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ARTICLE INFO ABSTRACT

The purpose of this paper is to provide a comprehensive review of numerical methods for 
solving fuzzy and dual-fuzzy nonlinear equations. These approaches are crucial in modelling 
uncertainty in real-world applications, such as engineering, optimization, and decision-mak-
ing. For fuzzy nonlinear equations, the primary emphasis focuses on iterative numerical 
approaches. These techniques include Newton's method, the steepest descent method, the 
homotopy method, Broyden's method, the fixed Newton method, and the improved false po-
sition method. We have also developed approaches for solving dual fuzzy nonlinear equations. 
These approaches encompass the Quasi-Newton method, the Broyden-Newton method, and 
the Modified Newton method. Numerical experiments evaluate the effectiveness, convergence 
behaviour, and computing complexity of different approaches. In the majority of test situa-
tions, our findings demonstrate that both the Newton method and the Fixed Newton tech-
nique achieve convergence in fewer than five iterations. On the other hand, the homotopy 
approach requires well over one hundred iterations in specific scenarios, illustrating the giant 
disparities in efficiency between the two methods. Additionally, the analysis identifies the 
conditions under which each method achieves optimal performance. This paper provides a 
comparative analysis, highlighting alternatives in terms of accuracy and computing cost. This 
review contrasts with prior studies, which have focused on specific methods. These findings 
guide in selecting suitable numerical techniques for solving nonlinear equations in fuzzy or 
dual-fuzzy environments.
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INTRODUCTION

Fuzzy nonlinear equations (FNEs) have played a crucial 
role in various application domains, including mathemat-
ics, engineering, health sciences, statistics, and the social 
sciences. These equations effectively model the uncertain 
and imprecise real-world application problems. By applying 

fuzzy logic to nonlinear equations, these frameworks yield 
more efficient solutions for the problems arising in an 
uncertain environment. These applications are extended to 
subsurface water flow, reaction-diffusion systems, epidemic 
models, blood circulation and robotics [1-4].

In 1965, Zadeh first explored and introduced the idea 
of fuzzy sets [5-9]. The word fuzzy means unclear or vague. 
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In real-world situations where uncertainty arises, fuzzy 
equations are an ideal mathematical tool for solving these 
problems [10]. Fuzzy parameters provide a perfect solution 
when the coefficients in a nonlinear equation are uncertain, 
whether partially or entirely [11-14]. FNEs are of the form,

	 	 (1.1)

where ã = (aL, aC, aU), b̃ = (bL, bC, bU), c̃ = (cL, c, cU), d̃ = (dL, 
dC, dU), ẽ = (eL, eC, eU) and z̃ are fuzzy numbers. 

However, the traditional analytical approaches of 
Buckley and Qu [15, 16] are inadequate in solving these 
FNEs. Accordingly, several methods have been devel-
oped for solving these FNEs. The faster convergence 
methods, such as the Newton method, gradient-based 
method, which is the Steepest Descent method, and 
Broyden's method, are introduced by [17-20]. Although 
these methods are easy to apply for solving FNEs, has the 
slower convergence for an inaccurate Jacobian matrix. 
To handle both weakly and highly nonlinear situations, 
Liao [21] introduced the homotopy method. The flaw of 
this method is that it requires lengthy computations to 
converge to the solution. Umar and Ahmad Abubakar 
[22] applied the Fixed Newton method for solving FNEs, 
which eliminates the calculation of Jacobian matrix 
at each iteration. Later, several researchers developed 
variants of Newton Methods for solving FNEs that are 
Derivative-free methods [23, 24], a Shamanskii-like 
method [25]. These methods [23-25] have the benefit 
of being easy to apply; however, their primary drawback 
is slower convergence. Improved False Position method 
was proposed by Sulaiman and Ibrahim Mohammed et 
al. [26] for solving FNEs. The benefit of this approach 
is that it eliminates the calculation of the Jacobian 
matrix; however, it fails if the endpoints are the same. 
Senthilkumar et al. [27] used the Bisection method 
for solving FNEs. This method is easy to apply, but it 
resulted in slower convergence when solving these equa-
tions. To improve this slower convergence rate, Ahmad 
et al. [28] proposed the False Position method for solv-
ing FNEs. This approach converges in a more efficient 
manner than the Bisection method, if the initial approx-
imation is inaccurate it fails to converge to the solution. 
The combination of Broyden’s and Newton's methods 
to solve dual fuzzy nonlinear equations (DFNE) was 
employed by Waziri and Mohammed Yusuf et al. [29]. 
DFNE are useful for modelling uncertain real-world 
problems. Broyden's method may become unstable due 
to the estimate of the inaccurate Jacobian matrix. Omesa 
et al. [30] introduced the Quasi-Newton method for 
solving DFNE. This approach is computationally effi-
cient because it eliminates computing the Hessian matrix 
at each iteration. But this method converges slowly due 
to various step sizes. Modified Newton's method for 
solving DFNE was introduced by Sulaiman et al. [31]. It 
requires lengthy computations; as a result, it has slower 

convergence. Several researchers developed [32-35] the 
straight forward methods for addressing the FNEs. All 
these methods are efficient to solve FNEs but they slower 
convergence.

Several researchers introduced various numerical 
methods for solving FNEs and DFNEs. Although various 
methods are successful, they exhibit instability and slower 
convergence due to inaccurate Jacobian approximations. 
The existing research does not clarify the effectiveness of 
derivative-free approaches and their alternatives in com-
parison with Newton-based methods. No comprehensive 
review of the convergence speed, stability, and computing 
cost of numerical techniques exists. This paper provides an 
extensive comparative review of existing numerical meth-
ods for solving both FNEs and DFNEs, assessing their 
efficiency, convergence behaviour, and computational com-
plexity. We present example problems with comprehensive 
numerical comparisons to further validate our findings. 
This work presents an extensive and unique evaluation of 
Newton-type and derivative-free approaches, highlighting 
their advantages and limitations.

 In this article, we reviewed various methods for solv-
ing FNEs and DFNEs. Section 2 provides fuzzy number 
definitions. Section 3 includes detailed information on an 
iterative method for solving FNEs. Numerical examples for 
FNE have been presented in Section 4. Section 5 gives an 
overview of iterative methods for solving DFNE. Numerical 
examples for DFNE have been presented in Section 6. 
Finally, this paper ends with a summary in Section 7.

MATHEMATICAL PRELIMINARIES

Let Υϱ̃:̃ X → [0,1] be the membership function for the 
function ϱ̃.

Definition 1
A fuzzy set is considered a fuzzy number if the follow-

ing conditions [36] hold.
1.	 Υϱ̃ is normal, i.e., there exists s̃0 such that Υϱ̃ (s̃0)=0.
2.	 Υϱ̃ is convex, i.e., Υϱ̃ (λs̃1 + (1-λ)s̃2) ≥ min {Υϱ̃ (s̃1), Υϱ̃ 

(s̃2)}, ∀s̃1, s̃2 ∈ ℝ, ∀λ ∈ [0,1].
3.	 Υϱ̃ is upper semi-continuous, i.e., the subset ϱ̃ (s̃)= {x ∈ 

ℝ: Υϱ̃ (x) ≥ s̃} is closed ∀s̃ ∈ [0,1], 
4.	 ϱ̃0 is compact at the 0-level.

