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For the two non-negative integer sequences ¢ = (4,) and v = (v,) such that y, < v, and
v, > e as n > oo, present paper aims to introduce the concepts of deferred statistical limit
points and deferred statistical cluster points for sequences within intuitionistic fuzzy normed
linear space. We also study some of their relations and properties in this space. Further, we
define the concepts of deferred statistical limit superior and inferior and study their properties
in an intuitionistic fuzzy normed space. This work presents the ideas using the novel summa-
bility method of deferred statistical convergence within the framework of intuitionistic fuzzy
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INTRODUCTION

In mathematical analysis and its applications, the idea of
sequence convergence is very important for understanding
concepts like limits, continuity, limit points, and the limit
superior and inferior. However, the classical way of check-
ing convergence does not always work well when sequences
behave unusually or irregularly. Such irregular sequences
often appear in real-life situations like signal processing,
probability, and numerical calculations. To address these
limitations, the concept of statistical convergence was inde-
pendently defined by Fast [1] and Steinhaus [2] by using the
notion of natural density of subsets of N. Statistical conver-
gence became a prominent area of research within summa-
bility theory after the notable contributions by Schoenberg
[3], Salat [4], Fridy [5], and Connor [6]. Further, Fridy [7]
introduced the notions of statistical cluster points and limit
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points for numerical sequences. Following this, Fridy and
Orhan [8] defined statistical limit inferior and superior. The
above advancements led to the generalization and exten-
sion of statistical convergence within different mathemat-
ical spaces. Among various contributions, Kiigiikaslan and
Yilmaztirk [9] proposed deferred statistical convergence
based on deferred density and deferred Cesaro means [10].
Over the years, many researchers have developed these
ideas, which have led to a range of applications across vari-
ous disciplines [11-14].

Since Zadeh [15] proposed the idea of fuzzy sets to
reduce the uncertainty in many mathematical problems.
The idea was found very useful, particularly in fields such
as approximation theory [16], function theory [17, 18] and
metric and topological spaces [19-21]. Fuzzy set theory has
been effectively used to model uncertainty and imprecision
across various fields of science and engineering including
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quantum physics [22], population dynamics [23], chaos
control [24], nonlinear dynamical systems [25], and com-
puter programming [26]. Further, Atanassov [27] noticed
that fuzzy sets were not always enough to deal with com-
plex problems involving uncertainty, confusion, and hesita-
tion in decision-making. To improve this, he introduced a
new idea called intuitionistic fuzzy sets, which generalizes
fuzzy sets. These ideas have been applied in various areas
like decision-making [28] and in the E-infinity theory in
high-energy physics [29]. The theory of intuitionistic fuzzy
metric spaces was first defined by Park [30]. Subsequently,
Saadati and Park [31] studied intuitionistic fuzzy normed
spaces (briefly called IFNLS). Later, Karakus et al. [32]
explored statistical convergence within the context of
IFNLS. Moreover, numerous studies have focused on gen-
eralizing statistical convergence in various normed linear
spaces under fuzzy settings [33-49].

The significance of studying deferred statistical limit
points, cluster points, limit superior, and limit inferior in
IFNLS lies in the necessity to generalize the idea of statisti-
cal convergence to more realistic and generalized situations.
In many real-life problems, things are not always clear or
exact. There can be uncertainty, vagueness, or hesitation.
This happens in areas like decision-making, information
systems, and control theory. The traditional definitions of
limits do not always work well in such cases. Intuitionistic
fuzzy normed linear spaces help us deal with this problem.
They use the ideas of both membership and non-member-
ship to better describe unclear situations. This makes them
a more flexible and useful tool for understanding complex
problems.

The novelty of our work lies in introducing the concepts
of limit points and cluster points using deferred statistical
summability, which have not yet been explored in intuition-
istic fuzzy normed linear spaces. Addressing this gap, this
paper introduces and develops some new notions, which
provide a novel perspective on convergence behavior in
IENLS.

The present paper is structured as follows: Firstly, we
introduce the notions of deferred statistical limit points
and cluster points by using the intuitionistic fuzzy norm.
Subsequently, several significant results related to these con-
cepts are also established. Further, the notions of deferred
statistical limit superior and limit inferior are introduced,
and their properties are examined within this space.

Now, we provide some essential definitions relevant to
this paper.

MATERIALS AND METHODS

Definition-1 [1] A set G € N is considered to have nat-
ural density 6(G) if §(G) = 7ll_r}lgo @ where |G(n)| denotes
the cardinality of the set G(n). and G(n)={k < n: k € G}. 6(G)
may not be defined for every subset G € N. However, the
upper density 8(G) given by 6(G) = limsup @, always

n—oco

exists for G S N. Furthermore, when we say 8(G) is non-

zero, we mean that E(g) > 0.

