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INTRODUCTION

Matrices are used in many areas and also included in the
solution of many systems. Especially; numerical analysis,
some differential equations, difference equations, in the solu-
tion of boundary value problems, in the numerical solution
of partial differential equations, delay differential equations
and many applied fields be used determinants, eigenvalues,
eigenvectors and matrix powers of the tridiagonal, anti-tri-
diagonal, pentadiagonal, anti-pentadiagonal, circulant and
skew-circulant matrix. Therefore, it will facilitate the solution
by formulating the eigenvalues, eigenvectors, and powers of
the tridiagonal matrix we are considering.

Rimas [1-5] obtains positive integer powers of some of
odd and even order tridiagonal matrices. Patil [6] obtains a
simple formula for the trace of integer powers of a square
matrix. The powers of a matrix using matrix exponential
and matrix logarithm are calculated in [7]. Arslan et al. [8]
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In this study, we obtain the eigenvalues and eigenvectors of two tridiagonal matrices. We pres-
ent a general expression of the power of the tridiagonal matrix we are considering. In addition,
we have the complex factorizations of Fibonacci and Lucas polynomials, Fibonacci, Pell and
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obtain inverse and positive integer powers for one type of
even-order symmetric pentadiagonal matrices. Duru and
Bozkurt [9] derive the general expression of the power of
some tridiagonal matrices. The fractional powers of trian-
gular Toeplitz matrices are calculated in [10]. Silva [11,12]
presents Chebyshev polynomials to derive a general expres-
sion for integer powers of real anti-tridiagonal matrices.
Mezzar and Belghaba [13] work out positive integer powers
of the Kronecker sum of two tridiagonal Toeplitz matrices.
Let
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where b € C and € C\ {0}. In Section 2, we acquire eigen-
values and eigenvectors of 7fi—square complex tridiagonal
matrices in (1) and (2) In Section 3, we present a general
expression for the entries of the § —th power (5§ € N) of a cer-
tain fi—square complex tridiagonal matrix in (1). In Section
4, some numerical applications are given. In Section 5, we
have obtained that determinant of 7i—square complex tridi-
agonal matices in (1) and (2) obtain complex factorizations
for Fibonacci and Lucas polynomials. We present the more

general form of the results obtained in [1-3].

EIGENVALUES AND EIGENVECTORS OF 4; AND B;

In this section, we submit eigenvalues and eigenvectors
of fi—square complex tridiagonal matrices in A; and By

Theorem 1: Let A; be fi—square (7i = 2f + 1, £ € N)
tridiagonal matrix as in (1). Then the eigenvalues and

eigenvectors of the matrix A; are

5—25005((22__12)17), I’;l=1,2,...,;12_1,
; 15, rh=ﬁ+1,
" 2 (3)
b—2dcos((2j’ﬁ__3)n), ﬁ1=ﬁ;3,ﬁ;5, N7
and
0
U (5;)
U (s))
K =| U,(5)) ;j=1,2,...,ﬁand]j;1,
U,s(s5)
U, (25)
and

sinz/2

sin2m /2

Sin3n/2 il
~ . ~ A+
K= sindn/2 ;)= 5

sin(ﬁ—.l)n/Z

sinfin /2

where Sj = % and Uj(.) is the 7ith degree Chebyshev
polynomial of the second kind.
Proof: Let
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For initial conditions det(Q,)=1and det(Q,) =X —b",
we have

det(Q,)=(%-b)det(Q, ,)-a"det(0, ,), it 22. (4)

The solution of the difference equation in (4) is

0:(%) = a Uﬁ("m ) ©

where Uz (. ) is the 7ith degree Chebyshev polynomial of the
second kind [14]:

B sin(ﬁe~ )

U, (%) = —
sin(6)

here % = cos(f). All the roots of U; (%) are included in the
interval [-1, 1]. Let

and

P (8)=(5 -b)(|0:1(5)

g -b g -b
Uﬁl( 24 )_UﬁS( 25 )) (6)

The eigenvalues of A; obtained as

Then we have

8, ()= (s -b)a"
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2 -1 i
b -2dcos ( m~ ) , m=12, ,n_1,
2n -2 2
~ ~ n+1
= b> m= 5
ﬁn’l 2
~ 2m -3 7 7
b -2dcos m~ L , I1~1=n+3,n+5, N
2n -2 2 2
from (6).
The multiplicity of all the eigenvalues B (At = 1,7)
of the matrix Aj; are 1. Since rank(Bz1; — Az)=fi—1, for

each eigenvalue f correspond a single Jordan cell Ja(3,)
in the matrix J. That is
']ﬁ = diag(ﬁlﬂﬂZ’ﬂ35ﬁ4,' . ':ﬂﬁ_l’ﬁﬁ)'
Consider the relations K~14A;K = J; [15] we have to
obtain the matrices K and K ~*and derive the expression of
the matrix AS for § € N. Let us denote J-th column of K by
K, 7= 1,-,7). Then