Definition 2
A fuzzy number is a fuzzy set, like ξ̃: ℝ → I = [0,1] which 

satisfies [37-39].
1.	 ξ̃ is upper semi-continuous,
2.	 ξ̃(s̃) = 0 for outside interval [r, s].

There are real numbers p, q such that r ≤ p ≤ q ≤ s and
3.	 ξ̃(s̃) is monotonically increasing on [r, p],
4.	 ξ̃(s̃) is monotonically decreasing on [q, s],
5.	 ξ̃(s̃) = 1, s̃ ∈ [p, q].

The set of all fuzzy numbers is denoted by Ε. The fol-
lowing is an analogous parametric form [39, 40].
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Definition 3
The parametric form of the fuzzy number [41-44] ξ̃ can 

be written as 

	 	 (2.1)

1.	 ξ̲̃(s̃) is a bounded non-decreasing left-continuous func-
tion on [0,1].

2.	 ξ̃(̄s̃) is a bounded non-increasing left-continuous func-
tion on [0,1].

3.	 ξ̲̃(s̃) ≤ ξ̃(̄s̃), for all s̃ ∈ [0,1].

Definition 4
The triplet ϱ̃ =(αL, αC, αU ) denotes the triangular fuzzy 

numbers, where αL ≤ αC ≤ αU and also its membership func-
tion is defined as [36],

	 	

(2.2)

Moreover, β̃ - cut of ϕ̃ for β̃ ∈ [0,1], can be described as

	 	 (2.3)

The extension principle for fuzzy numbers is as follows 
[39]

For arbitrary ξ̃ = (ξ̲̃, ξ̃)̄, ϕ̃ = (_ϕ̃, ϕ̄̃) and k > 0. The addi-
tion (ξ̃ + ϕ̃) and multiplication by scalar k can be defined as

	 	
(2.4)

Review of Iterative Methods for Solving Fuzzy Nonlinear 
Equations

The analytical approaches are ineffective for addressing 
nonlinear equations, which are fuzzy in nature. So, some 
researchers developed numerical methods for solving FNEs. 
In this section, we review some iterative methods that are 
efficient for solving FNEs [41]. This section discusses the 
strengths and limitations of each iterative process, as well as 
the mathematical formulation of each method. This review 
typically enables an overview of the research problem, the 
numerical methodologies and algorithms used to solve it, 
and the resulting findings. The following section aims to 
deliver a succinct and precise explanation of the numerical 
methods and algorithms used, as well as to illustrate their 
application to the specific topic under analysis. This section 
provides sufficient detail for the reader to understand the 
results achieved and evaluate the research's validity.

Newton Method
Abbas Bandy and Asady [17] introduced a well-known 

iterative method, which is Newton's Method (NM) for 
solving FNEs. There are several approaches to defining 

Newton's method [7]. The convergence of this method is 
more efficient than that of other methods. The key strategy 
to derive this method is the Taylor series expansion [45]. 
The main advantages of NM are that it is easily composable, 
we obtain the solution in only a few iterations, and it is qua-
dratically convergent. This method fails to converge if the 
inverse of the Jacobian matrix does not exist. We review the 
algorithm for the Newton method as follows

	 	 (3.1)

Algorithm
1.	 Set k = 0.
2.	 Guess the initial value z̃0.
3.	 Find out F(z̃k) and J(z̃k).
4.	 Find out z̃k+1 = z̃k - J(z̃k)-1 * F(z̃k).
5.	 Check |z̃ - z̃0| < ϵ.
6.	 Set z̃k = z̃k+1 and go to step 2 until we converge on the 

solution.
Here k represents the iteration index, z̃k indicates the 

vector z̃ after k iterations, J(z̃k) denotes the Jacobian matrix, 
F(z̃k) denotes the function value and ϵ is an error tolerance.

Mathematical formulation
The objective is to determine the solution for FNE.

	 	 (3.2)

Equation (3.2) can be described as 

	 	
(3.3)

Let us assume that z̃ = (_ψ̃), ψ̄̃) be the solution of (3.2)

	 	
(3.4)

Let z̃0 = (z̲̃0, z̄̃0) be the approximate solution, then ∀s̃ ∈ 
[0,1], there are h(s̃), k(s̃) such that

	 	
(3.5)

The solution for h(s̃) and k(s̃), can be computed by solv-
ing the equations below,

	 	
(3.6)

where

	 	
(3.7)

As a result, the following estimates for z̲̃(s̃) and z̄̃(s̃) are 
stated as follows
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	 	 (3.8)

for all s̃ ∈ [0,1] The estimated solution can be obtained by 
utilizing the equations,

	 	 (3.9)

The approximated solution obtained for different n 
values.

	 	 (3.10)

Equation (3.10) can be written in parametric form as [7]

	 	
(3.11)

Steepest Descent Method
The Steepest Descent Method (SDM) has a notable 

historical context and is one of the simplest and best-rec-
ognized strategies for minimizing functions. Due to its 
slow convergence rate, this method is rarely used by practi-
tioners. However, comprehending its convergence features 
could enhance comprehension of other advanced optimis-
ation strategies. Unfortunately, the technique is not widely 
used because it is known to be relatively slow in handling 
most real-life situations [40].

	 	 (3.12)

Where f If it is a continuous real-valued function, it 
never becomes negative and remains constant. Despite its 
ease of use, the steepest descent approach has made a sig-
nificant contribution to the growth of optimization theory 
[46]. Abbas Bandy and Jafarian [19] applied SDM for solv-
ing FNE. The major benefit of this algorithm is computa-
tionally efficient. It can handle a wide range of functions, 
including those that are not smooth or differentiable. For 
convex functions, this method always reaches the local 
minimum [40]. Also, these methods have some flaws. If 
the step size is too large or too small, then convergence is 
slow, and a global optimization approach may be necessary 
to obtain the global minimum. If the objective function is 
nonconvex, then this method can become trapped in local 
minima. Although it can be used for nonlinear least squares 
best fit, it is more commonly employed as the foundation 
for Marquardt's technique, a more practical approach [40]. 
We reviewed the SDM algorithm for solving FNE as follows

	 	 (3.13)

We assume λi as follows

	 	 (3.14)

Algorithm
1.	 Hs̃ should be evaluated as an initial estimate z̃0(s̃) = 

(z̲̃0(s̃), z̄̃0(s̃)) for s̃ ∈ [0,1].
2.	 Select a starting point z̃0(s̃) = (z̲̃0(s̃), z̄̃0(s̃)). It decreases 

the value of Hs̃.
3.	 Make the necessary adjustment in this way, then update 

the new value z̃1(s̃) = (z̲̃1(s̃), z̄̃1(s̃)).
4.	 Steps 1 to 3 should be repeated with the value of z̃0(s̃) 

changed to z̃1(s̃) [25, 46].
Here -∇Hs̃(z̃i) represents the maximal decrease in the 

value of Hs̃ in the direction of z̃ and W(z̃) denotes the 
Jacobian matrix.