A sequence t = (t;) is called statistical convergent to t, €
R if for every Y > 0, S({k € N: |t -t,| 2 Y}) =0
hold and it is denoted as § — ,!i_)rg)tk =tq

The following examples illustrate the concept of natural
density.

Example-1 [4] If G = {12,2%,3% .-}, thenn the natural
density §(§) is defined as

g(m)| I Itk <n:k € G|
— = im ——,

n—oco n

5(G) = lim

n—oo

The number of perfect squares less than or equal to n is
approximately vn. That mean |{k < n:k € G}| = v/n. This
implies 6(G) = li_)m % = 0. Hence, the natural density of
the set of perfectn sqoliares is 0.

In 1993, Fridy [7] introduced the concepts of statistical
cluster points and statistical limit points, defined as follows:

Definition-2 [7] Let t = (t;) be a sequence of numbers
and (tkj) be a sub-sequence of a real sequence t = (t;) and
the set of indices K = {kj:j € N}, then if §(XK) = 0, then (tkj)
is referred to as a thin sub-sequence of (t;). On other hand
if (%) # 0, then (tkj)(tkj) is referred to as nonthin sub-se-
quence of (t;), where §()K) # 0 means that §(K) > 0 or X
does not possess natural density.

1. A number L € R is called a statistical limit point of a
sequence t = (t;) if there exists a sub-sequence (tkj) with
positive natural density that converges to L. The set of
all such points is denoted by A..

2. A number C € R is called statistical cluster point of the
sequence t = (t;) if, for every Y > 0, the set

{k e N:|t, - C| < Y}

does not have zero natural density. The set of all such points
is denoted by T',.

The following example illustrate the difference between
statistical limit points and cluster points.

Example-2 [7] Consider the uniformly distributed
sequence t = (t;) in the interval [0,1], defined as

1 12
(tk) = {O’O;Ollﬁoi_’ 1501_;_

,1,0, ...
2 3'3 }

The density of (t;) in any sub-interval of length r is equal
to r ([45]). Thus, for C € R in any sub-interval of [0,1], the
density 6({k € N: t, € (C-Y, C + Y)}) > 0. Therefore, T, =
[0,1]. On the other hand, consider L € [0,1] and a sub-se-
quence (tkj) that ordinarily convergent to L. For any Y > 0,
infinitely many indices k in X satisfy the following inequal-
ity, where X = {k;: j € N}

K, S {k € Kt |ty — L] < Y} + {k € %t |ty — L] = Y}

where {k € K:[t; - L| = Y} is a finite set, since (ti;) that con-
vergent to L. Now, taking density for both sides
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|5,] < [{k € Kp: |t — L] < Y} + |k € K2 [t — L] = Y}
Hal _ Itk € Honi It = LI <Y} [k € Kot |t — L = V3

6&1(1-}) <2Y+0. ! i

Since Y is arbitrary, therefore 8({kj}) =0. Thus, A, = 0.

In 1997, Fridy and Orhan [8] defined statistical limit
inferior and superior as follows:

Definition-3 [8] For any sequence t = (t;), let X, and 3,
denote the sets as follows:

X, = {x € R 5{k:t, <x}) % 0}
3, = {z € R:6({k:t, > 7}) # 0}

respectively. Then the statistical limit superior of t = (t;) is
described as

sup3; if 3¢ # @

S — limsupt = {_Oo if 3, = ¢

and statistical limit inferior of t = (t;) is described as

T infX, if X, #¢
S 11m1nft—{oo if X, = ¢,

The idea of fuzzy norms was first introduced by
Katsaras[42] to handle uncertainty in measurements.
Felbin [43] and Cheng and Mordeson [44] later refined
the concept. Bag and Samanta [46] further developed it
by studying convergence in fuzzy normed spaces. Further,
in 2006, Saadati and Park [31] generalized fuzzy normed
spaces and introduced intuitionistic fuzzy normed spaces
defined as follows:

Definition-4 [31] The 5-tuple structure (7,®,¥,[],X)
is referred to as intuitionistic fuzzy normed linear space it T’
is vector space, [-] is t-norm, [X is t-conorm operations, and
® and VY are fuzzy sets on I x (0, o) fulfilling the axioms
listed below for every t,s and (;, {, > 0
L &G+ ¢G) <1,

2. d(t,¢)>0and W(t, ) <1,
3.0t =1et=0and¥(t, () =0t=0,
4. ForeachK# 0, ®(Kt, ;) = P (t, {—1) and

K]

WKL () =W (t, %)

5. @, ¢ P(s,4,) < P(t+5,¢; +¢3) and

Wt G XW(s, ) 2 W(t+s,¢ + ),
6. ®(t,¢;) and W(t,{;): (0,00)—[0,1] are continuous in {;,
7. lim ®(t,¢;)=1, lim®(t,{;)=0and lim ¥(t,{;)=0,

{1 {10 {10

Jimd(t ) =1.

