (t) = (q, p) values.
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simple harmonic oscillator, the nonlinear oscillator, and the 
Lotka-Volterra system. The performance of the proposed 
model is compared to that of the ‘scipy.integrate.odeint’ 
solver, which employed 1500 time points to solve the 
non-linear oscillator and Lotka-Volterra systems. However, 
for the simple harmonic oscillator, the analytical solution 
is utilized owing to its accessibility. The hyperparameters 
were selected based on insights gained from experimental 
observations. The common parameters and hyperparame-
ters of the neural network are presented in Table 1.

The sine function is utilized as the activation function 

due to the enhancement of the model’s predictive capabil-
ity by trigonometric functions [4]. The experiments were 
conducted on virtual machines provided by Google Colab, 
equipped with 2 vCPUs and 13GB of RAM. Additionally, 
the Python programming language and the TensorFlow 
library were used in all examples1.

Simple Harmonic Oscillator
The kinetic and potential energies are defined in 

Equation , respectively:

	 	 (10)

For simplicity, let k = m = 1; then the Hamiltonian is 
given by:

	 	 (11)

The initial point, solution interval, sample size, and 
batch size for the simple harmonic oscillator are provided 
in Table 2.

1  Project page is available at https://tayfununal.github.io/Article-2/

Nonlinear Oscillator
The kinetic and potential energies are defined, respec-

tively, as follows:

	 	 (12)

Thus, the Hamiltonian takes the form:

	 	 (13)

For the nonlinear oscillator, the initial point, solution 
interval, sample size, and batch size are provided in Table 3.

Lotka-Volterra
The Hamiltonian of the Lotka-Volterra dynamical sys-

tem is defined as:

	 	  (14)

where x and y do not represent canonical coordinates. 
Assuming q = ln(y), p = ln(x), and setting α = 2/3, β = 4/3, γ 
= δ = 1, the Hamiltonian takes the form:

	 	 (15)

where

	 	
(16)

For the Lotka-Volterra problem, the initial point, solu-
tion interval, sample size, and batch sizes are specified in 
Table 4.

Table 4. The parameters for Lotka-Volterra

Symplectic-Euler and Verlet
Initial Point (-0.105, -0.105)
Interval of t [0, 50]
Samples of t 45
Batch Size 5000

Table 3. The parameters for nonlinear oscillator

Symplectic-Euler and Verlet
Initial point (1.3, 1)
Interval of t [0, 4π]
Samples of t 25
Batch size 1000

Table 2. The parameters for simple harmonic oscillator

Symplectic-Euler and Verlet
Initial point (0, 1)
Interval of t [0, 2π]
Samples of t 5
Batch Size 1000

Table 1. The common parameters and hyper-parameters

Values Values
Input dim 1 Activation function sinus
Output dim 2 Augmented t (tm) 10000
Hidden layer 20 Learning rate 0.0001
Neurons 64 γ (Gamma) 0.0001
Epoch 5000

https://tayfununal.github.io/Article-2/
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RESULTS AND DISCUSSION

Initially, the symplectic Euler method is employed as 
the solver in the proposed model. Only 5 data points are 
utilized for the harmonic oscillator, 25 data points for the 
nonlinear oscillator, and 45 data points for the Lotka-
Volterra system during the training phase. Subsequent to 
the training, the results are presented in Figures Figure 3, 
Figure 4, and Figure 5. Despite training the model with a 

minimal amount of data, high performance is achieved 
across all examples. In the cases of the simple harmonic 
oscillator, nonlinear oscillator, and Lotka-Volterra system, 
the model demonstrated significantly better energy conser-
vation compared to the symplectic-Euler method and pro-
vided a closer approximation to the ground truth.

MSE values for energy conservation were computed 
by comparing both the symplectic-Euler method and 
the proposed model to the ground truth in Table 5. This 

	

Figure 5. Phase diagram and energy graph of the Lotka-Volterra system using the symplectic-Euler solver.