Mathematical formulation
The objective is to determine the solution for FNE

	 	 (3.15)

Equation (3.15) can be described as 

	 	 (3.16)

Let the function Hs̃: ℝ2 → ℝ is defined by

	 	 (3.17)

The local minimum for a two-variable function Hs̃ is 
evaluated using the Steepest Descent approach [47].

For Hs̃: ℝ2 → ℝ, the gradient of Hs̃ at z̃(s̃) = (z̲̃(s̃), z̄̃(s̃))is 
denoted ∇Hs̃(z̃) and defined by

	 	
(3.18)

A significant characteristic of the gradient is that it 
points in the direction indicated by ∇Hs̃(z̃). When the value 
of Hs̃ at z̃ is decreasing the most.

Now the aim is to reduce Hs̃(z̃) to zero, an appropriate 
choice for z̃i+1(s̃) = (z̲̃i+1(s̃), z̄̃i+1(s̃)) is

	 	 (3.19)

we assume λi as follows:

	 	
(3.20)

where F̃(z̃) = [_F̃, F̄̃]s and

	 	

(3.21)

The FNE can be used to find the initial approximation

	 	 (3.22)
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Equation (3.22) can be described as

	 	

(3.23)

Homotopy Method
In mathematics, the Homotopy Method (HM) is fre-

quently used to tackle the equations which is nonlinear in 
nature. The homotopy analysis for solving nonlinear sys-
tems uses the homotopy concept from topology to provide 
a convergent series solution [21, 47, 48]. This method is 
an alternative for divergence difficulties, which frequently 
occur in standard numerical approaches. Also, the solutions 
might be globally convergent rather than locally convergent. 
This approach is also capable of identifying numerous solu-
tions rather than just one [47]. Researchers have utilized 
the homotopy approach in recent years. When the homo-
topy theory is successfully connected with the perturbation 
theory [49, 50], it becomes a powerful mathematical tool. 
The major benefit of this method is that it can be applicable 
for both weakly and highly nonlinear equations [51]. The 
downsides of this method are that it needs lengthy compu-
tations to converge to the solution and numerous auxiliary 
nonlinear systems must be solved during the intermediate 
continuation phases [52]. We reviewed the HM algorithm 
for solving FNE as follows

	 	 (3.24)

Algorithm
1.	 Consider the parameterized fuzzy nonlinear equation.
2.	 Introduce the parameter φ̃ ∈ [0,1].
3.	 Change φ̃ = 0 and φ̃ = 1 inside the equations to deter-

mine the initial guess.
4.	 The continuation method or homotopy approach aims 

to determine z̃*= (z̲̃1, z̄̃1).
5.	 Compute z̃λi-1 = (z̲̃φ̃i-1, z̄̃φ̃i-1).
6.	 ‖J(z̃φ̃)-1‖ ≤ M.
7.	 Repeat steps 4-8 repeatedly till tolerance is reached.

Here φ̃ ∈ [0,1], M is error tolerance, J(z̃φ̃) denotes the 
Jacobian matrix and z̃φ̃ is a continuous, differentiable oper-
ator [21, 46].

Mathematical formulation
The objective is to determine the solution for FNE

	 	 (3.25)

Equation (3.25) can be described as 

	 	
(3.26)

The homotopy method is used for solving one-pa-
rameter family-type problems. Different problems can be 
formed by updating φ̃ = 0 to φ̃ = 1 [47].

	 	(3.27)

∀s̃ ∈ [0,1], the parametric form of (3.27) is as follows

	 	
(3.28)

where z̃0 = (z̲̃0, z̄̃0) is an initial approximation, then the eq. 
(3.27)

	 	 (3.29)

For fixed φ̃ ∈ [0,1]and ∀s̃ ∈ [0,1] obtain the solution by 
using Newton's method [53]

	 	 (3.30)

Then z̃φ̃i quickly comes to the solution if , 
where

	 	
(3.31)

and ‖J(z̃φ̃)-1‖ ≤ M for a constant M [50]. The equation in 
[55] is computed in two steps. First, the vector z̃ is discov-
ered that will fulfill [54]

	 	 (3.32)

To obtain the next approximation values, update  by 
substituting in (3.24).

Broyden Method
Broyden's Method (BM) addresses nonlinear equa-

tions by identifying their roots. Broyden's method is an 
effective methodology for solving FNE because it enables 
systems to have various solutions and converges to a fuzzy 
solution that precisely reflects the system's uncertainty. 
However, convergence may be sluggish or absent for cer-
tain systems, depending on the initial estimate employed 
[30, 46]. Broyden's approach begins with an initial estimate 
and refines it until it reaches an accurate solution. At each 
iteration, the method constructs a linear approximation 
to the nonlinear system using the Jacobian matrix. Then, 
Broyden's formula, a version of the secant approach, is used 
to update the Jacobian matrix [20, 30]. However, it can be 
sensitive to the initial guess choice, and for certain types of 
systems, it may converge slowly or not at all.

 As compared to the Newton-Raphson approach, BM 
requires considerably less effort per computational step, 
leading to significantly less time-intensive computations. 
This approach is more time-efficient than the NM method. 
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The BM avoids the need to calculate the Jacobian matrix; 
significantly, it demonstrates superior numerical stabil-
ity [56]. This approach possesses two primary drawbacks. 
The primary disadvantage is that the convergence range 
is localised. The approach is convergent, similar to the 
Newton-Raphson method. Nevertheless, it lacks the abil-
ity to self-correct. The Broyden approach necessitates a 
greater number of iterations to obtain the solution. The 
BM achieves ultra-linear convergence. In this sense, the 
lower method can be thought to ensure the stability of the 
Broyden method's convergence order [56]. We reviewed 
the BM algorithm [20] for solving FNE as follows

	 	 (3.33)

Where Pi(φ̃)-1 represents the Jacobian matrix, and it can 
be calculated from Pi-1(φ̃)-1 by using the following formula

	 	(3.34)

where s̃i(φ̃) = z̃i(φ̃) - z̃i-1(φ̃) and z̃i(φ̃) = F̃ (z̃i(φ̃) - F̃(z̃i-1(φ̃)) 
for i = 1,2,…, n.

