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ARTICLE INFO ABSTRACT

Approximating discrete distributions with continuous probability density functions (PDFs) is 
a widely used statistical technique, especially valuable for analysing large datasets. This work 
introduces a novel extension of the classical Pearson system by adapting it to fit continuous 
PDFs to q-discrete distributions, a class of models that generalize traditional discrete distri-
butions. While q-discrete distributions have attracted growing interest due to their flexibility 
and wide-ranging applications, the problem of approximating them using continuous distri-
butions remains underexplored. To address this, we propose a unified framework based on 
the generalized Pearson differential equation to construct continuous approximations that 
closely match the behaviour of q-discrete models. This approach offers an alternative way to 
study and interpret q-discrete data through continuous representations. It therefore provides 
a useful contribution to the theoretical treatment of these models as well as to their potential 
applications.
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INTRODUCTION

The approximation of discrete distributions by continu-
ous distributions has been a fundamental and widely utilized 
technique in numerous fields of study [1,2]. Approximating 
discrete probability models by continuous distributions is a 
long-established technique with applications in many areas 
of statistics and probability. A standard example is the use 
of the normal distribution as a continuous approximation 
to discrete models, including the binomial and Poisson dis-
tributions [3,4]. The quality of this approximation generally 
improves as the sample size increases, making continuous 
formulations convenient for analytical calculations and 

statistical investigation [5]. Such representations provide a 
practical link between discrete and continuous models and 
can simplify the treatment of problems encountered in both 
theoretical and applied work.

Pearson was among the earliest researchers to systemat-
ically examine the connection between continuous curves 
and discrete probability functions. His work led to the devel-
opment of the Pearson system, consisting of a broad family of 
probability density functions, which was subsequently stud-
ied in greater detail by Elderton [6] and Pollard [7].

In his 1895 contribution, Pearson distinguished four 
principal distribution types, denoted Types I-IV [8], and 
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considered the normal distribution as an additional case, 
initially associated with Type V [9]. Later, Rhind [10] devel-
oped a straightforward method for visualizing the param-
eter space of the Pearson system, a technique that was later 
adopted by Pearson himself [11]. Pearson densities, f(x), are 
defined by two parameters, commonly denoted as β1 and 
β2, and are characterized as solutions to a specific differen-
tial equation outlined by Pearson

where a, b0, b1, and b2 are the parameters characterizing the 
distribution.

A key advantage of the Pearson four-parameter system 
is its straightforward relationship between the parameters 
and the central moments of the distribution (μ1,...,μ4), as 
outlined by Stuart and Ord [12].

where the moment ratios  and  repre-
sent skewness and kurtosis, respectively.

A recent development in the literature has introduced a 
generalization of the Pearson differential equation [13, 14], 
expressed as:

where n, m ≥ 1 are arbitrary integers.
The generalized Pearson differential equation estab-

lishes a common framework from which numerous con-
tinuous PDFs can be obtained. Different choices of its 
parameters parameters {ai}1≤i≤n and {bj}1≤j≤m lead to a wide 
variety of distributions, thereby extending the Pearson sys-
tem to a broader collection of models suitable for describ-
ing data arising in different applications [15-17].

This framework is also related to numerical approxima-
tion techniques in which spline-based procedures [18,19] 
are used to obtain accurate representations of solutions 
to higher-order differential equations. In both settings, 
the objective is to achieve a suitable compromise between 
approximation accuracy and computational cost for math-
ematically complex models.

More recently, considerable attention has been given 
to constructing continuous density functions that approx-
imate discrete probability models [20-22]. q-discrete dis-
tributions form a general class in which an additional 
parameter modifies the shape and characteristics of con-
ventional discrete distributions [23,24]. Their flexibility has 
encouraged applications in areas such as statistical physics, 
economics, and information theory [25]. Nevertheless, the 

use of continuous PDFs to approximate these q-discrete 
models has received comparatively limited attention.