	

Figure 4. Phase diagram and energy graph of the nonlinear oscillator using the symplectic-Euler solver.

	

Figure 3. Phase diagram and energy graph of the harmonic oscillator using the symplectic-Euler solver.
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comparison highlights the effectiveness of the proposed 
model in maintaining energy conservation more accurately 
than the symplectic-Euler method.

The second solver employed in this model is the Verlet 
method. As previously mentioned, the examples utilize 5, 
25, and 45 data points, respectively. The results are pre-
sented in Figures Figure 6, Figure 7, and Figure 8.

MSE values for energy conservation were computed by 
comparing both the Verlet method and the proposed model 
to the ground truth in Table 6. This comparison highlights 

Table 5. MSE values for both symplectic-Euler and the pro-
posed model according to ground-truth

MSE values

Examples Symplectic 
-Euler

The proposed 
model

Simple harmonic oscillator 1.1874350 0.0000010
Non-linear oscillator 18.471113 0.0000940
Lotka-Volterra 0.0029499 0.0000028

	

Figure 8. Phase diagram and energy graph of the Lotka-Volterra system using the Verlet method as the solver.

	

Figure 6. Phase diagram and energy graph of the harmonic oscillator using the Verlet method as the solver.

	

Figure 7. Phase diagram and energy graph of the nonlinear oscillator using the Verlet method as the solver.
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the effectiveness of the proposed model in maintain-
ing energy conservation more accurately than the Verlet 
method.

Lastly, a comparison between the results obtained using 
the symplectic-Euler method and the Verlet method is pre-
sented for all examples, as illustrated in Figures Figure 9, 
Figure 10, and Figure 11. Although the Verlet method con-
serves the symplectic structure more effectively than the 
symplectic-Euler method, the results demonstrate that the 
model performs exceptionally well with both solvers.

	

Figure 11. Symplectic-Euler versus Verlet methods in the phase diagram and energy graph of the Lotka-Volterra system.

	

Figure 10. Symplectic-Euler versus Verlet methods in the phase diagram and energy graph of the nonlinear oscillator.

	

Figure 9. Symplectic-Euler versus Verlet methods in the phase diagram and energy graph of the harmonic oscillator.

Table 6. MSE values for both Verlet and the proposed mod-
el according to ground-truth

MSE values

Examples Verlet The proposed model

Simple harmonic oscillator 0.220253 0.0000030

Non-linear oscillator 0.044066 0.0000250

Lotka-Volterra 0.000431 0.0000003
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CONCLUSION

A data-driven deep learning algorithm for solving 
separable Hamiltonian systems has been presented. With 
the proposed algorithm, Hamiltonian systems have been 
solved numerically. Since Hamiltonian systems are widely 
used in physics and engineering, the proposed algorithm 
will be beneficial in these fields. For instance, many mod-
els in mechanics can be expressed in Hamiltonian form. 
Therefore, the suggested algorithm can be applied in the 
study and control of mechanical systems. The proposed 
algorithm offers advantages over existing schemes by pro-
viding a continuous solution that balances the preservation 
of symplectic structure and energy conservation even with 
few data. There are no limitations on the choice of an ordi-
nary differential equation solver in the initial step. In this 
study, Symplectic-Euler and Verlet methods were employed; 
however, alternative solvers such as Euler, Runge-Kutta, or 
neural ordinary differential equation solvers may also be 
utilized. Experimental results demonstrate that the algo-
rithm performs effectively, even when utilizing few data 
points. An important distinction of the proposed method 
compared to its counterparts is that it does not utilize the 
differential of the neural network. This approach renders 
the method easy to implement, allowing it to be applied 
similarly to ordinary regression problems, which is advan-
tageous in terms of numerical stability. In future work, the 
research will be extended to address partial differential 
equations utilizing the proposed method with certain mod-
ifications. Furthermore, other deep learning models, such 
as autoencoders and flow-based models, will be employed 
to augment the data.
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