Algorithm
1.	 Convert the FNE into parametric form.
2.	 To obtain the initial approximation z̃0 put φ̃ = 0 to φ̃ = 1 
3.	 Replace z̃0 into parametric form.
4.	 Determine the preliminary Jacobian matrix

	 	 (3.35)

 Utilise it to estimate the initial approximation applying 
Newton's approach. Let z̃k(φ̃) = (z̲̃k, z̄̃k, φ̃), then

	 	 (3.36)

For k ≥ 1, Assuming z̃1(φ̃) has been obtained, and apply 
the next several steps to get z̃2(φ̃).
5.	 Calculate the function

	 	
(3.37)

6.	 Update the Jacobian matrix by utilising s̃k(φ̃) = z̃k(φ̃) - 
z̃k-1(φ̃) and z̃k(φ̃) = F̃ (z̃k(φ̃) - F̃(z̃k-1(φ̃)), for k = 1,2,…, n.

7.	 Calculate Pi(φ̃)-1 Using the Sherman-Morrison formula 
is as follows

	 	(3.38)

8.	 Solve the linear system P1(φ̃) z̃2(φ̃) = (z̃1(φ̃) - F̃(z̃1(φ̃)) 
for z̃2(φ̃).

9.	 Check the tolerance conditions ϵ ≤ 10-5 is satisfied, 
repeat Steps 4 to 8 until the condition is reached.

Mathematical formulation
The objective is to determine the solution for FNE.

	 	 (3.39)

Equation (3.39) can be described as 

	 	
(3.40)

Let us assume that z̃ = (_ψ̃, ψ̄̃) be the solution of (3.39)

	 	
(3.41)

Solve the above system (3.40) to obtain the initial guess 
z̃0 [57]. Then calculate the initial approximation z̃1 by using 
Newton's method. Let z̃k(φ̃)= (z̲̃k, z̄̃k, φ̃), then

	 	 (3.42)

where P0(φ̃) represents the Jacobian matrix. i.e,

	 	 (3.43)

Calculate the function

	 	
(3.44)

Update the Jacobian matrix by utilising s̃k(φ̃) = z̃k(φ̃) - 
z̃k-1(φ̃) and z̃k(φ̃) = F̃ (z̃k(φ̃) - F̃(z̃k-1(φ̃)), for k = 1, 2, …, n. 
Compute Po(φ̃)-1 by using the formula in (3.38) [58].

Fixed Newton Method
The Fixed Newton Method (FNM) is an iterative 

numerical approach that estimates successively improved 
approximations to the solution. The strategy, which uses 
the function and its derivative to estimate the root, is par-
ticularly effective for well-behaved tasks that are close to 
their roots. The method focuses on the concept of linear 
approximation, which is the foundation of the approach 
[22]. The favourable feature of this technique is that it 
neglects the evaluation of the Jacobian matrix for all subse-
quent iterations except for the initial iteration. The flaw of 
this approach is that it is less efficient than the conventional 
Newton approach, and it notably addresses the inaccuracy 
in determining the approximate solution after n iterations 
in the Newton method [59]. We reviewed the FNM algo-
rithm [22] for solving FNE as follows

	 	 (3.45)

Algorithm
1.	 Guess the initial approximation z̃0.
2.	 Compute F(z̃k) and J(z̃0).
3.	 Set z̃k+1 = z̃k - J(z̃0)-1 * F(z̃k).
4.	 Check |z̃ - z̃0| < ϵ.
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5.	 Set z̃k = z̃k+1 and go to step 2 until we converge on the 
solution.
Here k represents the iteration index, z̃k indicates the 

vector z̃ after k iterations, J(z̃k) denotes the Jacobian matrix, 
F̃(z̃k) denotes the function value and ϵ is an error tolerance.

Mathematical formulation
The objective is to determine the solution for FNE.

	 	 (3.46)

Equation (3.46) can be described as 

	 	
(3.47)

Let us assume that z̃ = (_ψ̃, ψ̄̃) be the solution of (3.47)

	 	
(3.48)

Let z̃0 = (z̲̃0, z̄̃0) is an approximate solution, then ∀s̃ ∈ 
[0,1], there are h(s̃), k(s̃) such that

	 	
(3.49)

The solution for h(s̃) and k(s̃) can be computed by solv-
ing the equations below, 

	 	
(3.50)

where

	 	
(3.51)

As a result, the following estimates for z̲̃(s̃) and z̄̃(s̃) are 
stated as follows

	 	
(3.52)

for all s̃ ∈ [0,1] The estimated solution can be obtained by 
utilizing the equations,

	 	
(3.53)

The approximated solution obtained for different n 
values.

	 	 (3.54)

Equation (3.54) can be described as [3]

	 	
(3.55)

This method computes the Jacobian matrix only for the 
initial estimate, then uses it for subsequent approximations.

Improved False Position Method
The Regula Falsi method [23] is one of the oldest bracket-

ing approaches to determining the roots of nonlinear equa-
tions. This method enhances the suboptimal convergence 
rate of the Bisection method and its limited adaptation for 
higher-dimensional problems. Researchers have proposed 
several enhancements to this method. To enhance this 
technique, [60] presents an augmented variant of the False 
Position approach defined as the Improved False Position 
Method (IFPM). The advantages of this method are that it 
is one of the most effective bracketing methodologies for 
solving nonlinear equations and computing derivatives, 
which is both simple and straightforward. This method is 
ineffective for solving FNEs, as it may repeatedly use the 
same endpoints [61]. We reviewed the IFPM algorithm [23, 
26] for solving FNE as follows

	 	
(3.56)

Algorithm
Let us assume f(̃z̃) on [x, y] be given, satisfying the fol-

lowing condition

f(̃x) * f(̃y) < 0

1.	 Consider xn = x and yn = y for n = 0, 1, 2, …
2.	 Calculate

	 	
(3.57)

3.	 Verify if f(̃xn) * f(̃z̃n) < 0 then set xn+1= xn and yn+1= z̃n 
else, xn+1= z̃n and yn+1= yn

4.	 Verify the tolerance condition |f(̃xn)| < ϵ is satisfied [48]

Mathematical formulation
The objective is to determine the solution for FNE 

defined as [26]

	 	 (3.58)

where ã is defined as the same as ãj in P̃n(z).
Assume ãj = (ã̲j, ā̃j) and ã = (ã̲, ā̃) where

	 	
(3.59)
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(3.60)

If z is a positive value, we will have

	 	
(3.61)

which leads to

	 	 (3.62)

Substituting (3.60) in (3.62), we have

	 	
(3.63)

Therefore, we utilize the Improved False Position 
approach to resolve the equation mentioned above.

Numerical Examples
The section focuses on solving several numerical exam-

ples using existing methods and compares these methods to 
validate their computational efficiency. The representation 
of existing methods is as follows: Newton Method (NM), 
Steepest Descent Method (SDM), Homotopy Method 
(HM), Broyden Method (BM), Fixed Newton Method 
(FNM), and Improved False Position Method (IFPM). The 
computational procedure was coded in MATLAB soft-
ware. Next, we address some example problems using the 
above-mentioned methods.

Example 1: The FNE can be examined with the follow-
ing example.