KB KB (8)

From Eq. (8), we have the system of linear equations as

follows:
;15121 = 121:31
4K, =K, p,
4;K, =K, f3,
4K, =K,p, 9)
‘:Iﬁkn—l = kﬁ—l ~n-1
;lnkn = Kﬁ&1

get

;}zLL“”ﬁmﬂjiﬁgl;(w)

and

sin /2
sin27/2
sin37/2 -
d . ~ n+
K. = sm%n/Z ,]ZT, (11)

sin(i—1)7/2
sinnrz/2

where Sj = ? and Uz (.) is the 7 th degree Chebyshev
polynomial of the second kind.

Theorem 2: Let B be fi—square (i = 2 + 1, £ € N)
tridiagonal matrix as in (2). Then the eigenvalues and
eigenvectors of the matrix By are

5—2dcos(kfﬂ), 1:7:1,2,...,n—_1,
n 2
- ~ ~ a4+l
A =10, k== (12)
s k-1)7z\ . ;i3 7
b—2dcos( ~) , k=n+3,n+5, N
n 2 2
and
0
”;IE—IUO d})
AU (@)
~ - - n+1
Y,: r];_le(a].) ; =12, ,nand];éT,
Fk—lUﬁ%(dj)
%71U572 d’})
and
7. sinz/2
7. sin27/2
7. sin37z/2
~ - . ~ n+l
Y. = 7. sin4r/2 ;]:T,
7 sin(i-1)z /2
7. sinfz/2
- 1,k =1 = 0or 1(mod4) Z-b
h = = - s = d
WhHEre: T {—Lk—lsZme(mmM) 6=

U; () is the 71 th degree Chebyshev polynomial of the sec-

ond kind.
Proof: Let
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-85 () :
7 Upla;
and from (4) - -
rlg_]U1 (aj)
U - | = ~ - . . ~ n+l1
F(2)=(2-5)[0, (%)), (13)  ¥o=| 7 U,(&) |si=12... siand ==, (1)
Substituting (5) into (13), we achieve . B
o 7 Ui, (aj)
- 2oy d—b . -
A, (1)=(1-b)a"U,, (?) (14) Ui (aj-.)_
The eigenvalues of B acquired as and
i i - 7. sinz/2
b 2acos( - ), k=12, SN 7. sin27/2
" 7. sin37/2 -
~ ~ - 7 = - ~ A+
A =1b, kzn_”’ Y. = 7 sindr/2 ;j:n—, (19)
k 2 2
b—2acos (k_~1)7[ , ]E:ﬁ+3,ﬁ+5’. i rlein(.ntl)”/z
n 2 2 7. sinfiz/2
The multiplicity of all the eigenvalues Az (kK = T,7) of where f;_, = { Lk—1=0o0r 1((1110(14))) & = 575 and Uz ()
- —1,k—1= 2 or 3 (mod4 2a

the matrix By are 1. Since rank(de Iz = Bz) =R —1, f~or is the 71 th degree Chebyshev polynomial of the second kind.
each eigenvalue Az, correspond to a single Jordan cell Jx (%)

in the matrix J. That is

Ty =diag( A, 2oy Ay Ase B 1 2y ). (15)

THE INTEGER POWERS OF THE MATRIX 4;;

Using the well-known equality
Using the well know equality ¥='B;¥ = J; [15] we have Az =KJK~*(fi = 2t 4+ 1, € N) [15], where J is the Jordan

. . 32 -1 T ~ -~
to obtain the matrices Y and Y ~*. Let us denote /-th column .05 of A and K is the transforming matrix. Let us find

of ¥ by§;j = 1) Then the transforming matrix K and its inverse K~*. From egs.

=(Yﬂ~1 YZ2 }7313 ﬁi YA fnﬂ;) (16)  (10) and (11) we write down the transforming matrix K as

followings:
From Eq. (16), we have the system of linear equations
as follows: 0 0 -0 nZ 0 0 0

o s U,(8)  u,(3,) U (aﬁ) sinzT” U (aﬁ] Uy(6)  Uu(8y)

gﬁ;l = )};123 u(8) ul(é) v ((}'L:, sin 2% U(JL:;) us.) )
T2 3%2 L=l u,6) w@) -~ Uz(é,,,‘) sindZ U;(%] —u6.) w@) | (20)
BﬁY3 = Y323 : : 5T 52 5T - : :

Y, =Y,4, (17) U (5) U(8) U(,L‘] sm(ﬁ’;)”

o o Ups(8) UL(8) U [aﬁ) sm’%”

i1 = Ly ﬂ“

B:Y, =Y;4;. Now let us find the inverse matrix K ~* of the matrix K.