Throughout the paper, X = (@, ¥) represent the intu-
itionistic fuzzy norm.

Example-3 [31] Let (R, ||.|[) be a real normed space.
Define the t-norm operation ®,; [-] ®, = min{®,, ®,} and

t-conorm operation @, X @, = max{®,, ®,} for all ®;, ®,

€ [0,1], also define the intuitionistic fuzzy norm functions
—_9 _

D(t, () = T Y, = Fa for every (>0 and forall t €

R. Then, (R,X,[:],X]) forms an IFNLS.

Definition-5 [31] Let (7,8,[],XI) be an IFNLS. A
sequence t = (t;) in T is called convergent to t, € T under
the IF norm-(R) if for { > 0 and Y € (0,1), there exist k, €
N such that O(t, - ty, {) > 1 - Y and W(t - t,, {) <Y for all k
> k,. We denote it as (X) — %Lrglotk =t,or zli_g}otk =t, (X).

Lemma-1 [31] A sequence t = (t;) is convergent in
IFNLS (R,&,[],IX) if and only if it is convergent in (R, |.|).

Agnew [10] introduced deferred Cesaro means with the
help of two non-negative integers sequence y = (4,) and v
= (v,) that satisfy p, < v, and v, > e as n > o, defined as
follows

Yn
tyr1 by o ot t 1
(Dltl'v) — Un+1 Un+2 Vn — Z tk.
n (Vn - ﬂn) (Vn - ,u'n) ke
=pnt+1

In 2016, Kigiikaslan and Yilmaztirk [9] studied
deferred statistical convergence with the help of deferred
density ¢, , defined as follows:

Definition-6 [9] A set G € N is considered to have
deferred density 6, ,(G) if

8uv(§) = lim 5L

—o0 (Vn—Hn)

where |G(n)| represents the number of elements in G(n) and
G(n) ={u, <k<v;kegGh

A sequence t = (t,) is called deferred statistical conver-
gent to t, € Rif for every Y > 0

6;4,1/({.“11 <k=Svplty =t =Y} =0

hold and we can denote it as DS — ’lim ty = to
—00

In 2018, Melliani et al. [41] studied deferred statistical
convergence in IFNLS as follows:

Definition-7 [41] Let (T,X,[[],X]) be an IFNLS. A
sequence t = (t;) in T is called deferred statistical conver-
gent to t, € " under the IF norm-(R) if for any {> 0 and Y
€ (0,1),

6;1,1/({#71 <k< Vn' q)(tk —to Z) <1-Yor
W(t, —to, {) =Y} =0,

hold and it is denoted as DSy — ,lim te = to

RESULTS AND DISCUSSION

We commences this section with the definitions of
deferred statistical limit points, deferred statistical cluster
points in an intuitionistic fuzzy normed space. Throughout
this study, 4 and v we mean two sequences y = (¢,,),,cyy and v
= (v,).en Of two non-negative integers sequence that satisfy
U, <v,and v, > e. Also, t = (t;) be a sequence of numbers
and (t;) be a sub-sequence of (t) and Q = {u, <k; < v, j
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1

€ N} represent the set of indices then if lim — Q=0
n—oo Vn=Hn
then (t,) is called deferred-thin sub-sequence. On

other hand, (ty,) is a deferred-nonthin sub-sequence if
li 1 .
imsup 2= Q] >0

Definition-8 Consider an IFNLS (7,8,[-],X). A num-
ber L € T is called a deferred statistical limit point of a
sequence t = (t,) under the IF norm-(R) if there exists a
deferred-nonthin sub-sequence (t,) of (t;) that converges
to L under the IF norm-(X).

Let AR(S: t) represent the collection of all deferred sta-
tistical limit points of the sequence (f;).