The q-distributions appear in various domains, includ-
ing non-extensive statistical mechanics, quantum comput-
ing, and branching processes [26, 27]. The construction of 
smooth continuous analogues allows these models to be 
more easily integrated into continuous analysis tools used 
in such fields. This paper addresses this gap by focusing 
on the fitting of continuous probability density functions 
to various q-discrete distributions, such as the q-binomial, 
negative q-binomial, q-Poisson, Euler, q-logarithmic, q-hy-
pergeometric and negative q-hypergeometric distributions. 
The main procedure is based on derivative relationships 
and differential equations, following an idea related to the 
generalized Pearson formulation. In this way, the proposed 
framework extends the Pearson approach to q-discrete 
distributions by representing them through continuous 
curves. The resulting formulation is intended to improve 
the flexibility of continuous statistical representations and 
to support the analysis of more complicated data structures.

The remainder of this paper is organized into three 
main parts. Section 2 reviews the basic notions associated 
with q-distributions and states the fundamental results 
required for the subsequent analysis. Section 3 develops the 
curve-fitting procedure for several selected q-distributions. 
Finally, the concluding section highlights the main results 
and provides an overall summary of the study.

BACKGROUND

Let x and q be real numbers, where q ≠ 1. The q-num-
ber, denoted by [x]q, is defined as:

Furthermore, it is important to note that  
The k-th order factorial of the q-number [x]q, defined as:

is referred to as the q-factorial of x of order k. Specifically,

is known as the q-factorial of k.
The q-factorial of x can also be defined for negative 

orders. A fundamental property of the q-factorial is given 
by the following relation :

for any positive integers k and r. This property can be 
directly derived from the definition of the q-factorial.

The q-binomial coefficient (also known as the Gaussian 
polynomial) is defined as follows 
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and satisfies the property : 

We now introduce some fundamental concepts from 
the q-theory. Jackson [25] defined the q-analogue of the 
exponential function, denoted by , as follows :

It is evident that .
The q-analogue of identity  is , 

where the function , defined by , is expressed as

The q-logarithm function, logq(x), serves as the inverse 
of the q-exponential function , while the function Logq(x) 
is the inverse of .

Continuous Approximations of Some Discrete 
q-Distributions

Continuous approximation of the q-binomial 
distribution

Let Xn represent the number of failures before the n-th 
success in a sequence of independent Bernoulli trials, where 
the probability of success in the i-th trial is given by:

Definition 1. [23] The probability function of the q-bi-

nomial distribution of the random variable Xn with parame-

ters n, p and q is expressed as  

This probability function is referred to as the probability mass 
function (PMF) of the q-binomial distribution.

The goal, as previously stated, is to approximate the 
binomial probability function by fitting a continuous PDF. 
To achieve this, we examine the proportional changes in the 
binomial probabilities using the formula:

This approach motivates modelling P(m) with a differ-
entiable function f(m), which satisfies a differential equation 
designed to approximate the probabilities for continuous 
values of m. This method ensures a smooth and accurate 
approximation of the discrete binomial distribution.

The calculation of the variation ratio is carried out as 
follows 

After performing a series of calculations and utiliz-
ing the properties of q-calculus, we arrive at the following 
expression for the variation ratio

By partitioning the interval from m to m + 1 into k sub-
intervals, and considering the limit as k approaches ∞, the 
following differential equation is derived

that we will obtain

Therefore, the probability density function concerned 
will be obtained

where C represents the normalization constant, and a0, b0, 
and c0 are the parameters of the PDF.

Figure 1 shows the q-binomial probability mass function 
for three different parameter settings, along with the corre-
sponding continuous approximations. The fitting process 
is based on the method of moments: we computed the first 
three empirical moments of the q-binomial distribution, 
then estimated the parameters a0, b0, and c0 by minimiz-
ing the squared differences between these and the theoret-
ical moments of the fitted density [28]. This was achieved 
using the fmincon optimization routine in MATLAB, with 
the theoretical moments evaluated numerically. The nor-
malization constant C was also calculated numerically to 
ensure that the fitted density integrates into one over the 
interval [0, 1].
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Table 1 reports the estimated parameters for the three 
cases illustrated in Figure 1. As expected, the fitted param-
eters vary depending on the shape of the discrete distribu-
tion, which is influenced by the values of n, p, and q. For 
example, an increase in p from case (b) to case (c) shifts the 
distribution to the right, corresponding to a higher value 
of a0 and a lower b0. The parameter c0, which governs the 
tail behaviour of the fitted density, increases significantly in 
case (c), indicating a heavier right tail [29,30].