	 	 (4.1)

Equation (4.1) can be described as 

	 	
(4.2)

or similar

	 	
(4.3)

Put s̃ = 0 and s̃ = 1 in (4.3) to generate an initial guess.

	 	
(4.4)

As a result, z̲̃(0) = 0.579796, z̄̃(0) = 0.591633 and z̲̃(1) 
= z̄̃(1) = 0.586800. Therefore, the initial guess is z̃0 = 
(0.579796,0.586800,0.591633). The comparison of results is 
given in Table 1, and the convergence behaviour is shown 
in Figure 1.

Example 2: The FNE can be examined with the follow-
ing example.

	 	 (4.5) 

Equation (4.5) can be described as 

Figure 1. Numerical solution for Example 1.

Table 1. Comparison of NM, SDM, HM, BM, FNM, and IFPM

Number of Iterations

S.No. s̃ z̲̃ (s̃) z̄̃(s̃) NM SDM HM BM FNM IFPM

1 s̃=0 0.579796 0.591633 1 17 148 9 3 29
2 s̃=0.2 0.581438 0.59079 2 14 148 9 3 29
3 s̃=0.4 0.582944 0.589891 2 14 148 9 4 29
4 s̃=0.6 0.584331 0.588931 3 12 148 9 4 29
5 s̃=0.8 0.585612 0.587903 3 9 148 9 4 29
6 s̃=1 0.586800 0.586800 3 8 148 9 4 29
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(4.6)

or similar

	 	
(4.7)

Put s̃ = 0 and s̃ = 1 in (4.7) to generate an initial guess.

	 	
(4.8)

As a result, z̲̃(0) = 0.358258, z̄̃(0) = 0.517657 and z̲̃(1) 
= z̄̃(1) = 0.474546. Therefore, the initial guess is z̃0 = 
(0.358258,0.474546,0.517657). The comparison of results is 
given in Table 2, and the convergence behaviour is shown 
in Figure 2.

Example 3: The FNE can be examined with the follow-
ing example.

	 	 (4.9)

Equation (4.9) can be described as 

	 	
(4.10)

or similar

	 	
(4.11)

Put s̃ = 0 and s̃ = 1 in (4.11) to generate an initial guess.

	 	
(4.12)

As a result, z̲̃(0) = 0.434259, z̄̃(0) = 0.530662 and z̲̃(1) 
= z̄̃(1) = 0.500000. Therefore, the initial guess is z̃0 = 
(0.434259,0.500000,0.530662). The comparison of results is 
given in Table 3, and the convergence behaviour is shown 
in Figure 3.

Example 4: The FNE can be examined with the follow-
ing example.

Figure 2. Numerical solution for Example 2.

Table 2. Comparison of NM, SDM, HM, BM, FNM, and IFPM

Number of Iterations

S.No. s̃ z̲̃ (s̃) z̄̃(s̃) NM SDM HM BM FNM IFPM

1 s̃=0 0.358258 0.517657 1 19 148 9 2 33
2 s̃=0.2 0.395787 0.511281 3 17 148 9 4 33
3 s̃=0.4 0.423121 0.504022 4 18 148 9 4 33
4 s̃=0.6 0.444124 0.495677 4 12 148 9 4 33
5 s̃=0.8 0.460857 0.485976 4 14 148 9 4 34
6 s̃=1 0.474546 0.474546 4 17 148 9 4 34

Figure 3. Numerical solution for Example 3.
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	 	 (4.13)

Equation (4.13) can be described as 

	 	
(4.14)

or similar

	 	
(4.15)

Put s̃ = 0 and s̃ = 1 in (4.15) to generate an initial guess.

	 	
(4.16)

As a result, z̲̃(0) = 0.390388, z̄̃(0) = 0.500000 and z̲̃(1) 
= z̄̃(1) = 0.463325. Therefore, the initial guess is z̃0 = 
(0.390388,0.463325,0.500000). The comparison of results is 
given in Table 4, and the convergence behaviour is shown 
in Figure 4.

RESULTS AND DISCUSSION

This section focuses on analysis and comparison of 
the efficacy of various numerical methods, including 
NM, SDM, HM, BM, FNM, and IFPM, for solving FNEs. 
After applying these approaches to resolve several exam-
ple problems, we noted a distinct superiority of Newton's 
Method compared to the alternatives. FNM, a modifica-
tion of Newton’s Method for fuzzy contexts, demonstrates 
superior performance compared to specific conventional 
approaches. However, it does not exceed the iteration effi-
ciency of Newton’s Method. IFPM also exhibits slower con-
vergence. Figures 1–4, which visually illustrate convergence 
behaviour and accuracy, show that Newton's Method is Figure 4. Numerical solution for Example 4.

Table 3. Comparison of NM, SDM, HM, BM, FNM, and IFPM

Number of Iterations

S.No. s̃ z̲̃ (s̃) z̄̃(s̃) NM SDM HM BM FNM IFPM

1 s̃=0 0.434259 0.530662 1 15 148 9 2 36
2 s̃=0.2 0.452934 0.525892 3 10 148 9 3 35
3 s̃=0.4 0.468026 0.520563 3 19 148 9 4 35
4 s̃=0.6 0.480506 0.514569 3 15 148 9 4 34
5 s̃=0.8 0.491017 0.507773 3 12 148 9 4 34
6 s̃=1 0.500000 0.500000 3 9 148 9 4 33

Table 4. Comparison of NM, SDM, HM, BM, FNM, and IFPM

Number of Iterations

S.No. s̃ z̲̃ (s̃) z̄̃(s̃) NM SDM HM BM FNM IFPM

1 s̃=0 0.390388 0.500000 1 18 148 9 3 31
2 s̃=0.2 0.410426 0.494163 2 15 148 9 3 31
3 s̃=0.4 0.426991 0.487702 3 15 148 9 4 31
4 s̃=0.6 0.440962 0.480506 3 11 148 9 4 31
5 s̃=0.8 0.452934 0.472439 3 9 148 9 4 31
6 s̃=1 0.463325 0.463325 3 8 148 9 4 31
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popular due to its speed and accuracy, even though other 
approaches offer advantages such as adaptability or flexibil-
ity in fuzzy environments.

Review of Iterative Methods for Solving Dual Fuzzy 
Nonlinear Equations

The analytical approaches are ineffective for determin-
ing the solution of nonlinear equations that are fuzzy in 
nature. In this section, we review some iterative methods 
that are efficient for solving DFNE [14]. This section pro-
vides the mathematical formulation, advantages, disadvan-
tages and produces a detailed outline of the methods and 
validates the results. 

Duality in Fuzzy Nonlinear Systems
Generally, an arbitrary fuzzy number ã ∈ E excludes an 

inverse element [62]. i.e., there exists no element b̃ ∈ E such 
that

	 	 (5.1)

For all ã ∈ E, we have

	 	 (5.2)

Consequently, the FNE becomes

	 	 (5.3)

cannot be substituted with the FNE in an equivalent form

	 	 (5.4)

which was examined. In the sequel, the fuzzy nonlinear 
equation (5.3) is referred to as the dual fuzzy nonlinear 
equation, where all the parameters are fuzzy numbers [14, 
62].