Example-4 Let (R, ||||) be a real normed space.
Define the t-norm operation @, [[] ®, = min{®,, ®,} and
t-conorm operation ®; X @, = max{®,, ®,} for all ®;, ®,

€ [0,1], also define the intuitionistic fuzzy norm functions
ot Q) = ZLItI’ Y, Q) = ZLIItI for every (>0 and forall t €
+ +
R. Then, (R,X,[:],X]) forms an IFNLS.
Define the sequence t = (tz) as

1
) =%’ k isevennumber,
k, k isoddnumber,

Consider the two sequences of non-negative integers,
1= (Updnen = (2n), v = (Vp)nen = (4n),

and define the index sets P = set of even numbers, Q = set
of even numbers.

Justification: We aim to determine the deferred statisti-
cal limit point with respect to intuitionistic fuzzy norm-(X)
with the help of definition 2.1. Now, from the structure

of sequence (t;), we have two distinct sub-sequences
—(1 —
(te) = (3), > and () = R0
Now, we calculate the deferred density of the index set P:
1

Sun(P) = — |{t, < k <v,:k is even number}|

For sequences y = (2n) and v = (2n), we have

1
Opnan(P)= yr— [{2n < k < 4n:k is even number}|

Forn=1,

1 1 1
62'4(?)=E [{2<k<4:k iseven number}|=§|{k=4}|=z > 0.

Forn=2,

1 1 21
Sug CP)ZZ [{4<k<8:k is even number}lzzl{k= 6'8}|=Z=§ >0.

For n =3,

1 1 31
65,12(?’)=g|{6<ks 12:k is even number}|=g l{k=8‘10‘12}|=€=§> 0.

For each value of n;n = 1,2,3++- we obtained the positive
value of density, Thus, by induction, we conclude that

62n,4n(~7)) > 0.

Now we check convergence of first sub-sequence
(t;) corresponding to the index set . We note that the
sequence (t;) = (1/k) converges to 0 in R, since its limit
exists and equal to 0. This implies that (t;) also converges
to 0 in the IFNLS (R,&,[-],X]) (see Lemma 1). This can be
denoted as 111—{2» % = 0 (XN). Also, it is clear that the second
sub-sequence (tkj) = (k) does not converge. Therefore, we
obtain a deferred non-thin subsequence (t;) = (1/k) for the
index set P, which converges to zero with respect to the IF
norm-(X). Hence, AR(S:t) = {0}.

Definition-9 Consider an IFNLS (7,X,],X). A num-
ber C € T is referred to as a deferred statistical cluster point
of the sequence t = (t,) under the IF norm-(X) if, for any { >
0and Y € (0,1), the following set

(U, <k <v,: ®(t,—C,{)>1—Y and ¥(t,—C, )<Y}

does not have deferred density zero.

The set of all deferred statistical cluster points of the
sequence (t;) is denoted by I}¥ (S: t).

Example-5 Consider the intuitionistic fuzzy normed
linear space as in Example 2.1. Now, define the sequence
t=(t,) as

0, k=3nie, k=3609121518,..,
i 1, k=3n-1ie, k=258111417,..,
k7)1

% k=3n-21ie, k=1,47101316,..,

Consider the two sequences of non-negative integers,
1= (Undnen = (Bn), V= (Vi)nen = (61),
and define the index sets
P ={3n:n €N} ={36912,1518, ...},

Q={3n-1:neN}={258111417,..,},
K ={3n—2:n€N}={1,4710,13,16, ..., }.

Justification: We aim to determine the deferred statis-
tical cluster point with respect to the intuitionistic fuzzy
norm-X. Now, we calculate the deferred density of the
index set P = {3,6,9,12,15,18,...} :

80 (P) = i < k < vyik = 3,69,12,15,18, ... }|

Vn — HUn
For u = (3n) and v = (6n), we have

1
63,1’6-,[(?) = m |{3Tl <k<6bnk=3691215,18, }l

Forn=1,
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1

836(P) = §|{3 <k<6:k=2369121518,..}|
—ll{k—6}|—1¢0
R B

Forn =2,
1
8612(P) = 3 {6 < k <12:k =3,6,9,12,15,18, ... }|
—1| k—912|—2—1¢0
—glk=9121=g=3%0
Forn =23,
1
0918(P) = 5 {9 <k <18:k =3,69,12,15,18, ... }|

“lg=121518=2=L %0
=glk=121518) =5 =30

Thus, by induction, we conclude that

83n,6n(P) > 0.

By similar process, we have

63n,6n(Q) >0, and 63n,6n(%) > 0.

For {>0and Y € (0,1) consider the following set
{U <k <v,: ®(t,—C,{)>1-Y and ¥(t, —C, )<Y}
This set consists of those indices k where (t;) is close to

C under the intuitionistic fuzzy norm conditions.
For k = 3n, the following set

{t, <k<v,: ®(t,—0,{)>1-Y and ¥(t,—0, )<Y}
does not have deferred density zero.That mean we have
some proportion of indices k where (t,) is close to 0
under the intuitionistic fuzzy norm with positive density.