Continuous approximation of the negative q-binomial 
distribution

Let Xn denote the number of successes in a sequence of 
n independent Bernoulli trials.

Definition 2. [23] The probability function of the negative 

q-binomial distribution, characterized by the parameters n, p 

and q, is expressed as :  

for 0 < p < ∞ and q is a real number such that 0 < q < 1 or 
1 < q < ∞.

The variation ratio can be expressed as:

Applying the properties of q-calculus and perform-
ing the necessary calculations, we arrive at the following 
expression for the variation ratio:

As a result, the differential equation becomes the 
following:

Upon solving the previous differential equation, we 
obtain:

where A, B, and C are constants that depend on p, q and n.
Consequently, the probability density function will be 

derived as

where C denotes the normalization constant, a0, b0, and 
c0 represent the parameters of the probability density 
function.

Figure 2 and Table 2 illustrate the approximation of 
the negative q-binomial distribution using a continuous 
density function fitted by the method of moments. This 
distribution, defined on the non-negative integers with 
theoretically infinite support, exhibits strong left skewness 
in certain parameter configurations, with probability mass 
concentrated near zero. To approximate the discrete PMF 
over a finite range, a truncation parameter M was intro-
duced. This value was selected such that the cumulative 

(a)	  (b)	 (c) 

Figure 1. Comparison between the q-binomial probability mass function and the fitted continuous PDF for three different 
parameter settings.

Table 1. Estimated parameters of the continuous density function fitted to the q-binomial distribution for different values 
of n, p, and q.

Case n p q C a₀ b₀ c₀
(a) 10 0.4 0.8 0.1 1.24 4.88 0.00
(b) 20 0.3 0.7 0.05 0.02 14.48 0.00
(c) 25 0.6 0.9 0.04 2.60 4.80 3.43
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probability from m = 0 to m = M was sufficiently close to 
one, ensuring that the essential features of the distribution 
were retained while maintaining computational feasibility. 
In cases (a) and (b), where the values of p are moderate to 
large and q is relatively small, the PMF is sharply concen-
trated near the origin. This behaviour is captured in fitted 
densities by very low values of a0 and c0, and high values 
of b0, which collectively generate a steep initial descent. 
In contrast, case (c), which corresponds to a larger q, dis-
plays a more dispersed distribution. The fitted parameters 
reflect this with increased values of a0 and the presence 
of a non-negligible c0, resulting in a more balanced and 
extended curve. In general, the fitted densities demonstrate 
excellent alignment with the discrete PMFs in all cases, 
confirming the suitability of the continuous model to cap-
ture both concentrated and dispersed forms of the negative 
q-binomial distribution [31,32].

Continuous approximation of the Heine (q-Poisson) 
distribution

Definition 3. [23] A discrete random variable X follows a 

Heine distribution with parameters λ and q, having the proba-

bility mass function given by: , 

m = 0, 1, ..., where 0 < λ < ∞, and 0 < q < 1.
The variation ratio is calculated as follows 

Through the application of q-calculus properties and 
algebraic manipulations, the following expression for the 
variation ratio is obtained

As a consequence, the differential equation is trans-
formed into:

The solution to the preceding differential equation is 
thus determined as follows

Subsequently, the PDF will be derived as follows 

where C denotes the normalization constant, and a0, b0 are 
the parameters that characterize the PDF.

(a)	  (b)	 (c) 

Figure 2. Comparison between the Negative q-binomial probability mass function and the fitted continuous PDF for three 
different parameter settings.