Solving set of the system of linear equations in (17) as 1f We denote J-th column of the inverse matrix K “iby K

regard then we obtain
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4 ¢ (8) Let us compute the power of the matrix A;
26, VT g ] . e a ~
A S Ui (4) A =RER" =7(5)=(5(5)). (25)
252U°(2) Dy (4) J—
p ) 5 2\ Sofori,j=1,1
3 ~
26, 0( %) %U,,z(}) By, i,j=1
- 0 i=lj=2n
i ~ -
oy (5 Gy (e A i) iz (26)
5 = 0| %y 5 j B ;Uﬁ2 0 UH 8. )+ B (—) =2 =1
g 26,7% ( /) |2 Un ( ,,%) (1) Z:, G5 (3, U7 (35) 1510 i=21]
! 0 S i (5), (5.) i.j=27
q i3 - -
n+% ~ A
2% U [3y) U ()
e : 1 1
: : ~=, J=
. i < 26
i n
q = - nyz ii-1
i Uy () 2 (1) 0. = 1 j=2,ii—1
25, i, () i . J=2.7 (27)
4 S g 2\ 1 ~ .
25,;U°(5ﬁ) 5 J=n
and
~ . n—1 n+3 .
quj*Z( ‘) //{21929 ,nT’nz seeell (28)
qujfz( ~2) h
¢73U,-,z(~3) where )
: 0ra ii-1
- . _
i U (5 — , 1=1,2,...,—;
R = ey ”2( %) =234, -1 (22) G. = 2n-2 2
0 l 4532(ﬁ+1) - ~ ~ (29)
‘?myU;,z(iny) ~Til, l72n+3,n+5,...l7l
: : : 2n-2 2 2
U, (5,
31U, (5:4) I o .
U, ( 5) 8z = 2—, and Br(M = 1,7) are the eigenvalues of the
matrix Az (i =2t + 1, £ € N).
where 6;= = and
432, APPLICATIONS
Z ' y-17.. "1,
G=4 "2 P U= 120 Application 1: Setting 77 = 3 in Theorem 1, we obtain
! 463(7”'1)4 7 7 (23) . ~ o~ o~ . ~ ~ o~
——, 1= g J, =dzag(ﬂl,ﬁz,ﬂ3):dzag(b—a\/f,b,bJra\/E)
fori=1,2,-+, 7. Thus, we obtain and
%, Uo(‘;) au(3) - auL(3) %Uo(gl) y 5 ‘711(5) Vs (5) Vi3 (5)
&y (3) U, (5,) WU, (5) Ly (3,) A§:KJ§K":V(§):(\7,7(§)): 7 (5) u(5) 95(3)
25, 019 Yo% 2 ) N N N N N N
‘7; - g V31(S) Vi (S) Vi3 (S)
T&Uo(oa) U, (3,) 3,4 (4,) Z0:(8)
and
qﬁfy -~ -~ - q;,,%
P ﬁ”o(‘; g) ailBy) o dg(y) 5y 5, (5) =57, 7, (3) =0, 7, (5) =0,

(24) )= y .
0, 54(b+1 414a) 0,354(b —1,414é)‘ ,

5)=
5)=0,5(5+1,414a) +0,5(5-1,4144) ,
b+

1,4145)‘ +0,5(5—1,414d)§—55,
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Application 2: It i=5,5 =4,d=2and b = 4, then
Js =diag(0.304,2.469,4,5.531,7.696)
AL =RIK™ =7 (4)=(¥(4))

(256 O 0 0 0 ]
640 672 768 448 128
=416 768 1120 1024 448 .
128 448 1024 1568 896
|32 256 896 1792 1120

Application 3: Setting 4 =2, b =5and /i =7 in Theorem
2, we obtain the eigenvalues and
eigenvectors of the matrix Bj

4 =1,3961; 4, =2,5060; 1, =4,1099; 1, =5;
A, =5,8901, &, =7,4940; 1, = 8,6039

and

0 0 0 1 0 0 0

1 1 1 0 1 1 1
1,802 1,247 0,445 1 -0,445 -1,247 -1,802

Y=|-2,247 -0,555 0,802 O 0,802 0,555 -2,247]|.