Therefore, 0 € [P (S:t).
Similarly, For k = 3n -1 and k = 3#n -2 the following sets

{u, <k<v,:®o(t,—1, {H)>1-Y and Y(t,—1, <Y}
{un <k <v,: ®(t,—0, H)>1-Y and ¥Y(t, -0, )<Y}

does not have deferred density zero respectively. Hence,

[2(s:t) = {0,1}.

Theorem-1 If t = () and w = (w;) are two
sequences in an IFNLS (7,X[],X) such that
lim —— [ {1, <k <Vn: te # Wi =0, then

n—-oo Vpn—Hn
AR(S:)=AR(S:w)and TP (S:t) = [P (S: w).

Proof Let L € AR(S:t). By definition, there exists a
deferred-nonthin subsequence (t,) of the sequence (t;) such
that (t,) converges to L under the IF norm-(X). Now from

1
Vn—Hn
! {un < k <vpity = wi}| > 0.This

the condition lim {1, <k <Vp:tp # w }|=0, it fol-
n—oo

lows thatlimsup

n—-oo
ensures the existence of a deferred-nonthin subsequence
(w,) of the sequence w = (w;) that converges to some value
L Consequently, L' € AR(S:w). Hence, we deduce that
AR(S:t) € AR(S:w). By a similar argument, we can estab-
lish the reverse inclusion AR (S: w) € AR(S: t). Combining
both equation, we have AR(S:t) = AR(S: w). Using a par-
allel reasoning, it follows that [P (S: t) = [} (S: w). Thus,
the proof is completed.

Theorem-2 If t = (t;) be any sequence in an IFNLS
(7,%,[,K) such that DSy - limt, = t,, then AR(S:t) = {t,}.

Proof If possible let assume that AR(S:t) = {to,t'o}
such that t; # t|,. That means there exist two deferred-non-
thin subsequence (t,,) and (tp,) of (t;) that converges to t,
and t/; respectively under the IF norm-(X). Since subse-
quence (tp,) of (t,) converges to t/, therefore for { > 0 and
Y € (0,1), the set B = {u, < b, < v, D(tp, -t ) <1-Y or
W(tp, -ty ) = Y} is a finite set. Since a finite set has deferred
density zero. Therefore, §,,(B) = 0. As we can see that. As
we can see that

Vn—Hn

{#n <b.<v,:r €N} =
{ttn<br <vp: ®(ty, —t', {)>1-Y and ¥(t, —t', {) <Y}
U{ty <b, < v ®(ty, —t'g, () <1—Yor W(t, —ty, {) =Y}

which implies that

limsup——|{u, < b, <vur EN}| =

n—oo n n

1

Vn—Hn

[{ttn < b, < v ®(t,, —t, {)>1-Y and

Y(t,, —to, ) <Y}

limsup
n—oo

1

Hlimsup — {un < by < v d(ty, —ty, () <1-Y or
n—oo n-Fn
Y(t,, —to ¢) =Y}
Hence,
1
limsup [{tn < b, < v ®(t,,—t, {)>1-Y and

noo Vn = Up

Wty —t, () <Y} >0 ie,
8uy({ttn < by S v d(t,, —t'p, ) >1-Y and
W(t,, —ty ¢) <Y})>0. (1)

Since DS - limt, = t, therefore
Sy ({tty <k SV @t —to, ) <1-Y and
W(ty —to, ) =Y} =0. 2)

Now, we can write that
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Suy({un <k <vp:®(ty —ty, ) >1-Y and
W(t, —to, ) <Y} >0.

For every t, # t',

{ttn<by < v ®(t,,— g, {)>1-Y and ¥(t,,—t'o, {)<Y}N

{Un <k <v,: ®(t,—ty, OHO>1-Y and Y(t,—t, H<Y}=0¢.
Therefore,

{ttn<by<vp: ®(t,, —t, {)>1—Yand ¥(t, —t', {)< Y}

S{u<k<v,:P(t,—ty, HO<1-Y or Y(t,—ty, () =Y}

Hence,

8 ({ttn <by SV ®(ty,— 'y, {)>1—Y and W(t,,—t, {)<Y})

<8y ({ptn <k SV D(t—to, O <1=Y or ¥(t,—ty, {)=Y})

Bu using equation (2), we obtain
gﬂyv({iu'n < bT < Vnt (:D(tbr - t’(); () >1-—Y and
W(ty, =t {) <Y})=0.

This contradicts equation (1). Hence, AR(S:t) = {t,}.