Table 2. Estimated parameters of the continuous density function fitted to the Negative q-binomial distribution for differ-
ent values of n, p, and q.

Case n p q M C a₀ b₀ c₀
(a) 15 0.4 0.6 20 0.05 0.03 11.64 0.00
(b) 10 0.8 0.6 50 0.02 0.01 20 0.00
(c) 20 0.5 0.95 50 0.02 2.21 0.48 0.33
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Figure 3 and Table 3 show the approximation of the 
q-Poisson (Heine) distribution using a continuous density 
estimated using the method of moments. The q-Poisson 
distribution is characterized by a sharp peak near the ori-
gin followed by a gradual decay, and this structure is effec-
tively captured by the fitted continuous curves across the 
three parameter configurations. In this case, the support of 
the discrete distribution is theoretically infinite. To enable 
practical computation of the empirical moments, the distri-
bution was truncated at a finite maximum value M, chosen 
large enough to ensure that the remaining tail probability 
beyond M is negligible. This truncation allows for accurate 
estimation of the first three moments while preserving the 
essential features of the distribution. The estimated param-
eters in Table 3 show consistent behaviour in cases: mod-
erate values of a0 reflect the rising slope near zero, while 
increasing values of b0 accommodate the decay in the right 
tail. The fitted continuous densities exhibit excellent visual 
agreement with the discrete PMFs, both in the peak and 
tail regions, confirming the suitability of the proposed 
moment-based approach for approximating the q-Poisson 
distribution.

Continuous approximation of the Euler distribution
Definition 4. [23] A discrete random variable X follows 

the Euler distribution with parameters λ and q, having the 
probability mass function given by: , 
m = 0, 1, ..., where 0 < λ < 1 / 1-q and 0 < q < 1.

The variation ratio is computed as follows

Applying the properties of q-calculus and performing 
algebraic manipulations, the variation ratio is derived as 
follows

which is a similar differential equation obtained for fitting 
the Heine distribution. In consequence, the probability 
density function can be determined as follows 

where C represents the normalization constant, and a0 and 
b0 are the parameters that define the PDF.

Figure 4 and Table 4 show the Euler distribution 
together with its continuous approximation obtained 
through the method of moments. The discrete Euler 
PMF has a pronounced concentration around the origin 
and decreases rapidly, producing a strongly left-skewed 
pattern. The fitted parameter values reproduce these 
characteristics, with one parameter controlling the sharp 
concentration near zero and another governing the rate of 
decay over the support.

(a)	  (b)	 (c) 

Figure 3. Comparison between the Heine distribution and the fitted continuous PDF for three different parameter settings.

Table 3. Estimated parameters of the continuous density function fitted to the Heine distribution for different values of λ 
and q.

Case λ q M C a₀ b₀
(a) 2 0.5 20 0.05 0.01 20
(b) 5 0.9 20 0.05 2.23 15.38
(c) 0.5 0.8 20 0.05 0.01 20
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Because the Euler distribution has an unbounded sup-
port, a truncation point was introduced so that the summa-
tion could be performed over a finite interval containing 
essentially all of the probability mass. This choice provides 
sufficiently accurate empirical moments and, consequently, 
stable parameter estimates. The fitted continuous curves 
agree closely with the corresponding discrete PMFs over 
the retained support, supporting the adequacy of the poly-
nomial approximation for this highly concentrated distri-
bution.The resulting fitted curves show excellent agreement 
with the discrete PMFs within the truncated support, con-
firming the suitability of the polynomial-based approxima-
tion for modelling sharply concentrated distributions like 
the Euler law.

Continuous approximation of the q-logarithmic 
distribution

Definition 5. [23] A discrete random variable X fol-
lows a q-logarithmic distribution with parameters θ 
and q, having the probability mass function given by:

, m = 1, 2, ..., where 0 < θ < 1, 

0 < q < 1, and .