Newton Method
Newton Method (NM) is an efficient iterative numeri-

cal technique for handling systems of nonlinear equations. 
The approach relies on a linear approximation of a non-
linear system. In DFNE, the approach entails determining 
the values of two variables that satisfy a system of equa-
tions with fuzzy numbers. The Newton Method for solving 
DFNE involves two stages: computing the Jacobian matrix 
of the equation system and solving a linear system of equa-
tions [29, 62, 63].

For the non-singular Jacobian matrix, the Newton 
method will converge to the exact solution from an ini-
tial approximation. The Newton Method is admired 
for its rapid convergence rate when utilized on well-de-
fined systems of equations. Nevertheless, the method 
can lead to significant computational expenses, 
particularly for large systems of equations [64]. This 
method may fail to converge to the solution due to inexact 
Jacobian matrix [56]. Readers may refer to Section 3.1 for 
the algorithm of NM.

Mathematical formulation
The objective is to determine the solution for DFNE.

	 	 (5.5)

Equation (5.5) can be described as 

	 	
(5.6)

Assume that z̃ = (_ψ̃, ψ̄̃) is the solution of (5.6) then

	 	
(5.7)

Let us assume the functions _F̃ and F̄̃ are as follows

	 	
(5.8)

As a result,

	 	
(5.9)

Let z̃0 = (z̲̃0, z̄̃0) is an approximation solution, then there 
are h(s̃), k(s̃) such that

	 	
(5.10)

By using the Taylor series of _F̃, F̄̃ about (z̲̃0, z̄̃0), then for 
all s̃ ∈ [0,1],

	 	
(5.11)

If z̲̃0 and z̄̃0 are close to φ̲̃, φ̄̃ then h(s̃) and k(s̃) are neg-
ligible for s̃ ∈ [0,1].

	 	
(5.12)

As a result, the unknowns h(s̃) and k(s̃) can be com-
puted for each s̃ ∈ [0,1]

	 	
(5.13)

where

	 	
(5.14)

As a consequence, the following estimates for y̲(s̃) and 
z̄(s̃) are given:
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(5.15)

Using the recursive technique, we may derive an approx-
imate solution ∀s̃ ∈ [0,1].

	 	
(5.16)

where n = 1,2,…. . A fuzzy number can be used as an initial 
guess [43].

	 	 (5.17)

The parametric form of (5.17) is as follows

	 	 (5.18)

Broyden's and Newton's Method
Broyden developed an iterative method for resolving 

FNE [20, 65]. This method is a powerful tool for resolv-
ing FNE, as it allows numerous solutions and converges 
to a fuzzy solution that precisely depicts the system's 
uncertainty. This work employs both Newton's method 
and Broyden's method, which is referred to as Broyden's 
Newton's method (BNM) for solving DFNE. The Newton 
method was applied for the initial approximation, and 
Broyden's method was utilized for the remaining iterations 
[29, 66]. The major benefit of using these methods is that 
they can handle the DFNE, which is useful for modelling 
uncertainty in real-world problems. Both approaches may 
converge efficiently if the starting value is closer to the 
solution. If the Jacobian matrix is accurate, then Newton's 
method converges faster compared to Broyden's method 
[67]. The downside of these methods is that for an inac-
curate Jacobian matrix, Broyden's method may become 
unstable, leading to slower convergence or divergence. The 
number of equations is high, making Newton's method 
computationally expensive due to the need to calculate the 
Jacobian matrix at each iteration [67]. We reviewed the 
BNM algorithm [29] for solving DFNE as follows

	 	 (5.19)

Where Bi(φ̃)-1 represents the Jacobian matrix, and it can 
be determined by utilizing the following formula

	 	 (5.20)

where s̃i(φ̃) = z̃i(φ̃) - z̃i-1(φ̃) and yi(φ̃) = F̃(z̃i(φ̃)) - F̃(z̃i-

1(φ̃)), for i = 1,2,…, n.
From (5.19), update the Broyden matrix Bi+1(φ̃) using 

the following formula [65]

	 	 (5.21)

Algorithm
1.	 Convert the DFNE into parametric form.
2.	 To obtain the initial guess z0 put φ̃ = 0 and φ̃ = 1 
3.	 Calculate the

	 	 (5.22)

using (5.22), calculate φ̃1 through Newton's method, hence

	 	 (5.23)

then compute

	 	
(5.24)

4.	 Calculate si(φ̃) = z̃i(φ̃) - z̃i-1(φ̃) and z̃k(s) = F̃ (z̃k(φ̃) - 
F̃(z̃i-1(φ̃)) utilizing Broyden's matrix to make adjust-
ments to the present 1 ≤ i ≤ n.

5.	 Now calculate the next value using Broyden's method 
[68].

6.	 Steps 3 and 4 should be repeated until the criteria (ϵ ≤ 
10-5) reached.

Mathematical formulation
The objective is to determine the solution for DFNE.

	 	 (5.25)

Equation (5.25) can be described as 

	 	
(5.26)

Assume that z̃ = (_ψ̃, ψ̄̃) is the solution of (5.26) then

	 	
(5.27)

Let us assume the functions _F̃ and F̄̃ are as follows

	 	
(5.28)

As a result,

	 	
(5.29)

For solving (5.25), an initial estimate is necessary, fol-
lowed by the generation of a sequence of points {z̃k}k≥0 
[69,70].

Quasi Newton Method
When a function is non-linear and lacks an easily com-

putable derivative, the Quasi-Newton method (QNM) 
serves as a numerical optimization algorithm to determine 
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its minimum (or maximum). It is an enhancement of 
Newton's algorithm that utilizes a second-order derivative 
to evaluate crucial points. For high-dimensional challenges, 
computing the Hessian matrix can be computationally 
intensive. The Quasi-Newton approach primarily uses the 
first-order derivative to estimate the Hessian matrix. This 
results in a more efficient approach that preserves much of 
the efficacy of Newton's method while reducing computa-
tional expenses [65].