Theorem-3 For any sequence (t;) in an IFNLS
(7,8,[1,KX), we have AR (S:t) € T2 (S:1).

Proof Suppose L € AR(S:t), then there exists a
deferred-nonthin subsequence (t,) of (t;) that converges
to L under the IF norm-(R), that is for {>0and Y € (0,1),

1
Vn=Hn

Yt —L {)<Y}|=d>0ie,

limsup [{tn <k < vy @(t, —L, {)>1-Y and

n—-oo

8uv({ttn <ky <vp:@(ty, —L ¢)>1-Y and
Yy, —L {)<Y})=d>0.
Since
{tn <k, <vp®(ty, —L {)>1-Y and ¥(t,, — L, {) <Y}
S {up <k <vu®(ty,—L {)>1-Y and ¥(t, —L, ) <Y}
For each (>0,

{un<k, <vpr €N} —{u, <k, <v®(t, —L {)<1-Y
or ¥(t,, —L, {) =Y}

C{u, <k<v;:®(t,—L {)>1-Y and
w(t, —L, ()<Y} 3)

Since sub-sequence (tx,) of (t;) converges to L, thus for
each (>0,

{n <kp SV d(ty, =L, {) <1-=Y or W(t,, — L {) 27}

is a finite set. Therefore,

1

limsup Hu, <k <v,®(t,—L {)>1-Y and

n—-oo

Yt —L <Y}

Vn—Hn

1

Vn—Hn

> limsup

n-oo

{u, <k, <v,reN} —

limsup

n—-oo

1% Hun <ky <vpd(ty, —L {)<1-Y

Vn—
or lIJ(tkr —L, Z) > Y}|

1

2 limsup - P {u, <k.<v,re€N}—0=d>0.
n-ooo ‘nTHEN
Hence,
limsupv 1u Hu, <k <v,®(t,—L {)>1-Y and
n—oo n—Hn
Y, —L ()<Y} >0.
ie.,

Sy {un <k < v ®(t, —L, ) >1-Y and

this means that L € I[[2(S: t). Hence, AR(S:t) S T2 (S:1).
Theorem-4 For any sequence (t) in an IFNLS
(T8,[,X), we have [P (S:t) € 84(b).
Proof Let C € [P (S:t). For { > 0and Y € (0,1), we have

Oy {ttn <k <vp:@(ty —C{)>1-Y and
Y(t, —C{) <Y} >0.

Next, we define a deferred-nonthin subsequence (t,) of
(t) such that

K ={u, <k, <vpd(t,, —CJ)>1-Y and
Y(t,, —C{) <Y},

with Sw, (&) > 0. Since K& contains infinitely many ele-

ments, it follows that C € L(t).

For the next Theorem 5, we use the following definitions
Definition-10 [31] Let (7,X,[:],IX]) be an IFNLS.

1. For > 0, the open ball centered at a € T with radius R
is denoted by B(a, R, () and is defined as B(a, R, {) = {b
ET:®P(a-b,)>1-Rand ¥(a-b, ) <R}

2. A subset W C T is called closed if a sequence (t;) in
T converges to some t, € " under the IF norm-(R), it
follows that t, € W.

3. LetU S T, then U subset of T is called the closure of U
if, for every t, € U, there exists a sequence (t;) in U that
converges to t, under the IF norm-(R).
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Theorem-5 Let (t;) be a sequence in an IFNLS
(7,8,[1,KX). The set T2 (S: 1) is closed in T under the usual
topology defined by the IF norm-(R).

Proof To prove this theorem we use the property, which
states that [P (S:t) =[P (S:t) U (I}? (s: t)). Suppose a.
is accumulation point of [}? (S:t). From the definition of
accumulation point, there exist some point b, € TP (S:t) N
B(a., Y, ) for {>0and Y € (0,1). Choose Y, € (0,1) in such
a way that B(b., Y}, {) € B(a, Y, ). Then, the following
inclusion holds

{u,<k<v,: ®(t,—b,, )>1-Y; and ¥(t,—b,, )<Y}
C{u,<k<v,: ®(t,—a,, {)>1-Y and ¥Y(t, —a,, )<Y}

This implies
8 (it <k vy @(t—b,, )>1-Y; and ¥(t;—b,, )<Y, })

(4)

<6y {un <k <v,: d(t,—a,, )>1-Yand ¥(t,—a,, HH<Y}.

Since b, € T2 (S:t) therefore

8uv{tn <k <vp:@(ty —b,, () >1-7Y, and
Y(t, —b, )<Y} #0.