The analytical form of the variation ratio is given by :

As a result, the differential equation reduces to 

The solution to the previous differential equation is 
therefore, given by

Consequently, the probability density function can be 
expressed as follows:

where C denotes the normalization constant, and a0, b0 are 
the parameters that define the PDF.

Figure 5 and Table 5 present the approximation of the 
q-logarithmic distribution using a continuous density 
function fitted by the method of moments. The distribu-
tion is known for its strong right skewness and long tail, 

(a)	  (b)	 (c)

Figure 4. Comparison between the Euler distribution and the fitted continuous PDF for three different parameter settings.

Table 4. Estimated parameters of the continuous density function fitted to the Euler distribution for different values of λ 
and q.

Case λ q M C a₀ b₀
(a) 2 0.8 40 0.03 0.17 20
(b) 0.8 0.6 20 0.05 0.01 20
(c) 3 0.9 30 0.03 1.55 20
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with probability mass concentrated near the origin. The fit-
ted curves accurately reflect this behaviour across all three 
cases.

In particular, the low values of a0 and the high values 
of b0 indicate that the shape is predominantly governed 
by the initial decay near zero and the extended tail. Due 
to the infinite support of the q-logarithmic distribution, a 
truncation parameter M was introduced to approximate the 
PMF over a finite range. The selected truncation value in 
each case captures nearly the entire probability mass, so the 
resulting moment estimates remain reliable. The resulting 
continuous approximations demonstrate good agreement 
with the discrete PMFs throughout the effective support, 
validating the adequacy of the moment-based fitting 
strategy.

Continuous approximation of the q-hypergeometric 
distribution

Definition 6. [23] The probability mass func-
tion of the q-hypergeometric distribution, 

with parameters n, r, s, and q, is expressed as: 

, m = 0, 1, 

..., n where q is a real number such that 0 < q < 1 or 1 < q < 
∞, and r, s ∈ ℕ.

The variation ratio takes the form 

Hence, the differential equation becomes the following

Thus, the solution to the preceding differential equation 
is obtained as 

where A, B, and C are constants expressed in terms of q, r, 
n, and s.

Consequently, the probability density function takes the 
form 

where C denotes the normalization constant, and a0,b0, and 
c0 represent the parameters that characterize the PDF.

Figure 6 and Table 6 display the results of fitting a con-
tinuous approximation to the q-hypergeometric distribu-
tion under three distinct parameter settings involving n, r, s 
and q. The discrete distribution is supported on a finite set 
of values, which varies depending on these parameters. To 
standardize the comparison with the continuous model, the 
support was normalized to the interval [0,1] using a maxi-
mum value M, ensuring that the relevant probability mass 
is retained for accurate moment estimation.

The estimated parameters a0, b0, and c0 reflect the vary-
ing shapes of the discrete distributions in each case. For 
example, larger values of s and smaller values of r tend to 

(a)	  (b)	 (c) 

Figure 5. Comparison between the q-logarithmic distribution and the fitted continuous PDF for three different parameter 
settings.

Table 5. Estimated parameters of the continuous density function fitted to the q-logarithmic distribution for different 
values of θ and q.

Case θ q M C a₀ b₀
(a) 0.6 0.4 10 0.1 0.01 11.67
(b) 0.5 0.85 20 0.05 0.01 20
(c) 0.8 0.5 20 0.05 0.01 7.94
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concentrate the mass toward lower values of the support, 
which corresponds to greater skewness in the distribution. 
These fitted densities reproduce the main features of the 
corresponding discrete distributions and remain closely 
aligned with the PMFs over the considered range. The 
consistency between the fitted and empirical distributions 
demonstrates that the method adapts effectively to changes 
in the discrete structure and offers a reliable continuous 
representation of the q-hypergeometric model.
Continuous approximation of the negative q-hypergeo-
metric distribution

Definition 7. [23] The probability mass func-
tion of the negative q-hypergeometric distribu-
tion, with parameters n, r, s, and q, is expressed as: 

, 

m = 0, 1, ..., n where q is a real number such that 0 < q < 1 or 

1 < q < ∞, and r, s ∈ ℕ.
The variation ratio will be determined as follows 

Therefore, the differential equation simplifies to 

The probability density function is analogous to that 
obtained by fitting a negative q-hypergeometric distribu-
tion and is given by :

where C denotes the normalization constant, and a0, b0, and 
c0 represent the parameters that characterize the PDF.