 The major advantages of this method are that it con-
verges more quickly than the Steepest Descent approach, it 
can handle a wide range of objective functions, including 
those that are not smooth or differentiable, and it is compu-
tationally efficient since it does not require computing the 
Hessian matrix at each iteration [65, 71]. Additionally, this 
method has some drawbacks. If the initial Hessian matrix 
approximation is inaccurate, it may converge slowly or 
diverge, depending on whether the step size is excessively 
large or too small. This method may oscillate or converge 
slowly depending on the problem structure and initial 
approximation; this method may converge to a local mini-
mum [65]. We reviewed the QNM algorithm [30] for solv-
ing DFNE as follows

	 	 (5.30)

Where Bi(φ̃)-1 represents the Jacobian matrix, and it can 
be determined from the following 

	 	 (5.31)

where si(φ̃) = z̃i(φ̃) - z̃i-1(φ̃) and yi(φ̃) = F(z̃i(φ̃) - F(z̃i-1(φ̃))
for i = 1, 2, …, n. The above condition is referred to as the 
Quasi Newton Condition [66, 72]. We choose the Jacobian 
matrix B0(φ̃)-1 in (5.30) for the initial approximation, and 
then update the Bi(φ̃) by utilizing the following

	 	
(5.32)

where d1= z̃ - z̃0, D1= F̃ - F̃0 and di = (d1
T, Bi)

Algorithm
1.	 Convert the DFNE into parametric form.
2.	 To obtain the initial guess φ̃0 put s̃ = 0 and s̃ = 1.
3.	 Calculate J(z̃0, z̃0, φ̃) = B0(φ̃).
4.	 Calculate B0(φ̃) * s̃i= -F(z̃k)
5.	 Calculate B1(φ̃) = B0(φ̃)-1.
6.	 Calculate the update Bi(φ̃).
7.	 Continue steps 3 - 6 until criteria ϵ ≤ 10-4 is reached 

[30].

Mathematical formulation
The objective is to determine the solution for DFNE.

	 	 (5.33)

Equation (5.33) can be described as 

	 	
(5.34)

Assume that z̃ = (_ψ̃, ψ̄̃) is the solution of (5.34), then

	 	
(5.35)

Let us assume the functions _F̃ and F̄̃ are as follows

	 	
(5.36)

As a result,

	 	
(5.37)

Let z̃0 = (z̲̃0, z̄̃0) is an approximation solution, then there 
are h(s̃), k(s̃) such that

	 	
(5.38)

By using the Taylor series of _F̃, F̄̃ about (z̲̃0, z̄̃0), then for 
each s̃ ∈ [0,1],

	 	
(5.39)

If z̲̃0 and z̄̃0 are close to φ̲̃ and φ̄̃ then h(s̃) and k(s̃) are 
negligible for s̃ ∈ [0,1].

	 	
(5.40)

As a result, the unknowns h(s̃) and k(s̃) can be com-
puted for each s̃ ∈ [0,1]

	 	
(5.41)

where

	 	
(5.42)

As a consequence, the following estimates for y̲(s̃) and 
z̄(s̃) are given:

	 	 (5.43)

Using the recursive technique, we may derive an approx-
imate solution ∀s̃ ∈ [0,1].
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	 	 (5.44)

if J(z̲̃n, z̄̃n, s̃) is nonsingular, we derive the recursive 
scheme of Newton's technique from (5.42)

	 	
(5.45)

Modified Newton's Method
The most well-known demanding Newton method for 

solving nonlinear equations is 

	 	 (5.46)

where J(z̃k) is the Jacobian matrix. This method converges 
quadratically. The process can become excessively time-con-
suming due to the Jacobian matrix evaluation for each iter-
ation. This leads to further studies that aim to enhance the 
computational efficiency of Newton's approach [73].

The Chord Newton method significantly outperforms 
Newton's method in many aspects. When the problem is 
finite in size, we can evaluate the Jacobian only once; signifi-
cantly, it reduces the computational cost of each iteration 
[74]. For the singular Jacobian matrix, it fails to converge 
to the solution. To address this limitation, a parameter µk 
was included in Newton's method to ensure a descending 
search direction when the Jacobian J(xk) is positive defi-
nite. This method is usually referred to as the Levenberg-
Marquardt method. It is as follows

	 	 (5.47)

By adding the parameter µk, we have

	 	 (5.48)

where I denotes an identity matrix and µk ≥ 0 is the param-
eter that is updated for each iteration to regulate the meth-
od's convergence [59]. If f(̃z̃k+1) < f(̃z̃k) then µk would be 
gradually increased [56]. In the literature, Yamashita and 
Fukushima [74] chose µk = ‖F̃(z̃k)‖2 and Fan and Yuan [59] 
suggested that µk = ‖F̃(z̃k)‖. For µk → 0, the Levenberg-
Marquardt method behaves like Newton's method and 
for µk → ∞ it behaves like a pure gradient method. For the 
modified Newton's method, Sulaiman et al. [31] chose µk 
= ‖F̃(z̃k)‖ for solving DFNE. The major benefits of this 
method are that its formulation is simple and it achieves the 
fastest convergence in the descent direction. The drawbacks 
of this method are that Second-order derivatives must be 
computed at every iteration; typically, this requires a signif-
icant amount of time, and when compared to the steepest 
descent or conjugate gradient technique, many more com-
putations are needed at each iteration [38]. We reviewed the 
MNM algorithm [31] for solving DFNE as follows

	 	 (5.49)

Algorithm
1.	 Convert the DFNE into parametric form.
2.	 To obtain the initial guess, put s̃ = 0 and s̃ = 1.
3.	 Compute the Jacobian matrix J(z̃k).
4.	 The parameter µk calculated by using the formula.
5.	 Update the Jacobian matrix using (5.48).
6.	 Determine the next iteration value using (5.49).
7.	 Repeat steps 4 to 7. Until the tolerance criteria 10-6 is 

reached [31].

Mathematical formulation
The objective is to determine the solution for DFNE.

	 	 (5.50)

Equation (5.50) can be described as 

	 	 (5.51)

Assume that z̃ = (_ψ̃, ψ̄̃) is the solution of (5.51) then

	 	
(5.52)

Let us assume the functions _F̃ and F̄̃ are as follows

	 	
(5.53)

As a result,

	 	
(5.54)

Let z̃0 = (z̲̃0, z̄̃0) is an approximation solution, then there 
are h(s̃), k(s̃) such that

	 	
(5.55)

By using the Taylor series of _F̃, F̄̃ about (z̲̃0, z̄̃0) and then 
foralle s̃ ∈ [0,1]. We get

	 	
(5.56)

which reduces to

	 	 (5.57)

After some modifications, we get [75],

	 	
(5.58)
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and

	 	
(5.59)

The parameter µk is introduced, and a new Jacobian is 
defined as

	 	
(5.60)

if J(z̲̃n, z̄̃n, s̃) is nonsingular, we derive the recursive scheme 
of Newton's technique from (5.60)

	 	
(5.61)

Numerical Example
The section focuses on solving several numerical exam-

ples using existing methods and compare these methods to 
validate their computational efficiency. The representation 
of existing methods is as follows: Newton Method (NM), 
Broyden Newton Method (BNM), Quasi-Newton Method 
(QNM), and Modified Newton Method (MNM). The illus-
trated example problems are considered as follows.

Example 5: The DFNE can be examined with the fol-
lowing example.

	 	 (5.62)

Equation (5.62) can be described as 

	 	 (5.63)

Consequently

	 	
(5.64)

or similar

	 	
(5.65)

Put s̃ = 0 and s̃ = 1 in (5.65) to generate an initial guess.