Thus by using equation (4), we have
Suv{in <k <vy:®@(ty —a,, {)>1-Y and
Yty —a, )<Y} #0.

Consequently, we have a, € [ (S:t), which implies
that (l'}? (S: t)) C IP(S:1). Therefore, l’}? (§:t) =TP(S:1),
which proves that the set [P (S:1)is closed.

Next, we introduce the notion of deferred statistical
limit superior, limit inferior by using intuitionistic fuzzy
norm and study some properties.

Definition-11 For any sequence t = (t;) in an IFNLS
(T,8,[,XK) and { > 0, define the sets X,®¥ and 3" as
follows

2" = {x € (0,1): 6,y ({t < k SV B(ty, ) >1—x
or W(t,, () <x})# 0}

O ={z€ (0,1):8,, (it <k <V P(ty, ) <1—7

or W(t, {)>z}) # 0}

respectively. Then deferred statistical limit superior of t =
(tp) under the IF norm-(X) is described as

oW
supSE )

i (PW)
if *
DSy — limsupt = {O 3 ¢

if 317" = ¢

and deferred statistical limit inferior of t = (t;) under the IF
norm-(X) is described as

(DY) o (DY)
infX if X +*

DSy, — liminft = { ‘ @ ¢
1 if x%% = ¢,

Theorem-6 Let t = (t;) be any sequence in an IFNLS
(TR,EK).
1. Ifz=2DSy- limsupt is finite, then for (>0 and Y € (0,1)
following equations holds

Sy ({tn <k Svp®@(ty, ) <1-z+Y
or ¥(t, ()>z—Y}) #0
and 5)
Syt <k Svpd(ty, H<1-z-Y
or ¥(ty, ) >z+Y} =0.

Conversely: If equation (5) holds for {>0and Y € (0,1),
then z = DS - limsupt is finite.
2. Ifx=DSy - liminft is finite, then for (>0 and Y € (0,1)
following equations holds

6;1,1/({.u'n <k< Vniq)(tk, {) >1—-x-Y
or W(ty, ) <x+Y}#0
and ©)
Sty <k Svp®(ty, ) <1-x+Y
or W(t, {) <x-Y}) =0.
Conversely: If equation (6) holds for {>0and Y € (0,1),
then x = DSy, - liminftt is finite.

Proof Let us assume z = DSy - limsupt, where z is finite.
By definition, we have

Ouv{tty <k <vp:®(ty, () <1-z
or W(t,,{) >z} #0. )

Given that O(t;, ) <1-z+ Y or ¥(t;, {) >z - Y for any
(,Y > 0and forall k,

Sty <k S v @(t, ) <1—-z+Y
or W(t,,{) >z—Y}) #0.

By applying the definition of DSy - limsupt, it follows
that 1 - z is the smallest value, and z is the largest value that
satisties equation (7). Now, suppose for contradiction that

Suv({un <k v ®(t, ) <1—-z—Y or
Y, ) >z+Y) #0

for some Y > 0. This implies that 1 - z- Yand z + Y are
additional values satisfying equation (7) with1-z-Y <1-z
and z + Y > z. This contradicts the fact that 1 - z and z are
the smallest and largest values, respectively, satisfying the
condition. Hence

6;4,11({.“11 <k <v,P(,{)<1l—z—-Y or
Y(t,¢)>z+Y}) =0
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forall Y > 0.
Conversely, if equation (7) holds for { > 0and Y € (0,1),
then

Sy (tn <k S v @(t, ) <1—-z+Y
or W(t,,{) >z—Y}) #0,

and

Suv({un <k v ®(t, ) <1—-z—Y or
Y(t,{)>z+Y}) =0.

Thus, we conclude

Ouv{tty <k <vp:®(t,{)<1-zor
Yt () =2z}) # 0,

and
Ouv{tty <k Svp:®(ty,{)=1-2z or
W(ty, ) =z} = 0.

That is

Ouv{tty <k v ®(ty,{)<1-—zor
Wt () >z} #0

for every (> 0. Therefore, z = DSy - limsupt. A similar argu-
ment applies to show that x = DS - liminftt.
Theorem-7 For any sequence t = (t;) in an IFNLS
(T,8,[11,X), it holds that. DSy - limsupt > DS, - liminft
Proof We first consider the case where DSy - limsupt
= 0. This implies that 3,*" = @. Consequently, for any z €
(0,1), we have

Oy <k <vp:®(t,{) <1—zor
lp(tk,c) > Z}) = 0
This equivalently implies
Suv({un <k <vp:®(ty, ) =1—zor
Y(t,{) <z} =1
Now, for any x € (0,1), it holds that
Oy {ttn <k Svp:®(t,{) >1—xor
W(t, ) < x) # 0.