Figure 7 and Table 7 present the continuous approxima-
tion of the negative q-hypergeometric distribution based on 
three parameter configurations. This distribution, defined 
in non-negative integers, exhibits a finite but typically 
broad support that depends on the values of n, r, and s.

In cases (a) and (c), the PMFs exhibit a strong left-skew-
ness, with most of the probability mass concentrated near 
the origin. This is reflected in the estimated parameters: 
large values of a0, small b0. These indicate that the early part 
of the distribution dominates the shape, and no additional 
correction term is needed to control tail behaviour. In case 
(b), the distribution is more dispersed due to higher values 
of q and a more balanced parameter setup. This is captured 
by moderate values of all three parameters, including a 
non-zero c0, which provides additional flexibility in fitting 
the broader shape.

These results confirm that the proposed continuous 
model reliably captures the key characteristics of the nega-
tive q-hypergeometric distribution across varying parame-
ter regimes, providing an effective approximation within its 
naturally finite support.

(a)	  (b)	 (c)

Figure 6. Comparison between the q-hypergeometric distribution and the fitted continuous PDF for three different pa-
rameter settings.

Table 6. Estimated parameters of the continuous density function fitted to the q-hypergeometric distribution for different 
values of n, r, s, and q.

Case n r s q C a₀ b₀ c₀
(a) 8 10 10 0.8 0.13 12.66 0.96 6.15
(b) 6 5 12 0.9 0.17 3.36 1.37 5.95
(c) 7 10 15 0.95 0.14 3.85 0.80 3.69
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Remarks 1. 
1.	 The limiting behaviour of the probability function for the 

curve fitting q-binomial and negative q-binomial distribu-
tions, such as n → ∞, converges to the probability function 
of the Heine curve fitting distribution. This observation 
aligns with the remark made by Charalambides [23], who 
noted that the probability function of the q-binomial and 
negative q-binomial distributions approaches that of the 
Heine distribution in the limit.

2.	 It should be noted that the curve-fitting expressions for 
the Heine and Euler probability functions are identical in 
form to those highlighted by Charalambides [23] for these 
distributions, with a different parametric space.

CONCLUSION

This paper presented a unified approach to approximate 
various q-discrete distributions with continuous probability 
density functions. Using a framework based on differential 
approximations and the method of moments, we constructed 
and estimated continuous PDFs that closely align with the 
empirical shape and moments of q-binomial, negative q-bi-
nomial, q-Poisson (Heine), Euler, q-logarithmic, q-hyper-
geometric, and negative q-hypergeometric distributions.

For each distribution, Figures 1–7 illustrate the visual 
agreement between the PMF and the fitted PDF, and Tables 
1–7 report the estimated parameters and the normaliza-
tion constant. These results demonstrate that the method 
provides flexible and effective approximations that capture 
skewness, kurtosis, and tail behaviour. The use of moment 

matching and numerical optimization proves to be a pow-
erful strategy for aligning continuous models with complex 
discrete distributions.

This work contributes to bridging the gap between dis-
crete q-models and continuous statistical analysis, enabling 
more practical application of q-distributions in real-world 
problems requiring density-based inference
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Table 7. Estimated parameters of the continuous density function fitted to the negative q-hypergeometric distribution for 
different values of n, r, s, and q.

Case n r s q C a₀ b₀ c₀
(a) 10 5 12 0.8 0.1 20 0.01 0.01
(b) 8 10 15 0.95 0.13 2.52 0.64 1.33
(c) 12 12 20 0.9 0.08 7.62 0.01 1.53

(a)	  (b)	 (c)

Figure 7. Comparison between the negative q-hypergeometric distribution and the fitted continuous PDF for three dif-
ferent parameter settings.
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