	 	
(5.66)

As a result, z̲̃(0) = 0.434259, z̄̃(0) = 0.474546 and z̲̃(1) 
= z̄̃(1) = 0.463325. Therefore, the initial guess is z̃0 = 
(0.434259,0.463325,0.474546). The comparison of results is 
given in Table 5, and the convergence behaviour is shown 
in Figure 5.

Example 6: The DFNE can be examined with the fol-
lowing example

	 	 (5.67)

Equation (5.67) can be described as 

	 	 (5.68)

Consequently,

	 	 (5.69)

Table 5. Comparison of NM, BNM, QNM, and MNM

	 Number of Iterations

S.No. s̃ z̲̃ (s̃) z̄̃(s̃) NM BNM QNM MNM

1 s̃=0 0.434259 0.474546 1 6 5 1

2 s̃=0.2 0.443274 0.472888 3 7 7 3

3 s̃=0.4 0.450104 0.470998 3 7 7 3

4 s̃=0.6 0.455460 0.468825 3 8 6 3

5 s̃=0.8 0.459774 0.466298 3 8 6 3

6 s̃=1 0.463325 0.463325 3 8 7 3

Figure 5. Numerical solution for Example 5.
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or similar,

	 	 (5.70)

Put s̃ = 0 and s̃ = 1 in (5.70) to generate an initial guess.

	 	
(5.71)

As a result, z̲̃(0) = 0.390388, z̄̃(0) = 0.500000 and z̲̃(1) 
= z̄̃(1) = 0.463325. Therefore, the initial guess is z̃0 = 
(0.390388,0.463325,0.500000). The comparison of results is 
given in Table 6, and the convergence behaviour is shown 
in Figure 6.

Example 7: The DFNE can be examined with the fol-
lowing example.

	 	 (5.72)

Equation (5.72) can be described as 

	 	 (5.73)

or similar

	 	 (5.74)

Put s̃ = 0 and s̃ = 1 in (5.74) to generate an initial guess.

	 	
(5.75)

As a result, z̲̃(0) = 0.463325, z̄̃(0) = 0.522408 and z̲̃(1) 
= z̄̃(1) = 0.500000. Therefore, the initial guess is z̃0 = 
(0.463325,0.500000,0.522408). The comparison of results is 
given in Table 7, and the convergence behaviour is shown 
in Figure 7.

Table 7. Comparison of NM, BNM, QNM, and MNM

Number of Iterations

S.No. s̃ z̲̃ (s̃) z̄̃(s̃) NM BNM QNM MNM

1 s̃=0 0.463325 0.522408 1 7 2 1
2 s̃=0.2 0.472439 0.518645 3 7 6 3
3 s̃=0.4 0.480506 0.514569 3 7 7 3
4 s̃=0.6 0.487702 0.510137 3 8 6 3
5 s̃=0.8 0.494163 0.505301 3 8 8 3
6 s̃=1 0.500000 0.500000 3 8 8 3

Table 6. Comparison of NM, BNM, QNM, and MNM

Number of Iterations

S.No. s̃ z̲̃ (s̃) z̄̃(s̃) NM BNM QNM MNM

1 s̃=0 0.390388 0.500000 1 7 1 1

2 s̃=0.2 0.410426 0.494163 3 7 7 3

3 s̃=0.4 0.426991 0.487702 3 7 7 3

4 s̃=0.6 0.440962 0.480506 3 8 6 3

5 s̃=0.8 0.452934 0.472439 3 8 8 3

6 s̃=1 0.463325 0.463325 3 8 9 3

Figure 6. Numerical solution for Example 6.
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Example 8: The DFNE can be examined with the fol-
lowing example [76].

	 	 (5.76)

Equation (5.76) can be described as

	 	 (5.77)

or similar

	 	
(5.78)

Put s̃ = 0 and s̃ = 1 in (5.78) to generate an initial guess.

	 	
(5.79)

As a result, z̲̃(0) = 0.434259, z̄̃(0) = 0.530662 and z̲̃(1) 
= z̄̃(1) = 0.500000. Therefore, the initial guess is z̃0 = 
(0.434259,0.500000,030662). The comparison of results is 

given in Table 8, and the convergence behaviour is shown 
in Figure 8. 

DISCUSSION

This section provides an in-depth discussion of resolv-
ing DFNEs by four numerical techniques: NM, BNM, 
QNM, and MNM. After applying these methods for solving 
several example problems, we observed that NM and MNM 
show superiority in converging to the solution. Tables 5–8 
show that NM and MNM converge to the solution with 
less number of iterations. In comparison, BNM and QNM 
required more iterations, indicating a slower convergence 
rate. The Modified Newton Method, an advancement of the 
traditional Newton technique, provides enhanced flexibil-
ity in fuzzy contexts while preserving a rapid convergence 
rate. Finally, we compared numerical methodologies from 
the literature. Results indicate that Newton's Method is 
the most effective due to its speed, accuracy, and stability. 
Although other methods may provide advantages in cer-
tain situations, they require more iterations for solving the 

Table 8. Comparison of NM, BNM, QNM, and MNM

Number of Iterations

S.No. s̃ z̲̃ (s̃) z̄̃(s̃) NM BNM QNM MNM

1 s̃=0 0.434259 0.530662 1 7 2 1
2 s̃=0.2 0.452934 0.525892 2 7 7 3
3 s̃=0.4 0.468026 0.520563 2 7 7 3
4 s̃=0.6 0.480506 0.514569 3 8 7 3
5 s̃=0.8 0.491017 0.507773 3 8 8 3
6 s̃=1 0.500000 0.500000 3 8 8 3

Figure 7. Numerical solution for Example 7.

Figure 8. Numerical solution for Example 8.
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DFNEs. This analysis demonstrates that Newton-based 
methods continue to dominate the solution of DFNE

CONCLUSION

This article effectively evaluates several iterative meth-
ods for addressing FNEs and DFNEs. A comprehensive 
analysis of numerical approaches for solving FNEs was 
conducted, encompassing NM, SDM, HM, BM, FNM, 
and IFPM. We also analysed the BNM, the QNM, and 
the MNM for addressing DFNEs. This study provides a 
detailed analysis of the mathematical formulation of each 
method, emphasizing their strengths and limitations. The 
comparative analysis demonstrated that NM and the MNM 
consistently outperformed other approaches in terms of 
convergence speed and computational efficiency. Tables 
1–4 illustrate that NM necessitated considerably fewer iter-
ations compared to SDM, HM, BM, FNM, and IFPM. Tables 
5–8 indicate that NM and the MNM were the most effective 
methods for solving DFNEs, necessitating fewer iterations 
compared to the BNM and the QNM. Additionally, Figures 
1–8 illustrate the convergence behaviour of each numerical 
method, which supports our findings. This study highlights 
the significance of Newton-based methods, noting their 
enhanced accuracy, stability, and efficiency. Our results 
suggest that derivative-free iterative techniques should con-
tinue to be developed, as they may offer more options and 
faster methods for solving FNEs and DFNEs.
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