Therefore, DSy - liminft = 0. Now consider the case
where DSy, - limsupt = 1. This case is trivial.

Next, suppose that z = DSy - limsupt and x = DS - lim-
inftt, where both x and z are finite. We will show that for
any Y € (0,1),1-f-Y € X,*¥. By Theorem 6, we have

Oy ({un <k <<V, P{,)<1l-z —% or
Y(t,, ) >z +§}) =0,

where 1 - z is the least upper bound of X,‘®". Thus, we can
rewrite the above as

Sy ({,un <kZv,®(t,{)=1-z —gor
W(t,, ) <z +§}) =1.

This, in turn, implies

Y
8;1.,1/ ({I’ln <k Svn:q)(tk:() >1 _Z—; or

W(t,, ) <z+ g}) =1.

Hence, 1 - z - Y € XY, By definition, x = infX,*¥), so
we can conclude that 1 - z- Y <1 - x. Since Y is arbitrary,
it follows that 1 - z < 1 - x. Rearranging terms gives -z < -x,
which implies z > x. This completes the proof.

Definition-12 A sequence t = (t;) in an IFNLS
(T,8,[51,IX) is called deferred statistical bounded under the
IF norm-(R) (briefly DSy-bounded) if there exist a number
M such that for { > 0,

Suy({ty <k v ®(ty, ) <1—IM or
Y(t,, () =M} =0.

Note that deferred statistical boundedness with respect
to IF norm-(X) implies that DSy - liminft and DSy - limsupt
are finite.

Theorem-8 In an IFNLS (7,8,[:],X), deferred statisti-
cal bounded sequence t = (t;) is deferred statistical conver-
gent then DS - liminft = DSy - limsupt.

Proof Let & = DSy - liminft and § = DSy - limsupt.
Since DSy, - limt, = t,, for every { > 0 and z € (0,1), we have
8ty <k v, D(t-t5, ) < 1-zor ¥ty ty, () 22}) = 0.
By applying axiom (5) from the IFNLS definition, it follows
that

(S‘”lv({un <k=Zv,P (tk,g) Lo (toé) <1l-zor
¥ (6 ) R W (1) = 2h = 0.
For every (> 0, let
s%pcb (tk,g) =1-27 and sgp(b (to,g) =1-17",
or

inf® (tk,g) =7 and inf¥ (to,i) =7
¢ 2 ¢ 2

This implies
1-2Y0QA-2)<1-z or ZKz'2z (g

Therefore,
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Sy ({un <kgv;:® (tk,é) <1-7Zor
¥ (4,5) = z}) = 0. ©)

For every Y > 0, we further have
5”“’({#“ <k SVn:cb(tk,é) <1-z-Yor

9 (48 =2 +7]) = 0, (10)

By applying Theorem 6, and the definition of DS - lim-
supt, we deduce that

Sy ({,un <k Svn:CD(tk,%) <1-pf—-Yor

¥(t,) = p+1}) =0 (1)

Using equation (10) and (11), along with the definition
of DSy - limsupt, we find that 1-z'- Y <1--Yorz' +Y
> 5+ Y which implies

B <z (12)
For those k where

{un< k<v,: Cb(tk,g) >1-7Z'+Yor¥ (tk,%)< z’—Y},
no such k exists satisfying equation (8), which gives
Sun({n <k v o(ty, 2)>1-2'+Y or w (tef)< z'—Y}) =0.
Since a = DSy, - liminft, it follows that
2
‘P(tk,g) <a —Y}) =0.

Thus,1-a+Y <1-Z+Yora-Y =2z -Y, which
implies

Su‘v({un <k§vn:<b(tk,{) >1—a+Yor

7' < a. (13)

Combining equation (12) and (13), we conclude 3 < a.
Applying Theorem 7, we obtain 8 = a, this completes the
proof.

CONCLUSION

In the present work, we investigated the behavior of
sequences in intuitionistic fuzzy normed spaces by intro-
ducing the notions of deferred statistical limit points
and cluster points, based on two non-negative integer
sequences 4 = (4,,) and v = (v,) satistying p, < v, and v, >
o as n > oo. Further, we defined deferred statistical limit
superior and inferior, and established their fundamental
properties. These concepts generalize the classical statisti-
cal convergence theorems by incorporating deferred mean
and intuitionistic fuzzy norm. This advancement opens

new avenues for research in fuzzy functional analysis and
has potential applications in areas dealing with imprecise
data, such as decision theory, chaos control, and computer
programming.
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