-2,247 0,555 0,802 1 -0,802 -0,555 2,247
1,802 —1,247 0,445 0 0,445 -1,247 1,802

1 -1 1 1 -1 1 -1

COMPLEX FACTORIZATIONS

The well-known Fibonacci and Lucas polynomials
F(x)={E,(x)}x-; and L(x)={L,(x)}x_, are defined in [16]
by the recurrence relation, respectively,

F, (x) =xF _, (X) +F,, (x)

where Fy(x) =0, F(x) =1, F,(x) =xand n > 3,
L, (x)=xL,_ (x)+L,,(x)

where Ly(x) =2, L(x) =xand n = 2.

Theorem 1 results in corollary 1.

Corollary 1: Let the matrix A; be fi-square
(= 2t+ 1, £ € N) tridiagonal matrix as in (1) with g :
=iand b: =x wherei=v=1. Then

det(giﬁ ) = x(Fn (x)+F,, (x))z L, (x)-L,,(x) (30

where F,(x) and L,(x) are n-th Fibonacci and Lucas polyno-
mial, respectively.

Theorem 2 results in corollary 2.

Corollary 2: Let the matrix B; be fi-square
(fi= 2t + 1, T € N) tridiagonal matrix as in (2) with 4 :
=iand b: = x wherei =v—1. Then

det(gﬁ ) =F,(x)F,(x)

n

(31)

where F, (x) is n-th Fibonacci polynomial.

Theorem 3: Let the matrix A; be as in (1) with @ : = i
and b: = x. Then the complex factorization of the general-
ized Fibonacci polynomial is the following form:

£ () + Fa()="T] A

m=1

(32)

Proof: Due to the eigenvalues of the matrix A from (3)
1

x—ZiCOS((zgn;l)”), lﬂzl,Z,...,ﬁ_

n-2 2
~ . n+l1
P — 1%, m=—,
ﬁ}ﬂ 2
, (2m=3)7\ . a+3 i+5
x—2icos - , Mm=——,——, ..., 0
2n-2 2 2

the determinant of the matrix A;; can be stated as
det(;lﬁ) = H/}m
m=1

From Eq. (32) and Corollary 1, the complex factoriza-
tion of the generalized Fibonacci polynomial is provided.

Theorem 4: Let the matrix B be as in (2) with @ : = i
and b: = x. Then the complex factorization of the general-
ized Fibonacci polynomial is the following form:

A5 () =TT

Proof: Due to the eigenvalues of the matrix B; from
(12)

(33)

n—1
2

x—ZiCOS((E_Dﬁ], I€=ﬁ+3 its .1

the determinant of the matrix Bj; can be stated as
det(l:?ﬁ ) = H/im
i1

From Eq. (33) and Corollary 2, the complex factoriza-
tion of the generalized Fibonacci polynomial is provided.

CONCLUSION

Conclusion 1: Let the matrix A; be as in (1). Then

F(x) + F,(x) if d=iand b =1
L (x) -Li,(x) if d=iand b=2
2(P(x) + P,(x)) if d=iandb=2

n

det(zzlﬁ) =
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where F,, L, and P, denote n the Fibonacci, Lucas and Pell
numbers.
Conclusion 2: Let the matrix Bj; be as in (2). Then

det(l;’ﬁ)= B a=landb~=l
2P, if a=iand h=2

where F, and P, denote n the Fibonacci and Pell numbers.

Conclusion 3: Using it is known that
A; =KJK '(fi=2f+1,f €N) [11], where ] is Jordan’s
froms of A; and K is the transforming matrix. We obtained
K and K~ as follows:

Uy(8)  Uu(8) U[,((s%) sin27” Un(bi) Uy(,0)  Uu(5;)
u(5) u(s) U,(():%) sin2Z Ul(s% u(s.) ul(s)
K=lu,5) w(s) U(t) snd2 u[aﬁ) v.(5.) u.(8)
UL(8) UL(8) U 3(57) sin(ﬁl_zl)” U (45%) U,,(8.) U.s(8)
Ui (8) Upa(8) U,z(S%) sin%” U, aﬁ) U (311) Usa(5)

and
wU) aulé) aUn(3)  Lu(s)
Ly ) au6) wL(5)  Lu ()
=U(8)  au(8) W) Lus)
Pl i) < aunlay) Fuliy
g |28, By o\ %y GopZeo\%my) T o\
1 0 0 0
q y ~ - ~ - ~ qrﬂy ~
zsﬁj/""(‘f T D R R O e L
2
@UU(S' I) q WUU(S l) q IU ?(5‘ I) hUU(s I)
25#1 ! ) ! 2
aEU(&)  aua) Weo(&)  FU(E)

One can ask whether determinants of 7i-square complex
tridiagonal matrices in A; and Bj can be determined by
other numbers such as Mersenne numbers?

Remark : Note that our results in this paper are the
more general form of the results obtained in [1-3]. One
can easily see this, taking @ : = 1 and b: = 0 in Theorem 1,
respectively.
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